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PREFACE 


This book has evolved from a set of lecture notes used in a one- 
semester course offered to beginning graduate students in electrical and 
mechanical en^eering at the Massachusetts Institute of Technology. 
Until 1929 the course was taught by Dr. Vannevar Bush, using at firafc 
notes and later his book Operaiiondl Circuit Analysis, Since 1930 the 
course has been given by the first-named author of this book. The 
second-named author wrote his dissertation on the Laplaee-Stielfcjes 
transformation and has collaborated on the work in the field of this 
subject since 1935. He has also introduced at Tufts College a amplified 
form of the course for junior and senior students. 

Primarily the book is intended for first-year graduate work in electrical 
and mechanical engineeriig. Secondarily it can be used for graduate 
work in mathematical physics and applied mathematics. A large part 
of the text material could be used .in undergraduate senior courses for 
advanced or honor students. Chapter 2, on the mathematical expres- 
sion of problems concerning lumped-parameter electric and mechanical 
systems, is in a sense a complete unit and could be used as an adjunct to 
any engineeiing course on ordinary differential equations regardless of 
the methods used in thdr solution. 

It is expected that this book also will serve as a reference for praetidng 
electrical and mechanical engineers and industrial physidsts. 

As the title su^ests, the treatment is limited to linear phyacal sys- 
tems. Althou^ the graduate course mentioned above includes a 
study of systems having distributed parameters, it seemed better to 
restrict this volume to the study of systems having lumped parameters. 
Formulated mathematically, eystans of the latter type lead to ordinary 
integrodifferential or difference equations. Mstributed-parameter sys- 
tems which bring in partial integrodifferential equations wiU be treated 
in Volume 2. This division of subject matter corresponds to the usurd 
separation of the treatment of differential equations into the ordinary 
and partial types. Volume 1 is complete in itself despite a number of 
references to Volume 2. Since m writing Volume 1 we have the ex- 
tended applications of the method in mind, the techniques developed 
are not necessarily the ones that would be chosen if the problems solved 
here were the only ones of interest. 
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Chapter 1 includes certain basic preliminaries on the nature of tran- 
aents and the reasons for restricting the study to linear systems. It 
concludes with a preview of the Laplace-transformation method of 
solving functional equations. 

The mathematical formulation of one-dimensional problems concern- 
ing electric and mechanical systems is covered in Chapter 2. 

The introduction of the Laplace transformation in Chapter 3 is 
accomplished through successive generalizations of Fourier series and 
integrals. 

In Chapter 4 elementary functions are transformed and fundamental 
theorems on the Laplace transformation are set down. 

Equations of the types formulated in Chapter 2 are next transformed 
and solved algebraically in Chapter 6. 

In order to find the inverse transforms of rational algebraic fimctions 
of the type which arise in Chapter 5, i.e., to fit them into the table of 
simple transforms, it is necessary to resolve them into partial fractions, 
and this is covered in Chapter 6. 

Finally, in Chapter 7 the formulation and complete solution of typical 
problems is carrie<l through. 

Additional theorems and variations with applications are collected in 
Chapter 8. 

The last chapter, 9, is on integrodifferential difference equations. 

Tables of operation and function transforms convenient for use in 
practical applications of the Laplace-transformation method appear in 
Appendix A. Additional notes on the relation between the Fourier and 
Laplace transformations are ^ven in Appentfe B. Appendix C contains 
historical notes on the mathematical theory. 

The book concludes with a bibliography containing references to the 
mathematical theory and to the en^neering practice. 

Naturally the methods for solving the problems considered have been 
improved through repeated study by many of those working in this 
field. As would be expected, the class of readily solvable problems has 
grown continually. The subject has experience a considerable change 
in point of view from the operational methods to that of functional 
transfoimations. Many of the explicit and implicit restrictions current 
in the engineering literature of a few years ago are now obsolete. In the 
present text we hope, with the aid of recent forms of mathematical 
theorems, to make available for engineers methods and results which 
will more closely approach invariance with the passing of time. 

An attempt has been made to pve the simplest and most practical 
presentation of advanced mathematical method for handling not only 
oidinaiy integrodifferential equations but also difference and partial 
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differential equations. This 'has been accomplished by basing the treat- 
ment on a table of transform pairs which is derived and used in much the 
same way that an ordinary table of integrals is used. By this means 
the use of the inverse Laplace-transformation integral and its evaluation 
by integration in the complex plane are postponed until this integral is 
definitely needed — in fact its use is not required in this volume. The 
treatment enables engineers to solve many problems by an effective and 
reliable method and yet avoid the quagmire of complex integration. 

In contrast to the conventional operational treatment which is 
usually formal, i.e., a treatment in which the range of validity is not 
carefully given, the methods used are based on well-known classical 
mathematics. The ranges of validity are either given or can be found 
by classical methods, and the treatment can be made as rigorous as 
desired. 

It has not been our object to use the Laplace-transform theory to 
justify the earlier operational methods. Rather than this we have 
aimed to show that transform theory itself with an abbreviated notar- 
tion provides equally short methods of expression and solution of prob- 
lems while using only recognized and precise mathematical techniques. 
We have sought to retain the vigor and simplicity of these earlier opera- 
tional methods without sacrificing the rigor and effectiven^ of the 
functional-transformation method. 

We have tried to make the approach straightforward and simple by 
avoiding the introduction of mathematical techniques until we are ready 
to use them. This scheme has enabled us to postpone the more difficult 
parts of the mathematics. Also for simplicity we have placed all the 
discussion on a ^ven step in the procedure in a angle chapter. An 
advantage of this arrangement is that ideas can be introduced a few at a 
time. Practice can then be ^ven on each set of ideas to insure their 
retention before a new set is introduced. For those who find the ideas 
introduced too slowly, or who wish to complete quickly the solution of a 
particular problem, we recommend a rapid perusal of the first seven 
chapters followed by a more careful study of the details. 

A supplementary object has been to indicate where important material 
on the history of the mathematical theoiy can be found and to help 
strai^ten out some of the historical inaccuracies present in the existing 
literature. 

Mention may be made of certain features of this book. In common 
with the Campbell and Foster table of Fourier transforms the treatment 
makes TYiflriTnnm use of mathematical expr^ons in closed form. 
Series developments including asymptotic expanaons are usually avoided 
or are'reserved for Volume 2. 
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Emphasis is placed on sj^stematic methods of setting up physical 
problems in mathematical form. 

Through Chapters 1 and 3 and Appendix B appear certain compari- 
sons of the Fourier method with the Laplace method. 

Novel features will be found in Chapter 9, which serves as a transition 
chapter between those chapters treating one-dimensional problems and 
the chapters of Volume 2 on multi-dimensional problems. In particular, 
wide use is made of continuously defined jump functions to inteipolate 
functions defined only at discrete points. 

A final feature is the large number of illustrative examples presented 
in detail. At the end of every chapter appear practice problems, many 
of which have a definite engineering background and were made up from 
a wide variety of fields. Certain of these problems are more than prac- 
tice exercises. They suggest extensions beyond the treatment ^ven in 
the text and form an integral part of the development of the subject. 

To Dr. Vannevar Bush we express our appreciation for the inspiration 
of a lasting interest in this field. We also wish to thank the many 
students who have contributed to our imderstanding of the subject 
throu^ their questions and su^estions. Finally, thanks are due to 
Professors D. C. Jackson, E, L. Moreland, and H. L. Hazen for their 
encouragement in the writing of this book. 


Mueray F. Gardner 
John L. Barnes 

CambbidgBj Massachusetts 
Medford, Massa ch usetts 
^SejOember, 194£ 
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INTRODUCTION 

In banning the mathematical study of transients in Knear systems 
it is necessary to have in mind certain basic ideas regarding the nature 
of transients, and to understand clearly the reasons for restricting the 
study to linear systems. In this introductory chapter these basic pre- 
liminaries are discussed, and reasons are ^ven for the choice of the 
Laplace-transformation method for the mathematical treatment of 
linear physical systems in the transient state. 

A. THE NATURE OF TRANSIENTS 

Mention of several examples of familiar transients will serve as an 
intuitive introduction to the subject. 

After a radio receiver having heater-type vacuum tubes is turned on, 
approximately half a minute must elapse before it begins to function 
properly. This interval during which the tube cathodes are changing 
from cold ” to hot ” is called a transient interval. The thermal 
and electrical characteristics of the receiver during this time are said to 
be in a transient state. The transient interval is thus the interval of 
transition in which the tube cathodes change from the steady “ cold ” 
state to the steady “ hot state. 

Another example of familiar transient behavior is provided by an 
electric motor of a refrigerator when starting. Mechanically the 
rotor makes the transition from the steady state of rest to the steady 
state of rotation. This change is accompanied by a transition from 
rest to a steady state of vibration of the motor frame and its supports. 
Electrically, also, the motor is in the transient state during this interval 
— its generated electromotive force changing from the constant zero 
value to a steady operating value. 

1. Definition op Steady and Transient States 

In the preceding examples it was easy to distinguish that part of the 
behavior which should be called the steady state and that which should 
be called the transient state. Unfortunately, this is not the case for all 
examples. The very changes by which certain important aspects, of 
phyacal problems are .simplified to make these problems solvable often 

1 



2 


INTRODUCTION 


[Chap. I 


bring in features which obscure the distinction between the steady and 
transient stat^ for the simpKfied versions. In some of the problems, 
after amplification there is no transient state, i.e., no beginning and no 
end; or, as the idea is sometimes phrased, the steady-state interval is 
infinite. Passing to the other extreme, there may be no steady state. 
For this extreme the statement that the transient state is the transition 
state from one steady state to another loses significance. 

To save the essence of the intuitive ideas of steady and transient 
state, and yet be sufficiently general, the following definitions are 
formulated. 

A dynamical system is said to be in the steady state when the variables 
describing its behavior are either invariant with time, or are (sections of) 
periodic functions of time. 

A d5m.amical system is said to be in the transient (or unsteady) state 
when it is not in the steady state. 

From a phyacal point of view it may be said that a transient state 
exists in a physical system while the energy conditions of one steady 
state are being changed to those of a second steady state. 

2. IjNDESmABLB Tr^USTSIEOTS 

Certain transient phenomena accompanying the redistribution of 
energy in a physical ^stem are often wholly undesirable yet inescapable 
accompaniments of such a change. 

Among the econonoically important but unwanted electrical transients 
are the natural transients, such as lightning and static, and the man- 
made transients arising from switching. The principal undesired 
mechanical transients can likewise be divided into the natural transients, 
such as storms in the air and on the sea and tremors of the earth, and 
the man-made transients, such as the vibrations produced by the acceler- 
ation of machines. 

To these electrical and mechanical transients may be added thermal 
and acoustic transients. The natural thermal transients occurring 
daily and seasonably greatly affect our lives, and the man-made thermal 
tranaents in electrical and mechanical apparatus often impose serious 
limitations on the use of this appamtus. Unwanted acoustic transients 
are the object of much concern in the design of sound systems for audi- 
toriums and broadcasting studios. 

3. De str abub Transients 

la coatrast to these oacontolled and unwanted tiansieats there are 
drairable and controlled transients which are put to many important 
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uses. For example, the tranarait state is the important one for the 
sound-controlled electric currents in telephone and radio systems, and 
for key-controlled currents in telegraph and cable i^retems. Further- 
more, the transient state is the all-important one for the acoustic phenom- 
ena arising in such S 3 rstems, vocal sounds and instrumental music being 
composed principally of tranaents. Television systems ui» desirable 
tranrients as modulation and timing controls. The practice importance 
of variable-speed motors rests largely on thdr transient behavior under 
changes of load; nearly all land, water, and air transports use such 
motors. 

The baas for self r^ulation in all self-controlled systems is tranaent 
bdiavior. The importance of such automatic igrstems for tiie control 
of poation, speed, voltage, frequency, sound-volume level, tempera- 
ture, humidity, liquid level, and especially for the control of indus- 
trial machines and processes is increa^g rapidly. 

In brief, many dynamical systems need to be studied in the transient 
state — some for the purpose of minimizing unwanted transiait ^ects, 
others for the purpose of controlling and employing desirable effects. 
But in whichever aspect transients may occur, desirable or undesirable, 
their treatment is a problem of engineeting importance and their calcu- 
lation often a matter of dij£culty. 

B. RESTRICTION TO LINEAR SYSTBJffi 

If it were posable to handle amply and completely by mathAmftti ^a 
any type of dynamical system in the transient state, we should naturally 
choose to study first those interns that seem most important. Since 
this p<mbility does not exist we elect to treat the type of system that 
can be handled most simply and completely by mathematics. This is 
the linear iy^, which fortunately is a very important iype in ai^eering 
and phyacs |F^ 1, We 2].* 

4. DEiTNrnoN or Lineab Behavior 

A resistor of the type used in a radio recaver exhibits the following 
characteristic: Over the range of operation for whidi the resistor is 
deagned, the current in it is proportional to the voltage drop across it. 
A sprii^ of the type used in a spring balance e:dubits a sim ila r character- 
istic: Over the range for which the spring is deagned, the force acting 
throu^ it is proportional to the change in its length. 

A physical element, bdiaving as the above reastor or spring, is said 
to b^ve linearly over a specified range of one of the variables used to 

* AH sueh Qunbols refer to tbe Bibliography. 
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describe its conduct if in this range its behavior can be represented by a 
linear equation, i.e., an equation of the first degree. The use of the 
word linear to denote an equation of the first degree, whether it is 
algebraic, difference, differential, or integral, is an extension from its use 
to denote a first-degree algebraic equation in exactly two variables 
which can be represented geometrically by a straight line. For brevity, 
an element which is used only in the range where its behavior is linear 
is called a Imear dement. 

Most pieces of apparatus do not behave linearly over an indefinitely 
large range, the transition from linearity to nonlinearity being gradual 
in certain cases and abrupt in others. For example, the resistance of 
the resistor mentioned above will change gradually owing to overheating 
if the current through it is sufficiently increased, or the insulation of the 
resistor will break down abruptly if the voltage across it is sufficiently 
increased. Each of these effects restricts the range of linear behavior. 

Similar effects restrict the range of linearity of the spring mentioned 
above. As the loading of the balance is increased the material in the 
spring will ultimately pass its elastic limit — in other words, the behavior 
of the ^ring will finally become nonlinear. 

5, Eepiachbment of the Physical System by a Simplified Mathe- 
matical System 

To make easier the solution of physical problems, the nonlinear 
ranges of physic^ elements may be conveniently ignored by substituting 
simplified counterparts for these elements. These simplified abstract 
dements are defined to be linear over aU ranges. 

This replacement may appear to be a shocking departure from the 
ph3;Bical facts. It is a departure which carries with it an important 
responsibility for the user when later the conclusions derived from the 
theory are employed to explain and predict other physical facts. Such 
simplified abstract elements appear commonly in the theories of the 
physical sciences, and after they have been introduced, their relation to 
tihe original elements tends to be forgotten. For instance, Ohm’s law 
without restriction of range applies to the amplified elements only. The 
same is true for Hooke’s law. 

Even if the physical elements under consideration have no range of 
linearity, a theory based on linear elements will sometimes ^ve rou^ 
information winch is of vahie. Suppose that the approximating relation 
is a linear algebraic equation in two variables. Then the geometric 
interpretation is that over a " sufficiently ” short range a curve may be 
replaced by a strai^t line, or, sometimes over longer ranges, that a 
straight line may replace a curve by BcUng as an upper or lower bound 
to that curve. 
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6. Additive Properties op Lenear MATHEMATicAii Systems 

The linear functions are the simplest of the algebraic fimctions. 
They possess the very important property that the sum of two of them 
is also a linear function. Similarly, the linear equations are the easiest 
of the algebraic equations to solve, and this simplicity is not lost even 
when ^sterns of linear algebraic equations are to be solved. Further- 
more, the eluant determinant and matrix methods for treating systems 
of algebraic equations apply only to linear equations. 

Carrying tibfe correspondence further, linear (i.e., first-degree) differ- 
ence, differential, or integral equations are easier to solve than higher- 
degree equations of the same type. Also, such linear equations possess 
very important additive properties. With a system of linear equations 
it is possible to add the separate solutions foimd by using each driving 
function alone to get the composite solution with all driving functions 
present. This principle of adding solutions found under such conditions 
is called the principle of superposition. 

Briefly, then, it is the simplicity and consequent additive properties of 
linear mathematical systems that make possible their complete solution 
with relative ease. 

In contrast to the ease of handliog linear mathematical systems, 
contider the diflBiculty of treating matihematically those physical systems 
that are basically nonlinear, i.e., thc«e interns that cannot be repre- 
sented by linear mathematical systems without loss of their essential 
characteristics. The principal elements of such physical systems are 
nonlinear. Examples are coils with magnetic cores, resistors of light- 
ning arrestors, and vacuum tubes used as oscillators. A complete 
mathematical treatment of complicated physical ^sterns containing 
such elements is extremely difficult and in most instances impractical. 

Nonlinear systems are harder to treat mathematically because thtir 
bdiavior is more complicated than the behavior of linear i^stems. The 
functions and equations describing the behavior of nonlinear physical 
elements do not possess the characteristic additive properties of linear 
elements; in other words, the principle of superposition does not apply. 
Without these additive properties the use of series expansions lea^ to 
much greater complication. Systems of equations can no longer be 
treated by the efficient mass-production methods of matiic algebra. 

The practical methods available for analysis of nonlinear i^stems are 
inexact and complicated. They are graphical and hence rou^, or require 
ffliccessive approximations and hence are laborious, or are carried out by 
machines [Bu 2, Ha 11]. The study of nonlinear systems is frequently 
best carried [out by experimental rather tihan by lo^cal (mathemat- 
ical) methods. For this models or analogs are particularly suited. 
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7. Passive Elements Assumed to be Time Invaeiant 

The elements through which energy enters a phsraical system are 
called sources or active dements. The remaining elements of the system 
either store energy or withdraw it from the system often in the form of 
heat; they are called inactive or passive elements. To simplify the 
present treatment, the pasave elements conadered will be restricted to 
those which are invariant with time. 

To make clear the meaning of this last restriction, conader a phymcal 
capadtor. Its capacitance may change slightly over a long period of 
dme as a result of. slow changes in the dielectric, an effect known as 
a ging ; it may change during short time intervals because of rapid 
temperature changes of its plates and dielectric; or it may be intention- 
ally varied with time by some external means. Such changes in element 
values with time will, by definition, be absent from all the mathematical 
systems treated here. In other words, the systems will have constant 
parameters. 

lime changes in a system produced by switching will not be con- 
ddered to be time changes in the elements of the system. Instead, 
switching changes will be treated as changes from one ^rstem to another, 
the elements in each system bang invariant with time. 

linear systems with invariant elements are of the type designated 
by the unwieldy phrase of Volterra “systems of the closed cycle” 
[Vo 2 ]. Between changes in the coimection of the elements, such 
systems are invariant with time. They possess no “ memory ” in that 
sense in which the behavior of human beings, magnetic materials, etc., 
depmds upon whole intervals of thdr history. It will be seen that the 
behavior of these time-invariant systems depends only on the condition 
of the S3rstem in the neighborhood of a single preceding value of time. 

8. Phtsigal Dstving Punctions Replaced by Simplebted Mathe- 
matical PuNcnoNs 

The mathematical equations describing the behavior of linear time- 
mvariant sj'Btems are finear int^rodifferential equations with constant 
comments. It is necessary to consider not only types of operations 
but abo the types of functions that appear in these equations and in 
thdr solutions. 

For the same reasons that phydcal elements are replaced by ampler 
abstract elements, phj^cal time functions — such force, velocity, 
current, and voltage used to drive the S3rstem — are replaced by ampler 
abstract functions. 

The physical functions tue angle vfdued and, viewed “ in the large,” 
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continuoiis. We should like to preserve both single-valuedness and 
continuily in the simplified functions replacing them, but at a vertical 
step of a simplified function these properties become incompatible. 
At such a point the single-valuedness is retained and the continuity 
dropped because, at present, a jump discontinuity is easier to handle 
than a vertical multivalued line-^egment. Frequently, however, the 
difficulty is avoided by ignoring the behavior of the simplified function 
at a step. 

The simplified functions that are used to replace the physical driving 
functions belong to the class of fimctions having bounded variation 
[Ho 1, p. 325] in every finite interval. The choice of this class of func- 
tions has been made on the basis of the following considerations [Gi 6]. 
In our work with functions coming from physical problems we have 
encountered no functions which lie outside this class. In particular, we 
have found no need for functions which are Lebesgue measurable 
[Ho 1, p. 502] but not of boimded variation in finite intervals. The 
properties of fimctions having bounded variation in every finite interval 
are widely discussed in the mathematical literature. We know of no 
generally studied, smaller, and more special class that includes all 
functions of the type which we propose to use. 

9. Importance op Linear Time-Invariant Systems 

Having settled upon abstract linear time-invariant systems as the 
simplified models to be studied — for reasons which may be summarized 
imder the term expediency — the question of the prevalence and impor- 
tance of physical systems that can be properly approximated by such 
simplified systems arises. 

To speak precisely about approximations requires that a measure of 
the closeness of approximation, i.e., the tolerance or allowable error, be 
known. This measure depends, of course, on the particular use to be 
made of the approximation. Furthermore, compared with the approxi- 
mate linear time-invariant system, other systems that fit the phytical 
system more closely usually require for their use an amount of labor that 
is less tolerable than the roughness oi approximation introduced by the 
use of the linear system. 

One can only guess the answer to the above question on the importance 
of linear time-invariant systems, but it is our impression that all but a 
small percentage of the physical ^sterns now susceptible to complete 
treatment by mathematics can be handled to a first approximation by 
such abstract systems. 

Another aspect of the importance of mathematical systems is the 
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following : When passage is made from physical to mathematical systems 
it is discovered that many different physical systems lead to the same 
abstract system, i.e., to the same mathematical problem. Such physical 
systems are called analogs. The correspondences of analogous physical 
systems with each other and with the mathematical ^stem, if fully used, 
result in an enormous saving of work. The solution of one abstract 
problem carries with it the solution of all its physical representations. 
The importance and usefulness of linear time-invariant mathematical 
systems will be illustrated by the examples beginning in Chapter 2. 

C. CHOICE OF THE LAPLACE-TRANSFORMATION METHOD 

10. Comparison of Four Available Methods 

The problems to be solved are formulated mathematically as systems 
of linear constantrcoefficient int^rodifferential equations with driving 
functions having bounded variation in eveiy fiboite interval and with 
general initial or boundary conditions. There are four prominent 
methods for solving the simpler problems of this type. The most widely 
known of these methods is the one which appears in all elementary texts 
on ordinary differential equations. It will be called the classical method. 
The other three are the Cauchy-Heaviside operational method [Appbn 
C], the Fourier-transformation method, and the Laplace-transformation 
method. 

None of these methods has been developed as far as it might be with 
r^ard to extent and conditions of applicability, simplicity of use, and 
clearness of expoation. In the opinion of the authors, the Laplace- 
transformation method, although least widely known, is at present the 
best general method and offers the greatest promise for further improve- 
ment. 

Table 1 shows an estimated rating of these methods, based on the 
forms that are in current use. The following remarks supplement this 
table. 

In certain respects the four methods are very much alike, and in 
particular the Cauchy-Heaviside, Fourier, and Laplace methods are 
but different aspects of a single method. 

A study of the Cauchy-Heaviade (G~H) t 5 q)e of operational calculus 
shows that it is considerably limited in field of application in its present 
form and is incapable of interpretation or growth witimut help from less 
i^ymbolic (formal) branches of mathematics. Cauchy's early work 
[Appen C] in this type of operational calculus shows that he had some 
appreciation of its close relation to the Laplace-transformation method. 
Heaviside ignored this relation, and since his period Giorgi, Bromwich, 
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A See See. 10, Chapter 1. t See (Bp 1, pp. 61-63]. * See (Bo 1, Chapter 6]. 
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Wagner, Carson, von Stach6, Doetsch, van der Pol, Plancherel, 
Maechler, and others have used some aspect of the Laplace transfor- 
mation in attempting to make rigorous the C-H operational calculus. 
Today it is quite clear that the Laplace-transformation method pro- 
vides a rigorous substantiation and a clear interpretation of the symbolic 
(formal) G-H operational calculus. With the aid of this point of view, 
one not only understands why the O-H calculus proceeds as it does, 
but one also can see extensions along lines which were otherwise imper- 
ceptible. A set of dissociated rules of procedure is replaced by a closely 
connected systematic method. 

In this book the symbolic C-H operational calculus has been aban- 
doned in favor of the rigorous supporting transformation method. 
Furthermore, no attempt will be made to trace the parallelism between 
the two methods. 

Compared with the classical method, the Laplace-transformation 
method requires more knowledge of mathematics but gives a deeper 
insight into the relation between the transient and steady-state parts 
of the solution. The simplification and unification of the process that 
result from the use of more advanced ideas more than offset the work 
required to learn these ideas. 

In Chapter 3 it is shown how the Fouiier-transformation method is 
included as a special case in the Laplace-transformation method. 

This book will present the salient features of the Laplace-transforma- 
tion (iS-transformation) method, and will indicate the types of problems 
whose solution is simplified by its use. Mention will also be made of 
certain types of problems, such as those with two-point boundary con- 
ditions, whose solution is not much amplified by use of the method. 

11. Fbatubes of the £-Transfoemation Method 

To those interested in solving problems concerning linear time-invari- 
ant systems the £-transfonnation method offers six prominent features. 

a. It provides a straightforward procedure for obtaining analytically the 
solutions of practical problems on transients for general one-point 
initial or boundary conditions. The solution starts with the integro- 
differential equations and arrives directly at the desired result for the 
particular problem set. This is in contrast to the classical scheme in 
which a general solution is first obtained and then specialized to fit the 
particular problem xmder consideration. Likewise it is in contrast to 
the usual 0-H operational calculus solution which is restricted to 
initial conditions corresponding to zero initial energy storage in the 
system and which requires various artifices to handle more general 
initial or boundary conditions. 
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h. It provides a convenient way of organizing and summarizing previous 
experience in convenient tabular form, i.e., in tables of function- 
transform pairs and of operation-transform pairs. 

c. It provides by the same process both the transient and steady-state 

solutions of problems and brings out clearly their close relation. 

d. It provides a single method for solving not only ordinary differential 

equations but also linear constant-coefficient difference equations, 
partial differential equations, and certain types of integral equations- 

e. It provides the basis for both the analysis of existing systems and the 

synthesis (design) of proposed s3rstems satisfying prescribed require- 
ments. 

/. Finally, it is capable of 3delding the transient solution without the intro- 
duction of the integrodifferential equations of the system in much the 
same way that the complex number method, which uses complex alge- 
bra and is well known in electrical engineering, is capable of yielding 
the steady-state solution without the introduction of these equations. 

12. Representative Engineering Fields in which the £-Tran&- 
PORMATION Method Is Useful 

The types of problems in which the ^-transformation method is useful 
are many and varied. A partial list should include studies of : 

а. Waveforms of high-voltage or high-current surge (“ impulse ”) genera- 

tors. 

б . Transients in linear vacuum-tube amplifier circuits. 

c. Systems self-controlled by transient feedback (servo-control; automatic 

control of temperature, voltage, angular position, speed, liquid level, 
sound-volume level, frequency, etc.). 

d. Transient vibrations in mechanical systems (mechanical filters, seismo- 

graphs). 

e. Transient vibrations in electromechanical systems (microphones, loud 

speakers, piezoelectric crystals). 

/. Cathode-ray oscillograph circuits (time-delay, beam-sweep, scanning, 
recurrent-surge) . 

g. Transients in power-control relay circuits. 

h. Short-circuit transients in a-c machines. 

i. Transients in arc-welding generators. 

j. Transients in S3rstems subject to cyclic switching. 

h. Transient disturbances in the motion of an airplane. 

Z. Transients in wave filters and artificial Imes. 

m. Traveling-wave transients on transmission lines and cables caused by 
li ghtning , switching, and faults (refiections at junctions and terminals), 
w. Circuit recovery voltages after current interruption, 
o. Surge protection of transformers and rotating machinery; transformer 
oscillations. 
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•p. Piopagaiion of dgnals in communication systems (voice tran^nts, key- 
ing transients, synchronizing and picture-element pulses in television 
circuits). 

q. Trandent inductive interference in communication lines caused by 

disturbances in neighboring electric power lines. 

r. Transients in sound-wave propagation. 

s. Transients in output circuits of loud-speaker amplifiers. 

t. Transient transverse or longitudinal vibrations in bars. 

u. Transient heat flow in machinery, insulation, cables, metal-to-glass seals, 

sted ingots. 

a. Magnetic field transients in solid iron cores (influence on rapid excitation 
of large a-c generators, and rapid reversing of d-o rolling-mill motors). 

D. BRIEF PREVIEW OF THE S-TRANSFORMATION METHOD 

The following is a brief formal intrxrduction to the £ transformation 
and its use in solving integwxMerential equations. The ranges and 
conditions of validity are covered in the careful development which 
appears latm* in the book. 


13. The £ Transfobhation 

The Laplace transfonnation is a functional transformation; it may 
also be called a functional operator. It transforms a certain nin-qs of 
functions of a real variable into functions of a complex variable that are 
“ analytie in half-planes or strije.” This expression will be ftxp1n.inpd 
later. Usually a function and its transform are quite different in form. 
The direct £ transformation is written 

f (a), [1] 

in which « = <r + jw, j = V— 1 (= means “equal by definition”) and 
t, (F, and « are real variables. Equation 1 is abbreviated 

£Cf(0] = m- [2] 

This int^ral transfonnation provides a constructive means for de- 
termining the tranrform function E(«) corresponding to the origin a.l 
function /(f). 

This functional correspondence can be convoiiently ftybibit/xl by a 
table of function-transform pairs as folbws: 



Fxjnction-Tbanbfobm Fairs 


OiigLoal 


Trao^oim 
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In amstnicting such a table of pairs^ the direct transfonnatiou is used 
to pass from a function f(t) in the column of “ Ori^nals ” to its cono- 
sponding F(js) or mate in the column of “ Transforms.” In itdrig such 
a table of pairs, however, one frequently moves in the opposite direction, 
i.e., from a function F(s) in the column of “ Transforms ” to its corre- 
spondent or mate in the colunm of “ Orignals,” and in so doing finds 
the inoerse Laplace transform of F{s). The inverse Laplace transfor- 
mation is indicated by 

(=)/«), Ogt. [3] 

The sign ( = ) means “ equals almost eversrwhere ” and will be explained 
later. The restriction to the non-negative range of t is in agreement 
with the range of int^ration from 0 to co used in the direct transforma- 
tion shown in equation 1. 


14. SxMPLEraCATION OF FUNCTIONS THROUGH TbANSFOBUATION 


JMany functions of a real variable are carried over into simpler func- 
tions of a complex variable by the direct transformation. For instance, 
functions with step discontinuities transform into functions aiudytic in 
a half-plane, and many of the frequent^ occurring transcendental func- 
tions transform into algebraic functions. 

As an example of a function with a step discontinuity, cimsider 


hit) 



t ^ G, 
a <t. 


[4] 


in which o is a non-native real number. For this step fimction. 


J r” e~‘* 

a ~S 


[5] 


in the domain 0 < Slls], in which 91 means “ the real part of,” It can 
be seen that no derivative of fi (t) exists at t = a, whereas all derivatives 
of its transform e““/s exist in the complex half-plane 0 < 91[s]. 

As an example of a transcendmital function, condder c”^*, 0 ^ 
with a a real number. Here 


£[e-«t]= = C e-<^'>*dt = [6] 

Jo Jo 5 + a 

in the domain —a < 91[8]. Whereas the eiqKinential is transcendental, 
its transform (s -1- a)~^ is algebraic. 

These results are given below as entries in a table of /unc^um-trans- 
form pairs. In addition a third pair is included. It is obtained from the 
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first by setting a = 0, or from the second by setting a = 0. 
also be found by using the direct transformation. 


[Chap. I 
It could 


FoNonoN-TaANSPOHM Paibs 


m 

F(s) 

fo, t <a 

o^a, o<giw 

[I, a<t 

8 

e-<^, 0 ^ t 



» + a 

1, Q^t 

o<giw 


8 


15. SiMPLincATiON OF Opekations thbough Transfoemation 

Besides its property of simplifying cert^ functions, the £ transfor- 
mation has the much more important property of simplify ing certain 
operations. To facilitate the discussion, the following notation is 
introduced: 

and 

or 

= f'mdt +/<“«(o) 


which is sometimes written 



Using integration by parts, two important relations can be derived 
which will later be stated as theorems; The first is the transformation 
of the first derivative: 


£1/(0] = -/(o). 

The second is the transformation of the filrst int^ral: 

£I/-«(0] = -[F(s) +/-«(0)]. 

5 


m 

[8] 


These two relations show that differentiation and int^ration (opeiar 
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tioDS of analysis) tranrform respectively into multiplication and division 
(operations of algebra). 

A third important relation, namely, the linearity of the direct trans- 
formation, follows from the same properly of integrals of finite sums of 
functions. It is 

+ 02/2(0] = aiPi(s) + 19 ] 

in which oi and 02 may be real or complex numbers. 

These relations, equations 7 to 9, can be summarized in a table of 
opero^um^transform pairs as shown below. 


Opbeation-Transpobm Paies 


m 

F(«) 

«l/l(<) + Oj/s(0 

oiFi(«) + a^ii») 

fit) 

«F(a) -m 


- [F(s) +/<-«(0)] 

8 


16. Sample SoLimoN of an Absteact PaoBiiBai bt the £-Tbansfoh- 
mation Method 

Both the propoiies of fimction-dmplification and operation-simplificar- 
tion possessed by the £ transformation are used in solving an initial-value 
problem involving an int^rodifferential (i-d) equation. To show this, 
the complete solution of the simple linear constant-coefficient i-d 
equation, 

^ + 7y + 12jydt = e"" y 4 y(f), [10] 

with the initial conditions, 

p(0)4 2, j/(-«(0)4i, 

will be found. 

As a preliminary, assume that the solution y(t) has an £ transform, 
and let it be denoted by F(s). Multiplying each tide of equation 10 
by e"*‘ and indicating an integration from 0 to « , 

X” B 

In abbreviated notation this is written 

£ [^ + 7p -1- 12 J ydt^ = £[e-^% 


112 ] 
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Prom the fimction-transfonn table the result of carrying out the indi- 
cated operation in the ri^t member of equation 12 is (s + 2)~^. Prom 
the operation-tonsform table, using the first pair, the left member of 
equation 12 becomes 

£[y'] + + 12£[y<-«]. 

Then nsing the second and third pairs^ this left member becomes 
[s7(s) - ym + 77(8) + — [7(s) + (0)]. 


Substituting the initial values, and equating the left and right members, 
equation 12 reduces to 


(8 + 7+-)7(8) = ^ + 2--* [13] 

\ 8 / 8+2 8 


Solvii^ this algebraic equation for 7(8), and then expandmg Y(s) in 
partial fractious. 


r(8) = 


1 « 12 
T “1" 2 “ 

8 "I” 2 8 


+ 7-1- 


12 


28^-78 - 24 
(8 + 2) (8 + 3) (8 + 4) 


in which 

K2 
Kz 

The inverse transformation of equation 14 is indicated by 

But the left member £“^[7(s)] (=) y(t) in accordance with the earlier 
assumption. By uMng the first pair of the operation-transfoml table 
from right to left, i.e., inversely, the right membw of equation 15 becomes 


+ 


+ 


s+2 s+3 5+4 


[14] 


4 [(s + 2 ) 7 ( 8 )]^ = = -1 


4 [(s + 3)7(8)]^ = 


4 [(s +4)7(8)]^* = 


( 1 )( 2 ) 
18+21-24 
(- 1 )( 1 ) 

32 + 28 - 24 
r-OV-ll 


= -16 


= 18. 
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Applying the second pair in the function-transform table from right to 
Irft, the right member becomes (=) — 0 ^ i. 

Consequently the final result is 

y(t) (=) ^ jjgj 

In this complete solution the first term is the forced solution and the 
last two terms constitute the free solution. To verify the solution it 
must be shown that the equation is satisfied and that the initial con- 
ditions are fulfilled. 

The initial value of y(t) is checked readily; it is 
y(0) - -1 - 15 + 18 = 2. 

Unfortunately cannot be cheeked similarly. The reason for 

this is that (t) is equal (page 14) to the normalized inverse deriva- 
tive of y(t), plus an unspecified constant of integration. Since the 
value of this constant is determined by the given initial condition 
against which a check is sou^t, one cannot say at the end that any 
agreement constitutes a check on the solution. In other words, inte- 
grating y(i) will not provide a check that the solution fits 
because the operation of int^ration is only imique to within an additive 
constant. However, a second check on y(i) can be obtained by differen- 
tiating it and comparing tiie value of y^(0) with that computed from 
the i-d equation using the prescribed initial conditions. Thus h^ 

2/'(0 = 26 - 2 ^ + 45e ~^* - 726 “^*, 

yielding for ^ = 0, 

y'(0) = 2 -h 45 - 72 = -25. 

This agrees with the initial value of the derivative obtained from the S-d 
equation by solving for the derivative and setting i = 0 as follows: 

y'(0) = (e-2‘ - 7y - 12 J ydt)u^ = 1 - (7 X 2) - (12 X 1) = -25. 

Substitution of the explicit fonn of y(t) in the i-d equation reduces 
that equation to an identity, thus showing that yit) is the solution 
sou^t. 

17. Eestbiction to Phtsical Pbobiems in One Ini>bpbndent 
Vabiablb 

The treatment in Chapters 1 to 8 will be restricted to phyacal systems 
whose behavior can be described by one independent variable, usually 
and any finite numbor n of dependent variable (functions). 
Althou^ the methods are theoretically valid for any value of n, the 
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labor of carrying out a numerical solution increases rapidly with increase 
in aze of n. Hence, except where there is a recurrent structure, atten- 
tion will be confined to systems in which n is small and numerical results 
can be obtained without excesave work. 

In keeping with the conventional terminology for differential equar 
tions, the adjective “ ordinary ” is extended to describe integrodifferen- 
tial equations in one independent variable. It follows that only ordinary 
i-d equations and systems of such equations will be used here with the 
exception of Chapter 9. There problems concerning repeated-structure 
electric networks will bring in ordinary linear difference and i-d difference 
equations. I-d difference equations me intermediate between ordinary 
differential equations and partial differential equations, and serve as a 
logcal tranation to partial differential equations to be treated in 
Volume 2. 


PROBLEMS 

The solution of a^ebraic equations will be a necessary step in the 
complete solution of certain numerical problems in the later chapters, 
and it will be presumed that methods of solvii^ these equations are 
known. The reader who is not familiar with the metiiods available 
should anticipate this step with supplementary reading [Do 16, Ku 4, 
Wk 7, Sc 1] and the solution of several of the practice problems listed 
below. See also the remarks on page 165. 

Find the roots of these ai^biaic equations: 

M. *3 + iaS3s* + 575s + 1,243 = 0. 

1*2. s® -f 8.22s® + 157s -f 231 = 0. 

1-3. s® -f 1.25 X 10¥ + 6.38 X 10“s + 3.16 X 10« - 0. 

1-4. s® -I- 1.64 X 10®s® + 6.95 X 10®s + 8.46 X 10® = 0. 

1-5. s® -t- 75s® -1- 2.0 X 10*s + 1B3 X 10* = 0. 

1-6. s* + 1.43 X 10*s® + 268.5 X 10«s® -|- 1.58 X lO^s + 1.86 X 10“ = 0. 

1-7. s* + 1.18 X 10¥ -1- 4.39 X 10®s® -|- 6.05 X 10“s + 2.98 X 10“ = 0. 

1-8. s* + 3.60 X 10®s» + 7.63 X 10“s® + 2.12 X 10“s -1- 3.56 X 10®® = 0. 

Notb: As a prdiminaiy it is usually desirable to simplify the coefficients. Thin 
can be done by making the change of variable s ^ 10”u witii n chosen so as to elim- 
inate as far as practicable powers of 10 from the eoeffidents in tiie new equation in u. 
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THE MATHEMATICAL EXPRESSION OF ONE- 
DIMENSIONAL PROBLEMS CONCERNING 
ELECTRIC AND MECHANICAL 
SYSTEMS 

Esperieace has shown that one of the steps most difficult to make in 
the solution of problems in transients is the expression mathematically 
of the relations among variables present in the phyacal ^stem. It 
will avail little to master an effective method of solving differential 
equations if one cannot first formulate the equations. It is essaotial 
that one be able to identify the specific physical principles involved in 
the problem, and on the baas of them be able to make precise statemaats 
of the relations among the variables. Mathematically, many of these 
statements take the form of differential equations. 

The puiiKJse of the present chapter is to show convenient choices of 
variables, and systematic ways of setting up the differential equations 
and expresdng the initial conditions for electric and mechanical ns^stems. 
A supplementary objective is to point out the basis of analogs. The 
present chapter will be limited to the mathematical expresaon of prob- 
lems; the method of solution will follow in subsequent chapters. Ihis 
equation formulation is essentially a review, for use later in text and 
problems, of certain elementary principles of electric network theory and 
of dynamics. 

A distinction will be made between one-dimensnonal problems and 
multi-dimensional problems. Dimension here refers to the number of 
independent variables necessary to specify the problem adequately. 
If the dependent variables of the problem cm be ^re^ed in terms of 
only one independent variable, the problem is called a (me-dimensionoil 
proUm,. If two or more independent variables are required, it is a Iwo- 
or mviJnrdmmsimal 'problem. This is a distinction between what may 
be called network problems and field problems. In network problems, 
the elements of the entire system are conddered lumped, and functional 
relations are expressed by ordinary differential equations. In field 
problems, the elements of the system, or at least important parts of it, 
are conddered distributed, and certain of the functional relations take 
the form of partial differential equations. In this chapter only one- 
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dimensional problems will be considered; the treatment of two-dimen- 
sional problems will be reserved for Volume 2. Furthermore, discussion 
in this chapter will be limited to problems of electric and mechanical 
^sterns. They are essentially problems in dynamics; transients are 
characteristic of their behavior when a redistribution in energy takes 
place in the system; time is their independent variable. 

In this volume only linear systems having constant lumped elements 
will be considered. This restriction, however, does not preclude the 
treatment of systems changing by finite steps. For example, if an 
electric network is altered by a sequence of switching operations, the 
behavior of the system during each interval between steps can be 
treated separately, the terminal conditions for one interval becoming the 
initial conditions for the succeeding interval. As a result of these 
limitations the equations will always be ordinary differential or integro- 
dififerential equations with constant coejficients, and the terminology 
“ diflferential ’’ or i-d equations used hereafter will imply this unless 
the contrary is specifically stated. 

In this text the term “ constant ” rather than the term parameter ” 
will be used to emphasize the fact that the systems treated are constant 
for the duration of the period being considered. Within the scope of the 
text it is not necessary to provide for varying parameters.’’ 

The mathematical expression of a physical problem involves recog- 
nition of the assumptions bdng made, selection of the appropriate 
variables, establishment of a system of reference for the variables, 
and the application of relevant physical principles. These points are 
brought out in treating a number of examples in the sections that follow. 
Units will not be indicated for the variables or the equations unless the 
problem involves numerical values. With the units chosen from any 
single system [Ha 3] the equations are complete as written. 

A. LUMPEEMDONSTANT ELECTRIC NETWORKS 

Electrical problems are in the closest analysis field problems, i.e., 
they require both time and space variables. But fortunately in many 
cases of practical interest, it is justifiable to disregard the space variables 
and to assume that any disturbance takes place instantaneously through- 
out the lystem. In other words, the lystem may be considered to pre- 
sent a network rather than a field problem, and its constants may be 
conadered to be lumi)ed. 

For steady-state analyas, it is customaiy to assume a system to have 
lumped constants if the important wavelengths of the currents to be 
eonadered are large compared to the maaimum physical dimenaon of 
the system. For example, the dimensions of a network that might be 
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assembled on a table top would be considered smdl in comparison with 
the wavelength of a current of 100 cycles per second, the wavelength 
of which is approximately 3000 kilometers. But this same network 
would not be conadered small in comparison with the wavelength of a 
current of 100 megacycles per second, the wavelength of which is approxi- 
mately 3 metera 

Unfortunately in dealing with tranaent disturbances, in which the 
rate of rise of applied voltages and currents is likely to be large, practi- 
cally the entire range of frequencies must be considered, and the fore- 
going criterion cannot be extended to apply directly. It serves, how- 
ever, to single out those cases in which the distributed character of the 
system makes it essential to include in the approximating network 
certain lumped elements to represent field effects that otherwise would 
be n^lected. 


1. Network Eleiients 


Electric networks are composed of active and passive elements. The 
active elements are the energy sources or generators; the pasave ele- 
ments are the resistors, capacitors, and inductors. 

The soiuces are of two kinds: voltage scmrces and current sources. 
This is a mathematical distinction, but it is based on the physical fact 
that certain sources maintain nearly constant the waveform and magni- 
tude of the internal emf while supplying a variable current, and other 
sources maintain nearly constant the waveform and magnitude of the 
mtemal current while suppl 3 dng a variable 
terminal potential difference. The small in- 
ternal series retistanee or inductance of the 
voltage source may be lumped with the exter- 
nal circuit, or neglected, depending on the 
preciaon of representation. Similarly, the 
small mtemal shunt-conductance or capad- 
tance of the current source may be lumped 
with the external circuit or n^lected. Sources will be represented diar 
grammatically as shown in Hg. 2*1. 

In this text v will be used as the symbol to dmote both emf and poten- 
tial difference in order tiiat the symtel e may be retained in its customary 
mathematical role of Napierian base. The v will be assodated witii 
voltage; and it will be convenient to use the terminology “ voltage 
source.” Tlie ± agns indicate the polarity of the source at any instant 
at which v(f) has a podtive value. 

The arrow on the current source indicates the direction of flow of 



Battery Current 

voltage source 

source 


Fig. 2-1. Active elements 
in electric networks. 
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positive charge at any instant at which i(t) has a positive value. In 
other words, it specifies the direction of poative current in the source. 

Resistance M is the pasave element symbolizing an energy sink; it is 
an element in which the nonreversible transformation of electric energy 
into heat takes place. Its value is conadered to be invariant with time, 
and to be uninfluenced by the current which it conducts, or the voltage 
drop across it. The voltage drop across B in the direction of positive 
current in R is 


J. 

T 

(t) 


9 

If this equation is solved for current, 

(c) = Gvq({)i 


[ 1 ] 

[ 2 ] 


Fig. 2*2. Passive ele- in which G = BT^ and is called conductance, 
ments in electric net- diagrammatic representation for both R and 

G is shown in Fig. 2*2^. 

Elastance S is the passive element sjnnbolizing an electric-energy 
reservoir; it is an element in which electric energy is stored. Its value 
is considered to be invariant with time and to be uninfluenced by the 
charge on it, or by the voltage drop across it. If the charge on the elas- 


tance is represented by the voltage drop across S in the 


direction of positive current is 


vs(t) = 'S J ' ^ 


[3] 


If equation 3 is differentiated once and solved for current. 


ic(i) = 



[4] 


in which C = S~^ and is called eapadtance. The diagrammatic repre- 
sentation for both S and C is shown in Mg. 2'2-6. 

Self-inductance L is the pastive element S 3 ntubolizdng a magnetic- 
energy reservoir; it is an element in which magnetic energy is stored. 
Its value is conadered to be invariant with time and to be uninfluenced 
by the currait in it or the voltage drop across it. The voltage drop 
across a self-inductance L in the direction of potitive current when this 
current has a podtive derivative is 


vzit) == L 




dt 


[5] 
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If equation 5 is integrated once and solved for current, 


irit) 


r J ^ + ir(0). 


[ 6 ] 


in which T = IT^ and is called inverse self-inductance. It will be shown 
later (Sec. 13) that inverse self-inductance is the reciprocal of the self- 
inductance only when the coupling to other inductances through mutual 
inductance is zero. Since mutual inductance is not an element, it is not 
discussed at this point. (See Sec. 7.) The diagrammatic representa- 
tion for both L and T is shown in Fig. 2-2-c. 

Just as with the sources, pure R, S, and L elements are mathematical 
fictions since no one of them occurs singly. For example, a coil of con- 
ducting wire has resistance, self-inductance, and distributed capacitance. 
For low-frequency currents its capacitance may be neglected. If it is 
designed so as to maximize its resistance and minimize its inductance, 
it serves as a resistor; if the reverse is done, it serves as an inductor. It 
may be designed to be predominantly one or the other, but it is never 
solely R or solely L. Furthermore at high frequencies, because of dis- 
tributed capacitance, it may exhibit more the characteristic of an S 
than of an L. A capacitor affords a similar example. Here it is the 
capacitance that is maximized, the conductance in the dielectric and 
the resistance and inductance of the terminal connections being 
minimized. 




Element 


Loop 


Fig. 2*3. 




Branch 


2, Terms DEScmravE op Network Geometry; Reference Sys- 
tem FOR Variables 

The two terminals of any element are called nodes. A single two- 
terminal element or a series connection of such elements forms a branch; 
furthermore, the elements forming a branch may be different in kind 
e.g., sources and R^s. The connection of two elements results in the 
superposition or coincidence of two 
nodes forming a single node. 

The various sources and passive 
elements when connected conduc- 
tively, capacitively, or inductively 
form a network. Viewed purely 
geometrically the skeleton of a net- 
work consists of fines representing the branches which join or intersect 
at nodes to form a geometric pattern (Fig. 2*3). If all the lines can be 
mapped on a plane without a crossing, the network is planar. 

Any closed path by way of one or more branches in series constitutes a 
loop. In particular, a single branch when closed on itself forms a loop 
with at least one node. 



^Node 


Network branches form a 
geometric pattern. 
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A single branch or loop, or a group of connected loops, having pure 
inductive coupling but no conductive or capacitive connection with 
other parts of the network is called a separate part. Six examples of 
geometric patterns are shown in Fig. 2-4. In a, 6, c, d, and e, there is one 
separate part; in/ there are two separate parts. 

9 0 

(o) 0>) (c) id) 

dx^ 

(e) (f) 

Fiq. 24. Examples of geometric patterns, a, b, and c are of only 
theoretical interest. 

One node in each separate part is chosen the reference node for that 
part. Each of the remaining nodes of any part taken in combination 
with the rrference node of that part constitutes an independent node- 
pair. If i of these reference nod^ are grounded, the number of nodes 
and the number of separate parts are each reduced by fc — 1, since ground- 
ing is equivalent to making the reference nodes coincide. (Kg. 2-5.) 



(a) (b) 

Fig, 2-5. Geometrically, a is the same as 6; 

The geometric patterns of electric networks are called linear graphs 
[Ki 1]. In the theory of linear graphs no distinction is made-in the types 
of elements making up a branch, and the basic units are the branches. 
In the theory of linear electric networks, however, there are four Muds 
of elements, and electrically the behavior of each of these elements is 
distinctly different. Because of this, in discusang the geometry of 
linear electric networks each element is replaced by a line segment. 

Two important general relations taken from the theory of linear 
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graphs rW*H 3 to 6] and modified slightly so as to be immediately appli- 
cable to network geometry are [Ca 1, Fo 1]: 


I — e — n + a 
n, = n — s, 

in which 


[7] 

[8J 


I = number of independent geometric loops. 

Tip = number of independent geometric node-pairs, 
e = number of elements, 
n = number of nodes, and 
s = number of separate parts. 

Relations 7 and 8 can be illustrated by applying them to the geometric 


patterns of a variety of networks. 

For example, when applied to the 

pattern of Rg. 2-3 they {pve 1 
of Fig. 24, they ^ve for 

— 5and% = 6. Applied to the examples 

a 

Z = 0 

rip = 1 

b 

1 = 1 

= 0 

e 

l = S 

np = Q 

d 

1 = 4 

Tip “ 3 

e 

1 = 5 

np = 5 

f 

1 = 5 

Tip ^ 3 


For the patterns a and b of Fig. 2-5 they ^ve 1 = 5 and Tip = 3. 

To describe the electrical behavior of a network a system of references 
must he established for the variables. For the instantaneous current 
in a branch an arrow is placed beride this branch to i^ow the direction 
assumed for positive current. For the instantaneous voltage drop be- 
tween the terminals of an element, branch, or network and — signs 
are placed on these terminals to show the polarity assumed for poritive 
voltage drop. The convmtions here are the same as ^ven above for 
current and voltage sources. 

3. Rjbcbhoff’s Laws 

The differential equations of electric networks can be formulated 
directly by using Errchhoff ’s voltage law and current law. The voltage 
law can be stated as follows: 

Around any closed path in the network tiie sum of tire instimtaneous 
voltage drops in a specified direction is zero, or 

around a closed path = 0. 


[91 
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The current law can be stated as follows: 

In the branches connected to a common node the sum of the instan- 
taneous currents in the direction away from (or into) this node is 
zero, or 

XlifcCO at a common node = 0. [10] 

These laws will be used now to write the integrodifFerential equations 
for several simple electric networks. 





s 


1 


Fig. 2'6. One-loop LR8 
network. 


4. One-Loop LRS Network 

In the one-loop LRS network shown in Fig. 2*6 the switch K is closed 
at i = 0. Initially the circuit contains no stored energy. This means 
that the initial charge on the elastance and the initial current in the 

inductance are both zero. 

In this circuit there are 3 unknowns — 
the current in the loop and the voltage 
drops between each of two nodes and a 
third node taken as a reference. There is 
one voltage source and no current source. 
Considered geometrically, the circuit has 1 
loop and 3 independent node-pairs. By 
count, the number of unknown currents (1) equals the number of 
independent geometric loops (1) diminished by the number of current 
sources (0); and the number of unknown voltage drops to reference 
(2) equals the number of independent geometric node-pairs (3) dimin- 
ished by the number of voltage sources (1). 

If ail three unknowns are to be found, three equations will be neces- 
sary. If only the current is wanted, one equation will suffice, whereas, 
if only one voltage drop is wanted, two equations will be necessary 
(either one current and one voltage-drop equation, or two voltage-drop 
equations). 

Let it be required here to find only the current. The current i(t) 
can be taken as the single depend^t variable. The arrow direction, 
i.e,, the direction for positive current, is taken as clockwise in the loop. 
By Kirchhoffis voltage law, the sum of the instantaneous voltage drops 
in the positive direction is zero, i.e., 

^L(i) + VM{t) + vs(t) - v{t) = 0. 

Substituting the expressions for these drops. 


I' ^ idt — v(t)j i = i(t). 


[111 
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As a consequence of the zero initial voltage across S, 


S 


I 


idt = S 



idl 


and equation 11 can be written 

L~+m + S f^idt = v(t). [12] 

ut •/ 0 

In this way one initial condition is included in the i-d equation. The 
remaining initial condition is i(0) = 0- 


5. Two-Loop Network with Coupling through Elastance 

In the two-loop network of Fig. 2-7-a switch K is closed at ^ = 0. 
The initial voltage across Si is zero, but as a result of a previous switching 
operation there is an initial voltage of magnitude y across S 2 and an 
initial current of magnitude p in Li. The polarity of this initial voltage 
and the direction of this initial current are shown on the diagram. The 
i-d equations for this network will now be formulated. 



Fig. 2-7. Indication of initial conditions, branch currents, and loop currents. 


In specifying the initial conditions of a system it is helpful to keep 
separate the ideas of magnitude and sign. In particular, letters such as 
7, p, X will be used to indicate only the magnitude of the initial value, 
and the sign will be written explicitly. For example, t;(0) = —7, and 
m = -p. 

Let the branch currents ii, and is and the arrow direction for each 
be chosen as indicated in Fig. 2-7-6. By Kirchhoff's current law, 

-ii +12- k = 0. [13] 

But from equation 13 it is seen that there need be only two dependent 
variables, e.g., currents ii and i2j ^ce is = is ~ ii- Currents ii 
and is can be considered to be localized in loops 1 and 2, respectively, 
as shown in Fig. 2-7-c. A current designated for an entire loop in this 
manner is called a loop current. The arrow direction for a loop current 
is usually taken clockwise. 
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In this network there are 5 unknowns — the two loop currents, and 
the voltage drops between each of three nodes and a fourth node taken 
as reference. Geometrically, the network has 2 independent loops and 
4 independent node-pairs. Since there is one voltage source and no 
current source, it is seen that the number of unknown loop currents (2) 
equals the number of independent geometric loops (2) diminished by 
the number of current sources (0); likewise the number of xmknown 
node-pair voltage drops (3) equals the number of independent geometric 
node-pairs (4) dinainished by the number of voltage sources (1). If 
the loop cTxrrents are chosen as the dependent variables, two simultane- 
ous i-d equations will suffice to determine the network behavior, whereas, 
if the node-pair voltages are chosen, three i-d equations will be neces- 
sary. The desirability of choosing the loop currents as variables is 
evident, and this will be done. 

Applying Kirchhoff ^s voltage law first to loop 1 and then to loop 2 
there is obtained 

Riii + Si J* iidt -H ^2 J* i2)(R ~ 0, [14] 

^2^2 Li— + S 2 J* (^2 “ H)dt = 0. [15] 


The initial conditions for the two elastances result in 


St fitdi^Sif^ 



S2 f (h — i 2 )(R — 7. 


[16] 


Rewriting equations 14 and 15 in symmetric form, and including 16, 


Riii + (jSi + S2) f iidt — S2 f if) + 7 > 

*^0 


di2 

iidt + Li "37 + i22^2 4 " jS2 I = —7. 
0 dt t/ 0 


[17] 


Thus two of the initial conditions have been included in the i-d equation ; 
the remaining initial condition is ^ 2 ( 0 ) = —p. 

The integral I iidt represents the charge brou^t to both Si and S 2 

^ ^ ' t 

by the loop current ii ; the integral 1 i^jdt represents the charge brought 

0 
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to S 2 by loop current i 2 - When i = 0, these integrals are zero. The 
initial voltage across ^2 influences the subsequent currents in loop 1 
like a battery whose magnitude is y and whose polarity is such as to 
cause a positive ii. It influences the subsequent currents in loop 2 
like a battery whose magnitude is y and whose polarity is such as to 
cause a negative It is seen, therefore, that equations 17 could have 
been written directly by reasoning physically. 

6. Number of Dependent Variables Governed by Basis Used 

In setting up the i-d equations for an electric network, it is usually 
desirable to choose either the unknown loop currents or the unknown 
node-pair voltage drops as the dependent variables since this leads to 
symmetry in the equations. In certain cases, however, the use of branch 
currents and branch voltage drops may be preferable to simplify the 
formulation of the equations. 

If the loop currents are chosen as the dependent variables, the equa- 
tions are said to be formed on the Zoop basis. The number of dependent 
variables will be equal to the number of independent geometric loops I 
except where there are current source present. With current sources 
present the number of dependent variables needed is less than I by the 
number of these current sources, once each current source produces a 
known branch current. Thus, if 

Ui = number of unknown loop currents needed on the loop basis, 

I = number of independent geometric loops, equation 7, and 
2 , = number of current sources, 

then Ui = l — [18] 

If the node-pair voltage drops are chosen as the dependent variables, 
the equations are said to be formed on the node basis. The number of 
dependent variables will be equal to the number of independent geomet- 
ric node-pairs except where there are voltage sources present. With 
voltage sources present the number of dependent variables needed is 
less than Up by the number of voltage sources, since each voltage source 
produces a known node-pair voltage or a known difference between two 
node-pair voltages. Thus, if 

= number of unknown node-pair voltages needed on the node basis, 
np = number of independent geometric node-pairs, equation 8, and 
Vs « number of voltage sources, 

then 

ti<s ” n^p — Vs* 


1191 
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In choosing a basis upon which to formulate the network equations, 
that basis is selected which leads most directly to the result desired 
and requires the least number of unknowns and equations. So far 
only the loop basis has been used, but the node basis will be presented 
later in this chapter. In the two networks already considered, the 
number of unknown loop currents was less than the number of unknown 
node-pair voltages, so the loop basis was the logical one to use. 


7. Two-Loop Network with Coupling through Resistance and 
Inductance 


Two circuits canying currents can store energy mutually in the mag- 
netic field. This energy may be divided into three parts — one ac- 
counted for by the self-inductance Li of circuit 1 , a second accounted for 
by the self-inductance L 2 of circuit 2 , and a third accoimted for by the 
mutual inductance M between circuits 1 and 2 . Mutual inductance is 
represented dia^rammatically as shown in Fig. 2 * 8 . Although a symbol 
for mutual inductance is introduced, mutual induct- 
ance will not be considered to be a network element. 

If the current in circuit 1 is varying, the open-circuit 
voltage between terminals in circuit 2 is given by 



Fig. 2-8. Eepr^n- ^ ^ . 

tation of mutual dt 

inductance. 

Similarly, if the current in circuit 2 is varying, the 
open-dreuit voltage in circuit 1 is given by 


vi{t) = M- 




dt 


M wiU always be a positive real number. 


The signs to ^ve the M -7 

dt 



terms in the i-d equations will be discussed below. 

The two loops of the network shown 
in Fig. 2-9 are coupled conductively by 
the common resistance and self-induct- 
ance Lz and coupled inductively by the 
mutual inductance M. The switch K is 
closed at ^ = 0. The initial current in Li 
is zero, but there is an initial current of 
magnitude p in L 2 and L 3 . The direc- 
tion of this initial current is shown on 
the diagram. The differential equations for this network will now be 
formulated. 


P^G. 2*9. Two-loop network 
with coupling through JRs, I®, 
and M. 
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This network has 2 independent geometric loops and 5 independent 
geometric node-pairs. Since the number (see Sec. 6) of loop variables 
needed is 2, whereas the number of node variables needed is 4, the loop 
currents ii and are chosen as the dependent variables, with positive 
directions as indicated in the diagram. 

Kirdihoff’s voltage law applied first to loop 1 and then to loop 2 pves 

Li -f Riii + Lg — (ii — ta) -h i2s(»i ~ ~ 

120 ] 


in which the signs for the mutual-induction terms are left undetermined 
for the present. With the terms arranged symmetrically, equations 20 
become 


(Li -h Lg) — (iJi -1- R^i — (Lg ^ M) — — R^i^ = 0, 

— (Lg =F Jkf) — flgii + (La + Lg) + (Rz 4- Rs)iz = »3(<)- 


The initial conditions are 


km = 0, 

12(0) = — p. 


With these values the initial current in Li is zero, the initin.] current in 
La is — p, and the initial current in Lg is [ii(0) — 13 ( 0 )] = p, aU of which 
are in agreement with the problem statement. 

Eetuming now to the matter of signs in equations 20, the following 

question for the M — term must be answered; Does a positive rate-of- 
dt 


change of k induce in loop 1 a voltage drop or a voltage rise in the arrow 
direction? If it is a drop, the sign of the term is -f, if a rise it is — . 
These signs are in accordance with the convention that was used in 
writing the equations, i.e., voltage drops in the arrow direction are 
considered positive. 


d%x 

A similar question for the ikf term must be answered: Does a 


di 


positive rate-of-change of k induce in loop 2 a voltage drop or a voltage 
rise in the arrow direction? If it is a drop, the agn is +. 

To answer these questions certain addition a l information must be 
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available r^arding the mutually coupled coils. There are at least two 
ways in which this information can be pven. 


M 



Fig. 2*10. Coils JU and La of 
Fig. 2-9 shown wound on 
cores to display their wind- 
ing senses. 


The winding senses of the two coils can be 
shown. Suppose the coils are wound as 
indicated in Fig. 240. The arrow 
directions for loop currents ii and 12 
are shown, also the corresponding arrow 
directions for the magnetic field inten- 
sities along the axes of the coils. If ^ 

at 


is positive, the associated induced volt- 
age in loop 1 is a rise in the arrow direc- 
tion. The sign of the M ^ term in 


dix 

equation 20 is accordin^y — . Similarly, if — is positive, the associ- 

dt 

ated induced voltage in loop 2 is a rise in the arrow direction. The 
dix . 

sign of the M — term is likewise — . The pairing of signs in this 
dt 

vrsi,j is characteristic of mutual-induction terms. 


6. The second way in which the necessary additional information can be 
given is by indication of the polarity of the induced voltage in each 
coil resulting from positive rate-of-change of current in one of the coils. 
The coil not carrying current is assumed to be open-circuited at its 
terminals. For the configuration shown in Fig. 240, the =fc signs on 
the coil terminals would be as shown in Fig. 241-a. 


If the second way is to be used, the ± signs to be placed on the coil 
terminals can be determined experimentally by disconnecting the coils 
from the network but leaving them unchanged in position relative to 
each other. A d-c voltmeter is connected across the terminals of one 



(o> 


(W 



PiQ. 2-11. Tfflminal polarity marldiigs can be estt^Iished by test with batteiy and 

Tcdtmeter. 


coil, and a battery is connected to the terminals of the other coil as in 
Fig. 2-11-6. Upon closing the battery circuit the voltmeter will ^ve a 
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momentaiy indication. If this indication is upscale, the terminal of the 
coil connected to the poative terminal of the voltmeter should be marked 
+ ; if the indication is downscale, the terminal of the coil connected to 
the negative termioal of the voltmeter should be marked +. The corre- 
sponding terminals on the exdting coil are marked to agree with the 
battery polarily. The battery tends to set up a current in the coil to 
which it is connected in the direction of the voltage drop throu^ the coil. 
The build-up of this current causes a potential difference to appear at the 
terminals of the coil coimected to the voltmeter. It can readily be 
demonstrated that a similar test made with the voltmeter and battery 
interchanged (Kg. 2'11-c) ^ves consistent information. For this 
reason a single test is sufficient. 

This simple polarity test is easily carried out. It is practically indis- 
pensable when the coupling occurs in irregular and incalculable coil or 
circuit con%urations. When three or more coils are mutually coupled, 
one test may be sufficmnt, but in general with n coils, all mutually 
coupled, n—1 separate tests are needed to establish the pairs of signs to 
be associated with eadi of the n(a — l)/2 mutual inductances. 

Having the inductively coupled coils marked in this way and con- 
nected in the network, and the arrow directions in tiie loops assigned, 
it is an easy matter to establish the signs of the terms in the differen tia l 
equations. This is ^own in tiie example in tiie following section. 


8. Thbbe-Loop Network 


In the 3-loop network of Kg. 2-12 there is mutual induction between 
coils 1 and 2, 1 and 3, and 2 and 3. Ibe switch K is closed at / = 0. 
At this instant the currents in the 
inductances have the magnitudes 
and directions indicated, and the 
volti^ drops across the elastances 
have the magnitudes and polari- 
ties indicated. The i-d equations 
for this ^stem will now be formu- 
lated. 

The network has 3 independent 
geometric loops and 8 independent 
geometric node-pairs. The num- 
of loop variables needed is 3, 

whereas tiie number of node variables needed is 6; consequently tiie 
three loop currents ii, and is, with positive directions as shown in the 
Hin.gra.Tn, are choseu as tiie dependent variables. 



inductivdy couided. 
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■nie i-d equations are 

pi 

Li + filii + Si (ii — t 3 )di — 7i + 222(^1 — ^2) 

d . . dii d 

+ L 2 ^ (t’l — * 2 ) — -3^21 — -3^12 ^ (*'l — h) 

-Mx3^ + M23^ = P1, 

d 

^2 n “ ^i) + i22fe ^i) + S2 I fe ““ 
at •'0 

— 72 + ^3^2 *^32 ^ fe — il) 


I Tir 

+ M21-^-M^—-V2, 


di 2 


j- [22] 


Si f (is — + 7 i + -84^3 + S2 f (is i2)d^ + 72 = 0 . 

•/Q •'o 


The signs for the mutual-induction terms are detennined by the ± sign.g 
on the coils in accordance with the convention presented in Sec. 7. 

Two initial conditions, those for the elastance voltages, have been 
included in the equations. The necessary additional mitial conditions 
for the inductance currents are 

ii(0) = pi, ^(0) == ps. 


9. The t-Loop Network 

It will be noted that as the complexity of the network increases 
it becomes more cumbersome to write out the i-d equations in full. 
The need for a briefer notation is evident. The following scheme serves 
effectively to condense the equations and systematize the calculations. 

With tiie loops projected on a plane, choose the arrow directions of the 
loop currents all clockwise. Let 

Ljj = total self-inductance on loop j; this may include mutual in- 
ductance between elements on this loop. 

Rjj ^ total resistance on loop j, 

Sy'j = total elastance on loop j, 

Ljb = total seK-inductance and mutual inductance common to loops j 
and kj 

Rjh — total resistance common to loops j and fc, 

Sjh = total elastance common to loops 3 and k. 
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A self i-d operator for loop j can be defined as 

J" 

and a mutual i-d operator for loops j and k as 

d 


ajk - —Ljk ^ — Rjk — Sjk J' dt. 


Certain exceptions may be mentioned. As the result of coupling 
between loops through mutual inductance, a positive derivative term 
m the mutual i-d operator may be imavoidable. Also, in a network 
whose geometric pattern cannot be mapped on a plane without crossing 
of branches, mutual terms that are positive will occur because certain 
branches must be taken as conunon to more than two loops. 

Assuming that all the sources present are voltage sources, and letting 
the i(tya represent the currents in the I independent loops and tibie 
»(i)’s the net driving voltages in these loops, the i-d equations for the 
network can be written 

-1- • • • -b 

021*1 0) + 022 * 2(0 + ■ ■ ■ + Oidlit) = *’2(0> 


on*i(0 + ai 2 i 2 (t) + • •• + aifliit) = vi(t). 
This set of equations can be written more compactly as 

I 

£ j ~ 2, 

*=1 



The index j designates the loop and also the equation for that loop in 
the set 23. The index h deagnates the loop current whose effect in 
loop j is being considered; it also indicates the particular term in the 
jtii equation. 

Althou^ the brevity of statement presented in equation 24 is useful 
in formulating general network relations, it is not useful in numerical 
solutions until expanded as in equations 23. 

As an example of the application of this notation, consider the network 
shown in Fig. 2*9, the equations for which are given in 21. The i-d 
eguatmns 21 are 

<*11*1 (0 + <*12^(0 = 

<*21*1 (^) + <*22*2(0 = 



TabIiB X. Elbctbic Nbtwobks 



Beservoir (magnetic) 
Self-inductance (only) 
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The i-d operators are 


A d 

. Oil == ^ + fill, 

022 ^ ^22 - J . + -822, 


O12 = O21 = — Li 2 ^ — 'Ri 2- 


Recalling that the signs of the M * 7 “ terms in equations 20 were subse- 

at 

quently shown to be — , the loop and mutual constants for the network 
are 

^ Ll + ^3) i'22 ^ L 2 + Ls, Li2 — 1/21 = -C /3 + 

Rii = Ri + R3) R22 = -Bs + B3, Bi2 == -B21 ~ Rs* 

10. Node Basis of Foemulating Network Equations 

So far the examples of network equations have been written on the 
loop basis and have been founded on Kirchhoff's voltage law. The 
equations for a network can likewise be written on the node basis, i.e., 
can be founded on Kirchhoff’s current law. In the loop scheme atten- 
tion is directed to the independent loop currents of the network; in the 
node scheme attention is directed to the independent node-pair voltages 
of the network [Mi 2 , Ru 1 ], The latter is the less familiar scheme but 
is the ampler and more direct one to use when the number of unknown 
node-pair voltages is less than the number of unknown loop currents. 
A comparison of the loop and node bases of analysis is made in Table 1 . 
Eqilanation of the inverse inductances included in Division 3 of this 
table is ^ven below in Sec. 13. 

In the node scheme, one node of each separate part of the network is 
taken as the reference node for that part. The potential, with respect 
to this reference, of each other node in that part becomes a node-pair 
voltage, and is indicated at the node by a v(Q with identifying subscript. 
Unless this node-pair voltage happens to be a known-source voltage it 
becomes one of the dependent variables. A system of reference for 
the dependent variables is established by marking the reference nodes — 
and all other nodes +. At any instant at which a node-pair voltage 
drop has a positive numerical value, the corresponding node has a posi- 
tive potential with respect to the reference. 
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11. One-Node-Paib Network 

In the network of Fig. 2-13, the opening of the switch X at if = 0 
impresses a known current i (t) upon the C(?r-paraUel group. The initial 
voltage across C and the initial current in 
r are both zero. The i-d equation for the 
network will be written. 

This network has 3 independent geomet- 
ric loops and 1 independent geometric node- 
pair. Since the number of unknowm loop 
currents is 2, whereas the number of un- 
known node-pair voltages is 1, the single 
node-pair voltage drop vif) to reference will 
be taken as the dependent variable, and the equation for the network 
will be written on the node basis. 

By Eorchhoff ’s current law, the sum of the instantaneous currents in 
the direction away from the node is zero, i.e., 

ic{t) + ioit) + ir(0 “ 0* {25] 

Substituting the expressions for these currents, 

C^ + G« + r v^vit). 126] 

Since the initial current in F is zero, 

^ Jvdt ~ P y* ^^9 

and equation 26 can be written 

+Gv + T f vdt = i{t). [27] 

dt VQ 

la this way one initial condition is included in the i-d equation. The 

remaining inhial condition is 

»( 0 ) = 0 . 

12. Two-Nonn-PAiR Network 

The switch K in the network 
of 2-14 is opened at t = 0. 
At this instant the voltage across 
Cl has a magnitude y, and the current in Ti a magnitude p. The po- 
larity of this initial voltage and the direction of this initial curr^t aie 
shown on the du^iam. The i-d equations for the network will be 
formulated. 



Fro. 2-14. Two-node-pair network. 


.(f> 


+ 



Fro. 2'13. One-node-pair 
network. 
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Viewed geometricaJly, this network has 4 indepaident loops and 2 
independent node-pairs. There are 3 unknown loop currents, but only 
2 unknown node-pair voltages, consequently the node voltage drops 
vi and »2 are chosen as the dependent variables. 

U^g KirdbliofE’s current law, one equation is written for node 1, and 
a second is writtai for node 2. 


G\Vi -k Cl -{-Vi J (»! — v^dt — ii(0 = 0, 

O 2 V 2 + Cz + Pi ^ (®2 “ = 0. 

Because of the initial current in Ft, 

Fi Z' (»i — = Fi /* (»i — v^^di -b p. 


[28] 


[29] 


When relation 29 is included in equations 28, and they are written in 
^nmnetric form. 


Cl ~ + GiVi + Ti f vidt — Ti C Vzdi = ii(t) — p, 
Ctt «/0 VQ 

J r* d»9 /•* 

I Vidt -j- C2 - 1 - G2V2 H" Fi I v^/dt = p. 

Q at »/o 


[30] 


One of the initial conditions is thus included in the i-d equations; the 
other two initial conditions are »i(0) = y and P 2 ( 0 ) = 0. 


13. Invesse lunucTANCES WITH Mutoal iNDtrmoN Present 

When the i-d equations for a network containing mutual inductances 
are to be written on the node basis, the self-inductances and mutual 
inductances are replaced by inverse self-inductances and inverse mutual 
inductances. Since these inverse inductances are not simply the recip- 
rocals of the self-inductances and mutual inductances, they require 
spedal comment. 

In contrast to self-inductance and mutual inductance, whidi are open- 
circuit constants, inverse sdf-inductance and inverse mutual inductance 
are i^ort-drcuit constants. The inverse sdf-4ruiuctance of an inductive 
dement is defined by the ratio of the current in this dement to the inte- 
gral of the voltage drop across its terminals — all other dements to 
which it is inductivdy coupled being short-drcuited. These short- 
drcuited elements will in general carry currents. The inverse mtdiud 
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indu(^ance of two inductively coupled elements is dejSned by the ratio 
of the short-circuit current in one of these elements to the integral of 
the voltage drop across the other element — aU inductively coupled 
elements except the latter being short-circuited. The diagrammatic 
representations for inverse self-inductance and inverse mutual induct- 
ance are the same respectively as for self-inductance and mutual 
inductance. 

The inverse inductances can be expressed in terms of the self-induct- 
ances and mutual inductances. The relations among them can be 
derived from the voltage equations for the coupled elements by solving 
these equations for the element currents in terms of the node voltages 
at/ the terminals of the elements. 


Fi 0 . 2*15. Izuiuctively coupled deo^ts. Fonn given in a better fcE* analysis on 
loop basis; form given m h better for node basis. 

As an example of this procedure, the inverse inductances for two 
coupled elements (Fig. 2.15-a) will be found. Assume that these 
elements are part of a larger network of which only the reference node 
is shown; assume also that they are the only inductances connected 
to nodes 1, 2, 3, and 4 and that they are not inductively coupled to 
other elements in the network. At their terminals the node-pair volt- 
age drops to reference are vi, v^, vzy and V 4 . Let the currents ii and ^2 
in these elements have the arrow directions shown. Then the voltage 
equations for these elements are 

+ = [31] 

TClimmating ^ from equations 31 .and 32, 
at 



[32] 
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dil 

Eliminating — from equations 31 and 32, 

at 


(LiLa - AP) ^ = -M(vi - v^) + Li (va - v^). [34] 

at 


Integration of equations 33 and 34 ^ves 

= f 1 J (vi - V2)dt - f ifef (vs - V4)dt 

== f 1 r (vi — V2)dt — f Af f (vz — V4)dt + it (0), [35] 

«/o ''0 

H = -Tm J (*^1 - ^2)dt + ^2 (V3 

= “Tm r (^^1 '^2)dt + f 2 f (vz — V4)dt + 12 ( 0 ) f [36] 

Jn */o 


is the inverse self-inductance of ele- 
ment 1, with 2 short-circuited, 

is the inverse self-inductance of ele- 
ment 2, with 1 short-circuited, and 

is the inverse mutual inductance be- 
tween elements 1 and 2, with one 
element short-circuited. 

The ^ (tHde) is added to indicate that f 1 , fa, and Tm are not simply 
the redprocals of Lj, L 2 , and Lm, respectively. When the inverse 
inductances are substituted in the diagram it becomes that shown in 
Kg. 2-15-6. 

Currents ii and { 2 , for which expressions are given in equations 35 
and 36, are the total inverse-inductance currents directed away from 
nodes 1 and 3, respectively and are the total inverse-inductance currents 
directed toward nodes 2 and 4, respectively. By inclusion of ii (0) and 
i2(0) in equations 35 and 36, provision is made for any initial currents. 

— va)di is the self-componeat of ii. It is directed away 

from node 1 and is +. 

J' (»8 — V 4 )dt is the induced component of it. With the ± signs 

as in Kg. 2*15-6, this induced component is directed towiml node 1 
and hence is — . 


f A 

® LiLa - iP 

f ^ ^ 

" L 1 L 2 - ^ 
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f 2 J (»3 “ H)dt is the self-component of 13. It is directed away 
from node 3 and is 

fiif /fe — V2)dt is the induced component of With the d= 

signs as in Fig. 2*15-6 this induced component is directed toward no^e 
3 and hence is — . 

A similar procedure can be followed if there are three or more induc- 
tively coupled elements. This transformation to inverse inductances 
is a necessary preliminary to writing the network equations on the node 
basis. 

14. Exchange of Soxjeces 

The i-d equations written on the node basis are current equations. 
When formulating them it is convenient to have only current sources. 
When there are voltage sources present in series with passive elements^ 
these series combinations can be replaced in the network diagram by 
parallel combinations of current sources and passive elements that will 
maintain all terminal and initial conditions invariant. This is an ana- 
lytic device, used solely for convenience in writing the network equations. 
A similar exchange of current for voltage sources can be made when the 
equations are to be formulated on the 
loop basis. The conditions to be fulfilled 
when these exchanges are to be made 
are given below. 

A voltage source v{t) in series with a 
resistance R (Fig. 2-16) can be replaced 
by a current source i (0 in parallel with 
a conductance G and still maintain the 
terminal conditions invariant provided 
i(t) = with G = In justifi- 
cation of this, let vi(t) and fi(0 be re- 
spectively the terminal voltage drop and terminal current that are 
to be kept invariant; then for the series connection, 

^ - n) 

^Gv-Gvi 

= i — Gvu with i = Gv. [37] 

The last form of the equation can be represented by the parallel connec- 
tion shown. Conversely, if a current source i{t) in parallel with (? is to 



VmRi iaGv 


Fig. 2 * 16 . Exchange of sources 
when the series element is re- 
sistance. G = Rr\ 
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be replaced by a voltage source v(t) in series with B, the voltage source 
must have the form »(i) = Bi(t),ynth.B = 

y ^ Similarly, a voltage source v(t) in 

1^ 1 * 4 series with an elastance S (Mg. 2*17) 

.1 “ 1^*17 JL +T can be replaced by a current source 

w “** *tO 1=^ i(0 in parallel wi^ a capadtance C 

3^ provided i(t) = C , with C = 

* S~^. If there is an initial voltage 

Fio. 2-17. Exchanp of sources across 3 of magnitude y and 

when the senes dement is elas- i -j. i. i /n\ r. _li_ 

tance C = polanty as shown, and t>(0) = 0, the 

same initial voltage and polarity are 
retained across <7. This exchange erf sources can be justified as foUows : 

-r-- 

^ dt ^ dt 

For the corresponding replacement of a current source i{t) by a voltage 
source v(f), the volt£^ source must 

have the form v(f) = S f i(t)dt. P-njV-j' | 

''0 JL ^ T I Tir 

likewise, a voltage source »(f) in cd|/> 

series with an inductance L (Mg. 2-18) | 1^1 

can be replaced by a current source in ' ^ Z 

parallel witii an inverse inductance r ''“‘ST 

provided i(t) — f f If there Ma. 2-18. Exchange of sources 

*A> when the series elemoit is in- 
is an initial current in L of magnitude p r = L-K 

and direction as shown, this same initial 
current is retained in P. In justification of this, 

ii = J* (v - vi)dt 

1 

^ lJo 

= r /* vdt — r f vidt + p 

«/0 nJo 

— i — T f vidi + p, with i = F /* vdb. [39] 

For the corresponding replacement of a current source i{t) by a voltage 


- /t( 




when the series element is in- 
ductance. r = L~K 
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source v(t), the voltage source must have the form »(i) = 

at 

Each replacement of a voltage source in series with a passive element 
by a ctirrent source in parallel with the inverse of this element reduces 
by one the number of independent geometric node-pairs of the network. 
Similarly, each replacement in the opposite way reduces by one the 
number of independent geometric loops. 

In Sec. 6 rules were given for determining the number of dependent 
variables necessary for treatment of a network on the node basis and on 
the loop basis. The number of unknowns for the node basis was less 
than the number of independent geometric node-pairs by the number 
of voltage sources pr^nt. Similarly the number of unknowns for the 
loop basis was less than the number of independent geometric loops by 
the nTimber of current sources present. It is seen now that this reduc- 
tion in the number of unknowns in either treatment is the reduction 
that can be made by an exchange of sources. 


Example 1. In the network shown in Kg. 2*19-a the switch K is closed at 
f == 0. At that instant there is current in L of magnitude p in the direction 
indicated. The condenser is initially uncharged. The equation for the sub- 
sequent condenser voltage is wanted. 



Fig. 2-19. A preliminaiy change of source. i(t) = r with T — L~\ 

Jo 


The number of unknown loop currents is 2, and of unknown node-pair 
voltages is 1, so it is convenient to treat the network on the node basis, espe- 
cially since the node voltage and the wanted condenser voltage are the same. 
The voltage source in series with L is replaced by the current source in parallel 
with r. The initial current in T has the same magnitude and direction as 

before (Fig. 2-19-6). With T == and i(f) = F I v{t)dt, the i-d equation 

Jo 

for the condenser voltage is 

c^ + <?»i + r = 

or if the initial condition in F is written explicitly, 

C ^ + Gvi + r r vidi — p = z(0- 
dt Jq 

The second initial condition is vi(0) = 0, since there is no initial char^ on C. 
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In discusEing the exchange of sources, series and parallel branches 

containing only one kind of pas- 
sive element have been consid- 
ered. The method can be ex- 
tended to branches containing 
more than one kind of dement 
and also to series-parallel groups 
of 'branches; but difficulties 
arise in the application of tiie 
method unless a way is available 
of solving the differential equar 
tions readily. For example, in 
Fig. 2-20, a current source in paralld with a series group is replaced by 
a voltage source in series with this same group. This follows from the 
relation 

i — it Id,. . . 

+ »r = —Q — ^ ^ 



i » solution of the 
differential equaton 



Fig. 2*20. Exchange of sources when the 
paiallei branch contains two different 
kinds of elements. 


T^. -r di ^ dii 

= V — Rii ~ , with V = Ri + . 

dt dt 

But the inverse of this process is not so easily carried out since i cannot 
be expressed in terms of v without solution of the differential equation 

T . 

i — h Ri == 1), 
dit 

Later, when differential equations can be £ transformed and algebraic 
methods can be used, the relation between i and v can be determuied 
readily. In fact, groups of elements consisting of complicated series- 
parallel arrangements will present no serious diflSculties, and an exchange 
of sources can be made freely whenever it is desirable. 


15. Analogous or Dual Networks 

On comparison of the i-d equations 11 and 26 for the networks of 
Kgs. 2-6 and 2*13^ respectively, it will be noted that they have the 
same mathematical form. These two networks are thus two different 
physical representations of the same i-d equation. 
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Two systems that constitute two different physical representations 
of the same set of i-d equatioios are said to be anahgoiLS systems. Analo- 
gous electric networks are frequently called dmls [Ru 1]. It is not neces- 
sary that the constants in the two systems be such as to give numerically 
equal coefficients in the two sets of i-d equations; it is sufficient if their 
equations have the same form. 

It may be seen by comparison of the i-d equations of two electric 
networks that are duals, that the loop currents in one and the node-pair 
voltage drops in the other are analogous dependent variables. The 
equations for one network are sums of instantaneous voltage drops; 
for the dual network they are sums of instantaneous currents. Current 
sources are the duals of voltage sources, conductance is the dual of 
resistance, capacitance is the dual of inductance, and inverse inductance 
is the dual of elastance. 

Not all networks have duals. Duality fails if the original network is 
nonplanar, i.e., if its geometric pattern can not be mapped on a plane 
without branches crossing. 




Fig. 2-21. Graphical construction to derive dual of a network. 

If a dual network exists, a method of deriving it with certainty is to 
(1) formulate the i-d equations of the original network on either the 
loop or node basis, (2) rewrite these equations, inserting the duals of the 
variables, constants, and driving forces, and (3) interpret these derived 
equations by drawing the network whose behavior they characterize. 

A convenient graphical scheme for finding the dual of a planar network 
is as follows. On the diagram of the network indicate one point within 
the enclosure of each independent loop, and also one outside the network. 
These points are to be the nodes of the dual network. The branches of 
the dual network are established by connecting these nodes. Between 
any two nodes insert one branch for each element common to the two 
loops enclosing these two nodes. Place in each such branch the dual 
of the element which it crosses. 

As an example, the dual of the network discussed in Sec. 5 and 
shown in Fig. 2*21~a will be found. 

Nodes 1, 2, and 3 are inserted as in Fig. 2«21-a and connected by lines 
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representing the branches of the dual network. The dual network is 
redrawn in Fig. 2*21-& with the dual elements repladng the line branches. 
That this derived network is the dual network can be verified by writing 
its i-d equations. They will have the same mathematical form as equar 
tions 14 and 15, but with different coefficients, dependent variables, and 
driving force. 

If this process is repeated on the derived network the second derived 
network will be identical with the original network. In certain networks 
the first derived network is geometrically identical with the original net- 
work, i.e., the original network is topologically self-dual. For example, 
a bri(^ network having only angle-element branches is self-dual. 



Fia. 2-22. Graphical oonstniction to derive dual of a uetirork containing mutuid 

inductance. 


Although mutual inductance has not been treated as an element, 
in the dual of a network that contains it a capacitance element corre- 
sponds to it. ■ This introduces an exception to the prindple of equality 
holding otherwise between tiie number of elements in the original and 
in the dual network. Furthermore, if subscripts 1 and 2 designate, 
respectively, the original and the dual network, then li = rip^ but 
If subscript 3 designates the succeeding network derived 
from network 2, then h = = h, but np^ = h 9^ «j»i. Network 3 

may be recognizable as network 1 with all mutual inductances replaced 
by common self-inductances, and the essential compensating reductions 
made in the original self-inductances. 

An example of the derivation graphically of the dual of a network in 
which mutual inductance is present is shown in Fig. 2*22, parts (a) and 
(b). The second derived network is shown in 1%. 2-22-c. 
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In a network that is nonplanar it is necessary for certam branches to 
serve as common parts of three or more loops. From the foregoing 
graphical scheme of deriving the dual of a network it can be seen that in 
any attempt to find a dual network a branch used in this way causes a 
serious geometric dfficulty; its single dual branch should be common 
to three or more nodes — an evident geometric impossibility. If a 
network is planar then it has a topological dual; conversely if a network 
has a topolo^cal dual it is a planar network [Wh 4]. Furthermore, it 
can be shown that if it is impossible for a dual to esdst geometrically, 
it is likewise impossible for it to exist physically. For example, in the 
i-d equations for a nonplanar network, written on either the loop or 
node basis, the constants, variables, and sources may be replaced by 
their respective dual quantities; but the equations so derived, although 
of identical mathematical form with those for the original network, will 
not be representable by a 
physical network. 

The geometric patterns of 
the two simplest nonplanar 
networks are ^ven in Fig. 

2*23. Pattern a reprints a 
5-node network in which ^Lch (o) (b) 

node connects to each of 2-23. Geometric patterns of the two sim- 

the other 4 nodes. Pattern plest nonplanar networks. 

b represents a 6-node net- 
work in which each node of the upper group of three connects to each 
node of the lower group of three. 

The distinction between the optional schemes for formulating the i-d 
equations for the same network, and the duality between two different 
networks, needs to be emphasized. The equations for a specified net- 
work may be written on either the loop or the node basis, that' basis 
being selected which leads to the lesser number of equations or which is 
more convenient to use. This option is entirely independent of whether 
or not the specified network has a dual. If there is a dual it means 
that a second network eidsts whose i-d equations written on the node 
basis have the same form as the i-d equations for the original network 
written on the loop basis. Also it means that the equations for the dual 
written on the loop basis have the same form as the equations for the 
original network written on the node basis. 

B. LUMPED-OONSTANT MECHANICAL SYSTEMS 

Attention will be ^ven here to certain principles of dynamics which 
will be helpful later in formulating the differential equations of moti<m 
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of ri^d bodies subject to external coristiuints. By limiting the discus- 
sion to rigid bodies and to restraining elements of negligible mass, ques- 
tions erf bending and of wave propagation of stresses will be excluded. 
Only one independent variable (and for problems in transients this is 
time) will be necessaiy, thereby making the problems one dimensional. 
The equations of motion will be ordinary differential equations rather 
t h an partial differential equations. In brief, the systems will be con- 
sidered to have lumped-constant rather than distributed-constant ele- 
ments and to present “ network ” rather than field problems. 

16. CooEDiNATBS OP Mohon 

The motion of a rigid body can be one of translation, of rotation, or of 
combined translation and rotation. In translation, the path of each 
point of the body is parallel to the path of the center of gravity. In 
rotation one line of the body or an extension of the body remains fixed. 
Any general motion of the body can be regarded as a combination of 
translation and rotation, but if the lines about which the body rotates 
are considered to pass through its center of gravity, the translation 
and rotation are dynamically independent. The motion of any general 
point of the body can be expressed in terms of six coordinates: three 
translational coordinates such as x, and z for the center of gravity, 
and three rotational coordinates such as 0, 0, and ^ about orthogonal 
axes through the center of gravity. 

Systems will be classified here according to the number of coordinates 
necessary to describe the motions of all their points. For example, a 
system in which a rigid body can move by translation only parallel to a 
plane and can rotate only about a line normal to this plane will be called 
a three-coordinate ^stem. A spring-connected, three-body system in 
which the bodies can move only along the same straight line and can 
have no rotation will likewise be called a three-coordinate system. The 
coordinates or their tune derivatives or integrals required to specify 
the motion become the dependent variables of the equations of motion. 

17. ItomAlSnCAIrSySTEM Elemeots 

Lumped-constant mechanical systems can be considered as mechanical 

networks.” This simplifies -the extension to mechanical systenas of 
methods of analysis that have been developed for handling lumped- 
constant electric systems. 

As with electric networks, mechanical networks are composed of active 
elements and passive elements. The active elements are the energy 
sources; the passive elements are the masses, springs, and mecbaDical 
resistors. 
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Consider first the translationaJ system. There are two Irinris of 
sources: force sources and velocity sources. A known driving force 
S{t) anting in the system is representable in 
the system network as a force source. If in- i 

stead of a force the driving velocity v(f) of 
some point in the ^stem is known, tbis known T 

vdodty is represantable in the network as a 
velocity source applied at that point. Trans- „ 
latronal sources will be represented diagram- meets in trandational- 

matically as shown in Fig. 2-24. The arrow on mechanical networks, 

the source indicates the direction of the force 
when /(t) has a positive value or the direction of the velocity when 
!»(<) has a positive value. 

Mass M is the inertia element. It is the passive element in which 
kinetic energy of translation is stored. It will be considered to be 
invariant with time and to be uninfiuenced by its motion. If is the 


A 


displacement of JIf with respect to a frame of reference, and vm A — — 

di 

is the velodty of the mass with respect to this frame, the force in the 


x-direefion which will pve to Af an acceleration of 


dvuit) . 


fuit) = M 


dPxjuit) 




dPxMit') 

The negative of this force in the a>direction, i.e., —M — ^ — , is called 

the reaction force due to inertia. If W is the weight of the body, and 
g is the acceleration due to gravity, its mass M = W/g. 

If equation 40 is integrated, it gives for the velocity 

vhtif) = J fM{t)di = jT fM(t)dt -b vjfCO), [41] 


in which M~^ is called inverse mass. 

The diagrammatic representation for both M 
and is shown in iig. 2-25-0. To empha- 
size the fact that the displacement or velocity 
of the ma^ is always taken with respect to some 
(a> (b> <c) rderence, and in order to be able to diow in 



Fig. 2-25. Passive de- 
ments in tiansla- 
tional-mechanical 
networks. 


the mechanical-network diagram what this refer- 
ence is, the rectan^e representing the mass has 
assodated with it an L-shaped guide. The 
element has two terminals, one on the mai% itself, 
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the other on the guide which in turn can be attached to the reference. 
The advantages of representing M as a two-terminal element will appear 
later when network diagrams are drawn [Fi 1, 2]. To emphasize further 
the two-terminal nature of the mass, it will be convenient to consider 
/jf(f) as the force in the »-direction that will produce an acceleration 

diff^ence of “ across ” M. 

ai 

Springs provide the restoring forces of the system. If stretched, they 
try to contract, and thus exert a pull; if compressed, they try to expand, 
and thus exert a push. For a ^ven stretch or compression, the strength 
of the pull or push which a spring exerts is dependent upon its trans- 
lational stiffness K. The spring is the passive element that serves as a 
reservoir for potential-eneigy storage. It will be considered invariant 
with time, and uninfluenced by the amoimt of the net displacement 
between its two ends, i.e., the displacement difference “ across ” it. 

The force in the aniirection that will gjve a displacement difference 
across a spring of stiffness K is 

Mt) = KxK(t) = Kf [42] 


If equation 42 is differentiated, the velocity difference across the spring is 


= K-^ 


dfzit) 

dt ’ 


[43] 


in which K~^ is called translational compliance. The schemalic repre- 
sentation of K and K~^ as a two-terminal element is shown in Fig. 2-25-b. 

If a mechanical system is to be linear its damping forces must be 
proportion^ to velocity differences. Damping forces caused by viscous 
friction and by msgnetic induction in coils moving in ms^etic flelds 
are in general of this type. As a result of the action of the damping 
forces, there is a nonreversible transformation of the kinetic energy of 
the system into heat. 

In the network for a translational-mechanical sj^stem the passive 
element that represents an energy sink is translational resistance B. 
It is considered invariant with time and independent of the velocity 
difference “ across ” it. 

The force in the axJirection that will ^ve a vdodty difference 

/j\ 

vs(f) “ — across the tianslational resistance B is 


/s(0 = B 


dxsit) 


= BvB(t). 


dt 


[44] 
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r(f) 


«(t) 


From equation 44, the velocity difference across the translational 
resistance is 

VB(t) = [46] 

in which 5“^ is called translational inverse resistance. 

The diagrammatic representation for both B and as a two-termi- 
nal element is shown in Fig. 2-25-c, It is given the form of a dashpot 
and is considered to provide viscous friction between piston and cylinder. 

Considering now the rotational system, the active elements are the 
two kinds of sources: torque sources and 
angular-velocity sources. A known driving 
torque t( 0 acting in the system is repre- 
sentable in the system network as a torque 
source, and a known driving angular velocity 
o> (t) of a point in the system is representable 
in the system network as an angular-velocity 
source applied at that point. Rotational 
sources will be represented diagrammati- 
cally as shown in Fig. 2-26. The curved arrow on the source indicates 
the sense of the torque when r(t) has a positive value, or the sense of 
the angular velocity when o>(t) has a positive value. 

For rotation about an axis, the distribution of the mass M with respect 
to the axis is as important as the mass itself. The inertia element here 
is the polar moment of inertia J = in which r is the radius of gyra- 
tion about the axis of rotation. It is the passive element in which 
kinetic energy of rotation is stored. If 6j is the angular displacement of 

ddj 

J with respect to a frame of reference, and is the angular 

at 

velocity with respect to this frame, the torque in the ^direction which 
will give to J an angular acceleration of - — 


Angular velocity 
source 

Fig. 2*26- Active elements 
in rotational-mechanical 
networks. 




IS 


rjif) = J — Tio— ~ J ' 


de 


dt 


[46] 


The negative of this torque in the 6-direction, i.e., 


-J — IS called 


the reaction torque due to the moment of inertia. 

K equation 46 is int^rated, it gives for the angular velodty 

«/(<) = J ^j(f)dt +«jr(0), 


[ 47 ] 


in which J~^ is called inverse moment of inertia. 
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The dia^ammatic represeatation of both J aad J~^ as a two-terminal 
element is the same as for mass, Fig. 2*25-a. In view of this two- 
terminal nature of the moment of inertia, it will be convenient to con- 
sider Tj(0 as the torque in the 5-direction that will produce an angular-. 


acceleration difference of 




' across ” J. 


In rotation the realient or spiinglike bodies exert restoring torques 
as a result of angular twist, the magnitude of the torque being dependent 
upon the rotational stiffness K of the body. The torque in the 5-direc- 
tion that will give an an^ilar-displacement difference across a 
resilient member of rotational stiffness K is 


Tsit) — ^ J' 


[48] 


If equation 48 is differentiated, the angular-velocity difference across 
the resilient member is 


«k(0 — K ^ 


dt 


[49] 


in which K called rotational compliance. The diagrammatic repre- 
sentation of K and as a two-terminal element is the same as in 
Fig. 2-25-d. 

Assuming linear rotational systems in which the damping torques 
may be caused by viscous friction, the frictional torques will be con- 
ffldered to be proportional to the angular-velocity difference between the 
surfaces in frictional contact, the constant of proportionality being 
iotati(Hxal xeEostance B. The torque in the 5-direetion that will give an 


angular-velocity diffenmce aaif) — 
anoe B is 


A 


dt 


across the rotational resist- 


rn® = = BwB{t). 


[50] 


From equation 50, the angular-velocity difference across the rotational 
re^staa<% is 

. «b( 0 = irViCO, [51] 

in which is ctdled rotational inverse redstance. The diagrammatic 
representation of B and Br^ is shown in Fig. 2-25-c. 

It will be noted that the same diagrammatic representations have 
been ^ven for translational and rotational elements and the same 
symbols used for their stiffness constants and likewise for their instance 
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constants. Where an ambiguity mi^t result as to whether they refer 
to translational or rotational motion, a subscript r will be given to the 
rotational constants. 

Just as with the electric-network elements, pure elements such as 
presented above are mathematical fictions. The physical elements 
possess a combination of the properties ascribed separately to the pure 
elements. Bodies represented by mass are also resilient, and bodies 
reprinted as springs have mass and internal losses effective as damping; 
and damping devices have masses. It is a question only of the degree 
of importance of these subordinate properties, and the conditions of a 
particular case must govern whether they should be included or omitted 
in the treatment to be made. 


18. Newton’s Second Law op Motion; D’Alembebt’s PsiNCiPiiE 


The differ^tial equations of motion of a mechanical system can be 
obtained from Lagrange’s equations derived by Hamilton’s principle 
from energy conditions iii the system, or more directly by use of Newton’s 
second law of motion. Newton’s second law, or a slightly different 
expression of it known as D’Alembert’s principle, will be used ance it 
corresponds to the electric-network currait law of IQrchhoff. 

Newton’s second law may be stated as follows: 

If a body is acted upon by several forces, Ihe body is accelerated 
in the direction of the resultant of these forces, and the magnitude of 
the acceleration is proportional to this resultant and inversely pro- 
portional to the mass of the body. 


Assuming the motion is in the x-direction, this can be expressed by 


M 




= acting in x-direction. 


[52] 


Equation 62 can also be written in the form 


2/(0 acting in x-direction 


-Af 


< f^x(0 


= 0 . 


[53] 


It expresses D’Alembert’s principle, namely: 

The sum of the instantaneous external forces acting on a body in a 
given direction and the body’s reaction force in that direction due to 
inertia is zero. 

This principle is convraiient to use since it ^ves a way of converting 
an equation in statics into an equation in dynamics. The external forces 



FORMULATION OF EQUATIONS 


56 


[Chap. H 


become functions of time, and a tenn is added for the reaction due to 
inertia. 

Althou^ Newton’s law and D’Alembert’s principle have been stated 
above in the terminology of translatoiy motion, they apply equ^ly wdl 
to rotary motion. Thus for rotation, Newton’s law is 

^ ^ ~ £’'0) acting in ^-direction, [54] 

with J, 6{£), and the resultant torque all taken with respect to the same 
axis of rotation. 

19. Cbsetain Conventions 

Hie positive direction for a force/(t) or a torque rft) will be indicated 
by an arrow. The force or torque will be considered to be in the arrow 
direction at any instant at which /(t) or t(<) has a positive value. 

In a problem concerning rectilinear displacement of a mass with 
respect to an origin, this origin will be taken at the initial equilib- 
rium portion assumed by the mass when the forces supporting it exactly 
balance the force of gravity, whenever this choice is convenient. The 
podtive direction for a displacement will be indicated by an arrow, 
aad tile displacement will be considered to be in this direction whenever 
x{t) has a positive value. 

Under certain conditions it is convenient to measure the displacement 
of a mo>dng body with respect to a frame of reference which is moving 
with ecmstaat '\%locity relative to the original frame of reference. When 
tins is done tiie selection of the frame controls the magnitude and sign 
of the displacements. 

likewise, rotational chsplacements may be taken with respect to 
dither a fixed or an unaccelerated rotating frame. The latter is useful if 
the body has a steady-state angular velocity, and only the departures from 
this caused by external disturbing torques are of interest. The positive 
direction for an angular displacement B(}) will be indicated by an arrow, 
and the displacement will be considered to be in this direction whenever 
0(f) has a positive value. 

Application of Newton’s law will now be made to a number of simple 
mechanical systems. 


20. Qne-C!oobdinate Translational System 

In Fig. 2*27 is shown a ^ring-supported mass M constinined by fixed 
guides so that it can move only in a vertical direction. A driving force 
/(f) acts vertically between the frame of reference and M. There is 



Sec. 20] ONE-COOEDINATE TRANSLATIONAL SYSTEM 


57 


viscous friction between the mass and its guides which may be repre- 
sented as a translational resistance B. At i = 0, the body is at rest at 
its equilibrium position, Le., at a position where the 
spring is compressed sufficiently to support the IfW 

w ftigbt Mg. The equation of motion of this sj'stem i 

will now be formulated. ,<t)l‘ 

■i The support is assumed to be immovable, and the s 

mass of the spring K is assumed to be negli^ble. 2 27 one- 
This leaves M the only mass to be conadered. coordinate trans^ 

Since M can have only a vertical rectilinear motion, ktional system, 

a single coordinate is sufficient to describe its posi- 
tion at any instant. Let this coordinate be the downward displace- 
ment x(t) of M with respect to its initial equilibrium poation. 

Using the diagrammatic representations given in Sec. 17 for the 
mechanical elements, a network diagram can be constructed for the 
mechanical ssrstem as in Rg. 2-28. 

Just as in communicating ideas by writing pictures were used first 
and then abstract symbols, and in electrical engineering pictorial connec- 
tion diagrams were used first and then replaced by symbolic digrams, 

so now in mechanics pictorial 
diagrams such as that ^own in 
Fig. 2*27 are being replaced by 
symbolic diagrams such as that 
shown in F^. 2-28. Pictorial dia- 
Eio. 2*28. Network diagram of system grams are still useful as an ele- 
shown in Fig. 2-27. mentary introduction to symbolic 

diagrams, especially for compli- 
cated systems. The procedure [Fi 1, 2] for the construction of symbolic 
diagrams is as follows: 

a. Identify the two terminals of each active and pastive element. 

b. Connect together at a common junction those terminals that move 

together. 

c. Connect to the reference junction all terminals that remain statiomury 

with respect to the reference frame. 

d. Mark each source element with an arrow to indicate the positive direc- 

tion of the force or velocity which it represents. 

e. Asdgja. a coordinate to each movable junction, and indicate by an arrow 

tire direction for positive values of this coordinate. 

The analogy between mechanical networks obtained by this procedure 
and electric networks will be discussed in Sec. 22. 
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Referring now to either Fig. 2-27 or Fig. 2*28, and using Newton^s 
second law, the equation of motion is 

M ^ - m - SkU) - ^ [65] 

Or using B'AlexnberUs principle, it is 

m - Mt) - /b(0 - M ^ = 0. [56] 

Substituting the explicit expressions for the forces exerted by the spring 
and the translational resistance, equation 55 becomes 

. [57] 

The signs of the terms in equation 57 can be justified as follows: 
The positive direction of the driving force /(t) is such as to cause a posi- 
tive acceleration of M. E x is positive the spring is compressed, and 
pushes upward on M, i.e., tends to give M a negative acceleration. If 
dx 

— is poffltive the mass is moving downward against frictional forces 
at 

which push upward on M, i.e., tend to give M a negative acceleration. 
Equation 57 can be written 

M^ + B^+Kx=^m. [58] 

As a result droosing the reference for x at the initial equilibrium posi- 
tion of M, the initial conditions are 

*(0) = 0, and *'(0) = 0. 


21. Two-CooKDrNAi® ThansiiAtional System 


The Tn«Rs Ml of Fig. 2-29 is supported by a spring upon mass M^. 
The latter is supported elastically upon a frame that moves vertically 
with a known displacement x^{t) with respect to 



a fixed reference, downward bang chosen positive. 
Both masses are constrained by guides to move only 
in a vertical direction; there is viscous frietion 
between the masses and the guides. Designate the 
equivalart translational r^istances by Bi and Bz 
and tiie stiSn^ constants of the springs by Ki and 


IQ 2-29 Two- luasses have initial displacements from 

(v^wiiTinte fwtTm . Ihdr initial equilibrium positions and initial vddci- 
Istional lEystem. ties as follows : 
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Mass Dispi<acement VELocirr 

Ml ai units downwaid h units upward 

M 2 02 unite upward 62 units downward 


The formulation of the differential equations for the ^stem 'will now 
be carried out. 

The two masses, as well as the 
frame, can move independently, but 
only in a vertical direction. Conse- 
quently the dependent variables are 
taken as the displacements do-wnward 
of these two masses from their in- 
itial equilibrium positions. The dis- 
placement downward of the frame is 
kno'wn. 

The network diagram for the ^stem Pig. 2-30. Network Hiagrum of 
is pven in Fig. 2-30. Since the veloc- system shown in 2-29. 
ity of the frame is known, a velocity 

source j< 3 (t) = a^(t) is used as the dri-ving source of the network, 

Newton’s second law, applied first to Jfi and then to Mg, gives the two 
equations ' 



Ml ^ = Ki(X 2- Xi) -1- Bi ^ (X3 - Xi), 

M 2 ^ = -Kiixz - Si) + K2ixs - xg) -b Bg 4 (a^ - a^), 


[59] 


in which Xi = Xi(t), X 2 = ^{t), and a^ = a^(t). The signs of the 
terms in the right m^bers of equations 59 can be justified by the 
following reasoning: If ag is greater than xi, spring Ki is staretched and 
exerts a pull downward on Mi, and this tends to ^ve Mi a positive 
acceleration. On the other hand this stretching of Ki exerts an upward 


pull on Mg and tends to give Mg a native acceleration. 


„ dxa . 
If -“T" IS 
dt 


greater than — , the guide is moving downward faster than Mi. This 
at 

exerts a pull downward on Mi and tends to pve it a positive accelera- 
tion, Similarly the pull on M 2 is downward if ^ is greater than ^ . 

ai at 
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Equations 59 can be put in the ^yuumetrie form 

Ml —' + ^ ft (0, 

-KtXi + Af2 ^ + B2 ^ + (Kt + K^)X2 = B2 ^ 

+ K^=f2it). 

Since 13(0 and its derivative vs(t) are known functions of time, 
fi{t) = BiPslt) is a known force applied to Mi; likewise, 

fiit) = B^(t) +K 2 J' vz{i)dt — B^fizit) + -^ 2 ^ vs(t)dt + K^(f)) 

is a known force applied to M 2 . In terms of the mechanical network 
(Fig. 2-30), a velocity source nCt) in series with Bt has been replaced 
by a force source /i(t) in parallel with Bi. A velocity source in series 
with a parallel group composed of Bz and Kz has been replaced by two 

force sources that add to ^ve a 
ijj single force source fzif) in par- 
\ allel with Bz and Kz- The new 
mechanical network is ^en in 
Fig. 2-31. 

This substitution of force 
sources for velodty sources is 

Fig. 2-31. Network diagram of Fig. 2-30 ®nular to the exchange of 
after subsUtutimi d two force sources sources (Sec. 14) that can be 
for a vciodiy source. made in dectric networks. A 

summary of certain useful 
source exchanges that can be made in mechanical networks and in 
electric networks and still maintain terminal conditions invariant is ^ven 
in Table 2. 

Since the origins for the coordinates were chosen at the initial equi- 
librium podtions of the masses, the initial conditions for the system of 
Big. 2'31 are 

«i(0) = oi, a!i(0) = -61, 

a^( 0 ) = -oz, a 4 ( 0 ) = 62 . 

22 . FoEMTOABtoiir OF EnBocEic Analogs 

Analogous sjratmns were defined in Sec. 15 as dififerent physical repre- 
sentations of the same set of i-d equations. The dectric analog for a 
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Tabi^ 2. Exchanges of Soubces Which Maintain 
Terminal Conditions Invariant 


Electric 

networks 



Translational- 

mechanical 

networks 



>>=8^f f=B>' 





v=K 


df 




Rotational- 

mechanical 

networks 



IK,-* 


Wi 



Kr 


« = ^■=Kyc^c/^ 


mechanical system can be formed by finding an electric network having 
a set of i-d equations of the same form as the set for the mechanical sys- 
tem. In many cases the analog can be arrived at intuitively, but a 
more reliable way to obtain a correct analog is to (1) write the equations 
for the prototype system, (2) rewrite the equations using electric- 
network constants and variables, and (3) interpret these network 
equations by sketching the network whose behavior they describe. 

It has been noted in Sec. 15 that, within certain limitations of realiz- 
ability, electric networks have duals. Ttere is thus a posability of 
there bmtg more than one electric analog of a mechanical system. As 
an illustration of this, consider a problem in translation. The linear 
constant-ooeffident equations of mechanical ssretems derived by appli- 
cation of Newton’s second law are equations of forces. For the electric 
system the equations of the same type derived by application of Birch- 
hofiPs laws are equations of dther currents or voltages. It is pcwsible 
then to have i (read “ current analogous to force ”) [Ha 2] or to 
have V'^f. The two networks thus derived will be duals since node- 
pair voltages in one will be analogous to loop currents in the other. 
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Consider, for example, what the analogoxis electric networks are for 
the mechanical system shown in Fig. 2-27. Equation 58 for this system 

dfo/ 

is rewritten here in terms of velocity k = — to facilitate comparison. 

at 

It is 

fit). [58] 

Making the analogous equation of currents is 

C^ + Gv + rJ'vdt=^i(t). [61] 

This is the equation for the one-node-pair network of Fig. 2*32. This 
electric network has the same geometric pattern or topological form 
(Sec. 2) as the mechanical network of Fig. 2-28 and could have been 




Fig, 2-32. Electric analog of mechani- 
cal system shown in Fig. 2'27. Based 
on 


Fig. 2*33. Electric analog of mechani- 
cal system shown in Fig. 2-27. Based 
on V 


derived directly on the basis of this topological identity by making the 
substitutions: 


current source i(t) 

for 

force source /(U 

(C 

for 

M 

passive elements 

for 

B 

Ir 

for 

K 

unknown 

for 

<t). 


Making » the equation of voltage drops that is analogous to 
equation 5S is 

di r 

L--\-Bi + S Jidt = v(t), [62] 

vriiich is the equation for the one4oop network of Fig. 2*33. Topologi- 
cally, this electric network is the dud (Sec. 15) of the TnfifiT>a.nini^ I net- 
work of Fig. 2-28 and of the electric network of Fig. 2*32. It can be 
derived directly on the basis of this topolo^cal duality by (1) sketching 
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the topoI(^cal dual of the mechanical network and (2) insftrting in this 
topological dual 


voltage source v(f) 
passive elements i R 

u 


unknown i(t) 


for velocity source p(t) 

for 

for 

for 

for m. 


If equation 61 is differentiated once there is obtained 


dt^ 


.dv 

dt 


^ UfV 

^ ^ ^ ~ = 


di 

dt 


[63] 


This equation in nodeKsurrent daivatives has essentially the same form 
as equation 58 when the latter is written in terms of di^lacements 
rather than velocities. The network that corresponds to equation 63 
differs from that shown in Kg. 2.32 only by having the derivative of the 
source current prescribed rather than the current. It represents an 

di r 

analogous network in which i: ~ f ~ 


Three analogous networks have been developed for the mechanical 
system of Fig. 2*27. Others can be developed similarly by iteration of 
the process of differentiation or of int^ration, starting with equations 61 
and 62. A summary of the analogous constants, variables, and geo- 
metric forms of network diagrams of mechanierf and electric systems 
for four bases of analogy is ^ven in Table 3. Other bases can be estab- 
lished by shearing the column of electric variables with respect to the 


colunm of mechanical variables, as for example, by making 


d?v 

1^ 




Note that, as in the transition from equation 61 to equation 63 by a 
differentiation, this does not change the correspondence of electric and 
mechanical constants, or change the network connections. 

The principles that have been applied here in deriving electric analogs 
of a ample mechanical network are equally applicable to more comply 
cated mechaniGal networks [On 1], except that a dual is not obtainable 
if the o riginal network is nonplanar. These prindples, together with 
those gov^ning exdiange of sources, make it possible to estabMi analc^ 
both geometrically and analytically with little difficulty. 

A tabular comparison of the loop and node bas^ of andiyas of 
translational-mechanical networks is given in Table 4. Part of the 
material presented in DivMon 3 of this table will be discussed below in 
Sec. 27; certain other parts of the table will be dealt with in problems. 
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Table 3 . AlMalogoits CoNBrANts, Vabiablbs, axd GEommuc Fobms of Netwobe 
Diagbams op Mechanical and Electric SrsTEais 



Mechanical Systems 


Electric Systems 



Translation 

Rotation 

m 

di . 

It 

V or r 

dv 

-r^SoVr 


M 

J 

c 

C 

L 

L 

Constants 

B 

Br 

G 

G 

R 

R 


K 

Kr 

T 

T 

S 

S 


fm 


f idt,q 

% 

j vdi 

V 


/ 

T 

i 

di 

V 

do 



dr 

di 

dt 

dH 

dv 

dt 

dh 









dt 

dt 

dt 


dt 

dt^ 

Variables 



• 











X 

$ 

fvdi 

V 

1 idt, q 

t/ 

i 


dx 

dt 

dB 

dr" 

V 

dv 

It 

i 

I ^ 

dt 


d^x 

dH 

dv 

dh 

di 

dH 


. a 

■■ ■ ■■ a 






dt^’ 

di^’ 

dt 

d^ 

dt 


Geometric 

Diagram is based on 

Same form as for the 

Dual (if realizable) 

Form of 

connections of the 

mechanical system. 

of the form for the 

Network 

Diagram 

mechanical S 3 f 8 tem, 



mechanical i^ystem. 


The sunilaril^ of Table 4 to Table 1 for electric networks makes un- 
necessary a detailed explanation here of Table 4. 

23. ONB^OOBniNATB ROTATIOKAli StSCEM 

A torrional pendulum conasting of a diaft having fixed ends and a 
flywheel at its midpoint is shown in Fig. 2'34. The two lengths of shaft 
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each have a rotational stiffness if/2. The flywheel has a moment of 
inertia J. The pendulum’s torsional oscillations are k 

damped by viscous friction, the rotational resistance 
being denoted by 5. The flywheel is rotated through 
an initial angle in a counterclockwise sense, 
viewed from the right end of the 
shaft, and then released. The 
equation of motion 'will be written. 

The network diagram for the 
^stem is shown in Fig. 2*35. 

Fig. 2-34. One- ajxgular twist of the Fig. 2-35. Network 

rotar equiUbrium posi- sy®- 

tion viewed from the nght be ^ 

e(t). Then the equation of motion for the flywheel is 

«*«(<). [641 

The signs of the terms in the right member may be explained as follows : 
A positive angular displacjement 6 twists the shaft in a counterclockwise 
direction. The restoring torque is thus directed clockwise, and tends 

dd 

to give J a negative acceleration. A positive angular velocity — 

at 

causes a frictional torque directed clockwise and this also tends to give 
J a negative acceleration. 

Since the initial angle of twist is in a counterclockwise sense, the 
initial conditions are 

9(0) = <^1, e'(0) = 0. 




24. Two-Coordinate Rotational System 


A shaft bearing two rotors (Fig. 2-36) is set in torsional oscillation 
by a fluctuating driving torque [tc + T(i)] applied to rotor 1, being 

the constant part of the torque. This con- 



stant torque is balanced by a constant load 
torque and constant frictional torques, the 
sum of all of these being represented by Tc 
applied to rotor 2. The moments of inertia 


Fig. 2-86. Two-cooidinate ^*0^® are Ji and J^; tiie rotational 

rotational system. stiffness of the shaft connecting them is K. 


The fluctuation of each rotor about its con- 


stant anguhur velocity is damped by viscous friction, the rotational resist- 



Tabijb} 4. Tb- ational-Mechanical Nbtwob: 
Comparison op »p and Node Bases op Anal'i 



Reservoir (kinetic) 
Self-mass (only) 
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ances being Bt and B2. The initial angular positions and angular 
veloraties of the rotors are those resulting from the constant torque tc. 
The equations of motion for the system will be formulated. 

Here the constant angular velocity w* which is produced by the con- 
stant torque Tc is not of interest; consequently only the variations from 

this caused by T(i) need to be considered in 
the equations of motion. A rotating but un- 
accelerated frame of reference will therefore 
be used. 

\lewed from the right end, the poarive 
direction for the driving torque t (t) is counter- 
clockwise. Let ui and <02 be the cJianges in 
the angular velocities of rotors 1 and 2 , re- 
spectively, from «e of the system, taking 
counterclockwise increases as positive, as in- 
dicated in .Fig. 2 - 36 . 

The network diagram for the system is 
given in Fig. 2 * 37 . 

Application of Newton’s second law first to Ji and then to J2 gives 
the two equations 


T(f) 

Kh 

l-E-J >-4- 

Fig. 2-37. Network dia- 
gram for system of Fig, 
2*36. References are ro- 
tating at constant angu- 
lar velocity «c. 


dcoi p 

= K — W2)d* ~ 52«2, 


[ 66 ] 


in which 6*1 = «i(f) and «2 ^ «2(0- integral J ' («i — <i02)dt is 


positive, rotor 1 has gained on rotor 2 and the left end of the shaft is 
twisted counterclockwise with respect to the ri^t end. The restoring 
torque developed by the draft is then such as to give Ji a negative accd- 
eration and positive acceleration. When mi is positive, the damp- 
ing torque is directed clockwise and tends to ^ve Ji a negative accelera- 
tion. It is similar with ma and J 2. Equations 65 can be written in the 
symmetric fonn 
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Note that by inspection of the mechanicaJ-network dis^am (Fig. 2-37) 
and the use of the node basis of analysis equations 66 could have been 
written directly, which amounts in effect to an application of D’Alem- 
bert’s principle to each rotor separately. 

Turning now to the statement of the initial conditions and recalling 
that displacements and velocities were measured from the equilibrium 
values corresponding to tc, the initial conditions to be used are 

«i(0) = 0, 4""(0) - 4““(0) = 0. 

W2(0) = 0, 

25. Two-Cookdinate Rotational System -with Coupling through 
Moment op Inertia 

Three short rotating shafts (Fig. 2-38-a) are connected through a 
differential gear (Fig. 2-38-5) which makes shaft 3 have an angular 
velocity r times the difference between the angular velocities of shafts 1 
and 2. The shafts with their gears have moments of inertia Ja, Jb, and 
Je. The external driving toKjues applied to the shafts are t 2(0, 
and Tz(t). The equations of motion for the system will be formulated. 






Fia. 2-38. Three shafts eonneeted by a differential gear. Details of the differential 

gear are shown in b. 

Let wi, W 2 > and «3 be the angular velocities of the shafts, their positive 
directions being indicated by arrows in Fig. 2-38-0. For convenience 
in writing the equations let tj be the equivalent load torque exerted 
upon shaft 1 by the differentiid gear. Conversely the reaction of 
be a drivingtorque exerted throu^ the differential gear upon shafts 2 
and 3. It will be noted from Fig. 2-38-6 that the gear ratios between 
the tiiafts are such as to make wi /<02 = 1 when = 0; eas/ai = r 
when «2 = 0; and 03/02 = —r when «i = 0. These are derivable also 
from the rdation 


03 = r(«i — W2). 


[67] 
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Applying Newton’s second law to shafts 1, 2, and 3 in turn, the 
following equations can be written: 

[ 68 ] 

Jb^ = r2+ri, [69] 

= m 

at T 


Eliminating from equations 68 and 70, 

= T 1 + [71] 

F.Kmin«.ting rd from eqiiations 69 aad 70, 

Finally, ftliminating 633 by use of relation 67, equations 71 and 72 become 
(J« + r^Jc) = 


— + («fi + ^Je) = T2 — rrg. 

Equations 73 can be interpreted as the equations of a two-coordinate 
rotational system with coupling through moment of inertia [Pa 4]. In 
^ other words, the differential gear affords 
a way of realizing mutual moment of 
inertia in rotational-mechanical ^sterns. 
^ S If mutual moment of inertia is repre- 

l sented by Jm, then for this example 
f <W = r^/^. la rotational-network diagrams 
Fig. 2*^. Graphical symbols can be represented by the three-ter- 
for repree^l^^ mutual m^ minal symbol shown in Fig. 2-39-a. An 

network diagiamB. opironal fom displaymg Jc and the gear 

ratio r /1 is shown in Fig. 2*39-6. 

The definition of mutual moment of inertia can be derived from 
equations 73, If T 3 is zero, so that shaft 3 is left free to turn, and sirffi- 
cient torque ri is applied to shaft 1 to keep it from accelerating when 
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shaft 2 is given an angular acceleration ^ , then 

at 



dt 


Thus Jm, is numerically equal to the torque which must be applied to 
shaft 1 to keep it from accelerating when shaft 2 is given a unit angular 
acceleration and shaft 3 is free to turn. 

Similarly, Jm is numerically equal to the 
torque which must be applied to shaft 2 to 
keep it from accelerating when shaft 1 is 
given unit angular acceleration and shaft 3 
is free to turn. 

The network diagram for the system of 
Fig. 2*38 is shown in Fig. 2*40. The electric 
analog with i t is given in Fig. 241-a, 
and the analog with » ~ t is given in Kg. 240 . NetwOTkdiagmm 
2*41-6. for {Qwtem shown in Fig. 



In the above development ti, t2, and 2-38. 

Ta have been considered external applied 

torques so that the mechanical-network equivalent of the differmtial 
gear could be established. More generally, ti, and 7-3 would be 
produced by combinations of active and pasave network elements. 



Fio. 2-41. Electiio analogs mechanical system i^own in Fig. 2*38: a with i ~ r; 

5 with v^T. 


A summary comparison of the loop and node bases of anal}^ of 
rotational-mechanical networks is ^ven in Table 5 . This table is 
arranged identically with Table 4 for translational-mechanical networks 
and Table 1 for dectrie networks in order to emphatize the network 
analogy between the mechanical and electric systems. 

Various exchanges of sources in rotational-mechanical networks which 
Tnaintf^in tennmal conditions invariant are included m Table 2. 
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Explanation of Divialons of Tablo: 

1. Active dements. 4. Independent loops and node-pairs in geometric pattern of network. 

2. Passive elements. ... dumber of dependent variables needed. 

3. Mutual moment-of-inertia; network representation of a differential gear. Q. Law of mechanics used in writing OQuations. 
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26. One-Cooedinatb System with CkiMBnrasD Tbanslation and 
Rotation 

So far, only traodaiion alone and rotation alone have been conadered. 
In this section, and in the one following, a simple example will be given 
of a system in which there is combined translation and rotation. 

In Fig. 242-a are shown the essential features of a seismic instrument 
for measuring rectilinear vibrations by means of a rotational-mechanical 
system. It consists of a frame supporting a pendulum which can swing 
only in a vertical plane. The frame is clamped to the body whose vibra- 
tion is to be measured and has the same vertical motion as that body. 



(o) (b) 

Fto. 2-42. One.cooidiiiate combining translation and rotation. 


The pendulum has a mass ilf . Its center of gravity (cff) lies at a 
distance I from the pivot, and its radius of gyration about a horizontal 
line throng the cff is h. A spiral spring of rotational stiffness Kr tends 
to keep the pendulum in a horizontal position. The angular motion 
of the pendulum with respect to the frame is damped, the rotational 
redstance being B,. 

Let the frame start from rest at f = 0 and have a vertical displacement 
thereafter of yo(0> upward being positive. The pendulum is at rest 
initially with respect to die frame. The equation for the subsequent 
rectilinear displacement of the cff of the pendulum relative to the frame 
will be xvritten, assuming that the angular swing of the pendulum is 
small. 

The pendulum is shown in a general displaced position in Fig. 2’42-b. 
The displacement i/o(i) of the pivot is measured from a stationary refer- 
ence. ff(t) is tire angular di^lacement of the axis of the pendulum 
relative to the iraxae. yi(t) is the displacement of the eg relative to the 
frame, and ance the angular displacement is small, yi(t) = 1 siu $(t) 

When the pendulum has- an angular displacemeat d and an angular 

velocity ^ tiie diange in the torque exerted by tire frame on the pendu- 
at 
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lum is Kfi + . This may be replaced by an equivalent torque Ifz 

at 

produced by forces /a acting through the eg and tilie pivot. If in addi- 
tion the frame is accelerated vertically there is an additional force /4 
acting on the pendulum at the pivot. 

The motion of the pendulum is planar and can be considered to be a 
combination of (1) translation with every point moving the same as the 
eg and (2) rotation about a line through the eg and normal to the plane 
of motion. In other words, the motions of translation and rotation can 
be treated separately. 

Consideiing first translation without rotation, the absolute di^lace- 
ment of the cgis (po + t/i), and 

d* 

(yo + yi) = /a + /4 ~ /s “ / 4 * [74] 


Since the angles are small it is permissible to replace ihe vertical 
components of forces fs by the total forces. Considering next rotation 
about a line throu^ the eg without tranalation, the moment of inertia 
about this line is MA^, and 




= -Ifs - 1 


Substituting for Jfz and fi, 


Beplacing 0 by yi/l and MQi^ -t- by J, there is obtamied 


Brdpi Kr 

TlJf 




[76] 


[77] 


In equation 77, J = MQ? + 1?) is the moment of inertia of the 
pendulum about a trsmsverse horizontal 
line through the pivot. It is composed 
of the moment (rf mertia M}^ about a 
parallel line throu^ the eg plus the prod- 
uct of the tnasa M and the square of 
the distance I between the lines. This is 
in fact the parallel-axis theorem for find- 
ing the moment of inertia about a line 
that does not pass through the eg. 

Equation 77 is an equation for recti- 
linear motion. The division of the rotational constants J, and K, 



Fig. 243. Translational sys- 
tem equivalent to the pendu- 
lum system shown in ilg, 242. 
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by ^ has converted them to translational constants. The equivalent 
translational system for the pendulum system is shovm in Fig. 243 and 
is Eomilar to the translatmnal system treated in Sec. 20 except for the 
pomtive direction for the displacement. 

Since the pendulum was at rest relative to the frame at # — 0, the 
initial conditions are yi(Q) and y{(0) = 0. 

27. Two-Cooedinatb System with Combineo Teanslation and 
Rotation 

The rigid bar of Fig. 244-a is supported on springs at its ends and con- 
strained so that it can vibrate only in a vertical plane [Ti 1]. The radius 
of gyration of the bar about a horizontal axis throi^ the bar’s center 
of gravity is k. The mass of the bar is M. The springs, the stiffness 
constants of which are Ki and K^, support the bar in a horizontal 


1 •eg 2 i 

MJi 

M 

Fig. 241 IVo-coordinate system combining translaticm and rotation. 

portion when at rest. - The damping of the 83 rstem can be considered 
ne^igible. The bar is depressed until each end has an initial displace- 
ment of Ot units downward and is then suddenly released. The equa- 
tions of motion for the system will be written and the initial conditions 
expressed. 

When the bar is released, its motion will be a combination of boundng 
and pitching. Its departure from its equilibrium petition can be ex- 
pessed in terms of a translation downward j/o(0 of the carter of 
gravity (eg) plus a rotation cotmterclockwise 0(i) about an axis thm ngb 
tlffi eg and normal to the plane of rotation (Fig. 244r-h). Thus the two 
cooidmates, po sad 9, are used to describe the position of any specified 
point of tire bar at any instant. These two coordinates become the 
dependent variables of the system. 

Ifisrepirdii:^ the springs for the present, let fi(t) and f^it) represent 
two external forces acting at the ends of the bar, the potitive direction 
for/j being taken downward and the potitive direction for /2 being taken 
upward. 
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Considering fiist translation and then rotation, the application of 
Newton’s second law gives the two equations of morion 




[78] 


in which Mh^ is the moment of inertia of the bar about the transverse 
horizontal axis passing throu^ the eg. 

Equations 78 can be made symmetrical by a change of variables. 
Let the displacements of the ends of the bar from their equilibrium 
positions be yi (t) and y 2 (t) as indicated in Rg. 244-6. Then 


yi = Vo + h^i 
Vz = ~yo + y- 


[79] 


Differenriaring equations 79 twice with respect to t and solving for the 
second derivatives of yo and 0, there is obtained 

^ _ Ifd^yi 
d^~ l\(j^ df)’ 

dFyo l/j d^yi . ^ 


in which 1 = 1% +h- Substiturion of expressions 80 in equarions 78 


..feAi 

“lUF 


I df 


= fi— /a, 


n a yi d^J/2 i ^ ,i f 


[811 


Pnln rinn of equations 81 for/i and /2 &ves the symmetric equations 


^ d^j/i - fife 



= /i» 


-M 


hh ~ 




+ M 


1l+h^^y2_. 


[ 82 ] 
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The equations of the spring-supported bar can be made complete by 
substituting explicit expressions for the forces. These expressions are 


/i ~ 

/2 = —K2!/2- 


[83] 


These signs may be substantiated as follows: If is positive, the spring 
Ki is compressed and pushes upward on the left end of the bar, making 
ft negative for this condition. If ^2 Is positive, the spring K 2 is elon- 
gated and pulls downward on the ri^t end of the bar, making/2 negative 
for this condition. 

The initial conditions are 

yi(0) = ai, yi(0) = 0, 

i/ 2 ( 0 ) = -ffli, 3/2(0) = 0. 


Eqxiatioos 82 describe a two-coordinate translational i^ystem with 
coupling through mass, the bar providing a way of realizing mutual 
mass in translational-mechanical S3rstems. Referring to ends 1 and 2 
of Fig. 2-44-a, and using the parallel-axis theorem to identify Ji and 
about axes through ends 2 and 1, respectively, 


Ml 

Ms =M 
M^^M 


? ~ IF ’ 

fi+h^ _ Js 


self-mass for 1, with 2 fixed, 
self-mass for 2, with 1 fixed, 


hh - 


mutual mass. 


If vi and i>a are the velocities of ends 1 and 2, respectively, then equar 
ticms ^ can be written 


,, dvi dv2 

dt <8 

dvi , , , dvs 

-""a +">« --fi- 


184] 


A definition of mutual mass may be obtained from equations 84. 
It b 


di>2 


•jTi. 

with — zero, or 
dt ’ 
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Stated in words, mutual mass is numerically equal to Hie foroe 
necessary to hold end 1 from bang accelerated when the acceleration 
of end 2 is unity. It is also numerically equal to the force necessary to 
hold end 2 from being accelerated when the acceleration of end 1 is unity. 

Mutual mass can also be identified in certain expressions for a physi- 
cal pendulum. If a pendulum is struck a transverse blow at a point 
other than the center of percussion, a transverse force is exerted by the 
pivot on the pendulum. Consider the bar to be a pendulum pivoted 
at end 1 and subjected to a ixansverse blow at end 2 produdng an 


acceleration 




of end 2. The force of the transverse blow is then 


Mz —Tn $ and the transverse force exerted by the pivot is 
dr 


(-ffp) 


Mz 




^ -M„ 


de 


This follows since 




hi 


+ 

hh - 


M 


M^-Mn 


A diagrammatic representation of mutual mass is included in Fig. 2'45. 
The relations in this network are displayed in equations 84. 

A summary of the relations for the bar is ^ven in divition 3 of Table 4. 



Fio. 245. Network <^i» gr«.Tin of a bar wilb external impressed forces. It introduces 
a symbol for mututJ mass. 


28. Electbic Analogs of the Rigid Bab 


The rigid bar, and the lever which is a pivoted bar, are very common 
T«fl.(.bgning.l coupling devices. They have thtir analogs among the eleo- 
trio-network coupling devices. The analog on the » baas is found 
by first rewriting equations 84 as equations of voltages. They become 


Li 


dix 

<U 



r dix y diz 


[ 85 ] 
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in which has been used for mutual inductance to avoid confusion with 
the use of M for mass. These are the equations of a transformer without 
losses, the network being as in Big. 246-o or Fig. 246-6. The analogous 
eluents can be determined by comparison of the coefficients in equations 
85 and 81. 





(c) 

Fiq. 2-46. Electric analogs of the Imr with extemaJ impressed forces, a and 5 are 
based on v ^f; e is based on i 


Two coupled circuits such as s hown in o or 6 of Big. 246 have a 
coefficient of coupling k = iw/Vlai®- Analogous to this, the bar 
d Big. 244-a has a coefficient of coupling. It can be found by substitu- 
tion of the mechanical equivalents of Lm, Li, and in the defmition of k. 
This ^ves 



[ 86 ] 


It is seen that k = 0 when A® = hk, and A = 1 when A = 0. When 
k ^ 0 tire bar will pivot about tither point 1 or point 2, i.e., a motion of 
point 1 will cause no motion at point 2, and conversely a motion of 
point 2 will ^ise no motion at point 1. The condition k = 1 can be 
approzimated by concentrating tire mass at the center of gravity. 
The system taids tiien to pivot about its eg. A second way in which k 
cau be made unity is to pivot the bar at its qr to some fixed support. 
The bw then becomes a timple force-multiplying mechanism. If the 
friction in the pivots is n^I^ble, then the analog is an ideal transformer 
having unity coupling, no exdtii^ current, and no losses. 

The analog on the i'^f basis is found by rewriting equations 84 as 
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equatioQS of currents. 


They become 



n ^2 • 


*1 d «2 _ . 


[87] 


in which the node-pair voltages «i and V 2 are the dependent variables 
analogous to velocities and v^. The electric network represented by 
equations 87 is shown in Kg. 246-c. Comparison of coefficients in 
equations 87 and 84 discloses the analogous elements. The network of 
Fig. 2*46-^ is topologically the same as the mechanical network of Kg. 
2-45 and is the topological dual of the network of Kg. 246-6. 


C. LUMPED-CONSTANT ELECTROMECHANICAL SYSTEMS 
Having shown the procedure for treating electric systems and mechan- 
ical systems, there remains to be shown the procedure for treating thm 
when they occur in eombinatioiL Here the earful specification of vari- 
ables, choice of reference systems for the variables, and choice of units is 
especially important. 


29. One-Loop EnBCTBic Ststeic and Onbs-Coobdinate Mecbanicai. 

System Ck>MBiNED 

in Fig. 247 is shown an elmentary electromechanical system 
for the conversion of electric energy into the eneigy of rectilinear 
mechanietd motion such as is used in the electrodynamic loud 
speaker. The mass M is spring supported and frictionaUy damped, 



[k}t indicates positive direction 
for coil current 


(o) 


It y 






l^EIectric equivalent 
^ of the mechanical 
system 


(W 


Fio. 247. One-loop, one-cooi<hnate deetromeohanical system. 


the spring stiffness being K and the mechanical lesnstance bdog B. 
Attached to the mass is a current-carrying coil N turns lying in a ladM 
magnetic field of flux density /3 provided by the cylindrar-shaped magnet 
with concentric poles. The coil is cylindrical, the radius of its mean turn 
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being r. The coil has a resistance Ri and seif-inductance Li, At 
i == 0 the switch is closed, applying the driving voltage t;o(0 to the coil. 
The mass at that instant is at rest at its equilibrium position. The 
equations of this electromechanical system will now be formulated. 

The system is composed of a one-coordinate mechanical system and a 
one-loop electric system. Let xit) be the downward displacement of M 
from its equilibrium position, and let i(t) be the coil current. The 
choice of the arrow direction for i in the loop fixes the positive direction 
for i in the coil winding. Assume it is as indicated by the dots and 
crosses on the cross sections of the conductors in Fig. 247-a. 

By Ejrchhoff's voltage law, the equation for the electric circuit is 

^ ^ ^ ^ ~ *^0(0* [88] 


Here U ^ 2TrrNp. It is called the eledromechanical coupling constard. 
dx 

[7 — is the emf induced in the coil by its motion normal to the magnetic 
at 

dx 

field. When — is positive, the coil is moving downward through the 
dt 

field. The polarity of the motional emf is such as to make it a drop in 
potential in the arrow direction.^ The sign of the term is thus +. 

By Newton’s second law of motion, the equation for the mechanical 
i^stem is 


dx 


[89] 


U is the same electromechanical coupling constant appearing in equa- 
tion 88. It is assumed that the units used for every constant and vari- 
able appearing in the two equations are taken from the same system, e.g., 
the mks (meter-kilogram-second) practical system, or the c^ (centi- 
meter-gram-second) absolute electromagnetic ^stem, or any other 
angle system of units [Ha 3]. This eliminates from the equations any 
dimensionless factors such as powers, or inverse powers, of 10. 

The coil conductors, carrying current % lie normal to the magnetic 
field and are acted upon by a force Ui, When i is positive, the coil is 

^ This may be estaWybed by use ctf Fleming's li^t-band rule for the direction of 
a motional emf. An altematiye rule, ea^er to r^ember and usually more con- 
venient to apply, is as follows; Est^d the fingers of the right hand in the positive 
direction for the flux density in which the conductor moves, i.e., from N to 3^ with 
pjdm in such a position that the motion is toward the palm. The thumb, if pointed 
along the conductor, will then point in the dir^tion of the motional emf. 
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iirged downward.^ This downward force tends to ^ve M a poative 
acceleration, so the sign of the term is +. 

For X positive, the spring is compressed and pushes upward on M, 
tending to give M a negative acceleration, so the sign of the Kx term 

is negative. If —is positive, the motion of JIf is downward. The fric- 
at 

tional force is directed upward, tending to give M a negative accelera- 
tion, so the sign of the B— term is negative. 

at 

The initial conditions for the system can be expressed as follows: 
i(0) = 0, 

a;(0) = 0, x\0) = 0. 

30. All-Electric Analog for an Electromechanical System; 
All-Mechanical Analog 

The mechanical portion of the electromechanical system treated in 
Sec. 29 can be replaced by an electric-network equivalent. Since this 
equivalent must function as part of the original electric circuit, and the 
coil mtist have the same cod current as with the combined electric and 
mechanical systems, the magnitudes of the constants in the equivalent 
network must be chosen accordin^y. 

As a first step in the procedure, equations 88 and 89 are rewritten in 
the form 


di dx 

190] 


m ] 

dx 

Then the change of variable t; = 17 — is made. 

Git 

Equairon 91 is also 

divided by U . There results 


+ 

11 

s 

1 

102] 

jf* B , K r ^ . 

[93] 


^ This may be established by use of the right-hand rule for the force. An alterna- 
tive rule is as foUows: Grasp the currentHsarrying conductor by the li^t hand with 
the thumb pointing in the direction of positive current and the fingers extended in die 
positive direction for the flux density in which the conductor moves. The force <m 
the conductor will be directed away from the palm of the hand. 
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From ecpiation 93 it is seen tiiat witlun a sin^e Q^stem of units the 
factor converting mechanical constants into electrical constants 

(C,(?,r) is U~^. Designating the equivalent electrical constants as 
foQows: 

„ M y-f 1 11 

C = = and T = 

the all-electric network equations are 

Di| + /2xi = »o(0 [94] 


+ Cfv + r [96] 

The all-eleetric network based on equations 94 and 95 is shown in Fig. 
248-a. It is the idl-electric analog of the electromechanical £; 3 rstem on 
the £ ~ / basis. If the volts^ source in this network is replaced by a 
current source (see Table 2), the network is that shown in Fig. 2-48-6. 



Fia 2-48. AE-deetric analogB of the electromediamcal system of Tig. 247. 

Based on i 


If an alt-meehamcal analog of the electromechanical system is desired, 
it can be derived either analytically from equations 92 and 93 or graphi- 
cally from the network dix^ram in Fig. 248-6. With / ~ £ the net- 
work diagram of the all-mechanical analog is that shown in Fig. 249. 



Fio. 2-49. All-mechanical an^i^ of 
the eleciiomechameal ayst&a of Fig. 
247. Based 


i — 6v by substituting for £ and », 
the mechanical equation / = GU^p 


The relation between analogous 
electrical and mechanical constants 
can be established by recalling that 
(1) the mechanical system produces 
a voltage drop ff = C/vintheelecjaic 
drcmt and (2) the electric system 
produces a force / = Cf£ in the 
mechanical drcuit. For example, 
the relation betwem B and B can be 
foniul from the electrical equation 
obtaining CT'V' = This ^es 

= Bv, in which B = Further- 
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more, in any sin^e system of units, the dimensions of U^G are those of B. 
Similarly it can be shown that Z = U^TmdM ~ U^C. 

31. Summary 

In this chapter it has been shown how the variables can be chosen and 
their reference systems established in one-dimensional electric and 
mechanical systems. The i-d equations have been formulated for elec- 
tric networks on both the loop basis and the node basis. The differen- 
tial equations have been formulated for mechanical systems having trans- 
lational motion, rotational motion, and a combination of these motions. 
The principles by which the electric analogs of these systems can be 
formed have been shown. Finally, the differential equations for a com- 
bined electric and mechanical system have been formulated and certain 
all-electric and all-mechanical analogs developed. 


PROBLEMS 

2*1. The diagram shows a biidged-lT hltar section witii terminal resistances. 
R2 = L/a 

(a) Give the number of independent geometric loops and number of independent 
geometric node-pairs. 

(b) Write the i-d equations for the network, using the loop basis. 

(c) Write the i-d equations using the node 


vW 




2-2. For the network shown in the diagram give the following infonnaiian: (a) 
Number of independent geometric loops, (6) number of independent geometric node- 
pairs, (c) the i-d equations for the network, uiting the loop bads. 

2-3. In the network illustrated, switch K is closed at f = 0. The initial energy 
storage in the condensers and inductances is zero. 

(a) Give the number of independent geometric loops and number of indqpend^t 
geometric node-pairs. 

(b) Give the number of dependent variables necessary if the i-d equidlons are 
written on tlie loop basis. Give the number if the node bads is used. 
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(c) If the voltage source is replaced with a current source, what is the relation 
between these sources? 

id) Write the i-<i equations for the network ludng the node basis. 


Fig. 2 P4 

24. The network illustrated is in the steady state when the relay K opens. 7 is a 
constant direct voltage. Letting the branch currents be as indicated, give the initial 
values it = 0+) of: 

(o) ii, f{, and ij'. 

(5) t2, 4. and 4^. 

2*5. The network illustrated is in the steady state with the switch open. At 
f = 0 this switch is closed, (a) Give the initial value and indicate the initial polarity 
or direction of vsu %j, and ti,. (h) Write the i-d equations for the network with K 
closed, (c) Give the initial value (t =» 0+) of and 
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2*6. In ilie network diown in the diagram the switch is closed until steady-state 
conditions are reached and th^ it is opened, (o) What is the initiid value of the 
vdltage aisroas the switch after it opens? Q)) What is the initaal value of the first 
derivative of ^ns vtdtage? 

2*7. The network illustrated is in the steady state when switch K closes at f = 0. 
Write the_i-d equations for the network and express the initial conditions. 

2*8. The diagram shows a three-phase reclafier wiihi inductive load and " wave 
smoothing ” inductances Li. There is equal mutual inductance M between each 
two inductances Li. The phase order of the bdanced sinusoidal voltage drops at the 
terminals dbc m Vdbt Vbtt, N^ect the voltage drop in ihe arc. The internal 
of overlap during which the arc is transferred from one anode to the next to conduct 
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may be n^lected, Le., each anode may be assumed to conduct for one third of the 
cyde. 

To 3-phaw source 



Fig. 2-P7 Fig. 2-P8 


(а) Using the branch currents indicated, write the differential equations holding 
for the third of the cycle in which anode 1 is conducting. 

( б ) For boundary conditions, esqpress the relations that hold among the initial 
and final values of these branch currents in this interval. 

2*9. The network illustrated is the equivalent network of a twonstage vacuum- 
tube amplifier with conductanceK^pacitance coupling U 2 C 4 , and a conductance 
load (r 4 . The tubes are tiiodes and the amplification constant of each tube is /<. 

(а) Write the i-d equations for the network using the basis which is more favor- 
able. Assume ©o Is a direct volti^e of 1 volt. 

( б ) If the condensers have no charge at i « 0—, find ). For brevity,* 
let Cii, C 22 f and C 33 denote the self-capacitances of nodes 1, 2, and S, respectively. 



V4 

Fig. 2-P9 


2*10. With the ignition system shown in the steady state, contact K opens at 
< = 0. (a) Write for the system the i-d equations tha?t hold for the interval between 



Fig. 2 P10 


the opening of K and the sparkover between the points. (5) €hve the necessary 
initial conditions. 
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2*311. A tiippir^ network used in the experimental study of transients is shown 
in the diagram. When the voltage which builds up slowly across gap G reaches 
7 volts this gap breaks down and serves as a short-circuiting switch. The voltage 
across Rt is used to trip the oscillograph, and the voltage across C4 is used to start 
the transient in the circuit which is under observation. 

(а) Express the initial conditions in this tripping network. 

(б) Write the differential equations for this network. 



2-12. (a) Write the set of i-d equations for the general network having n inde- 
pendent node-pairs. (6) Express this set of equations by means of a typical term of 
a typical equation using index notation (see equation 24). 

2*13. A ample nonplanar network is shown in the diagram. Demonstrate that it 
is impossible to form a physically realizable dual for a network having this geometric 
fonn, 

El = 1 ohm E4 = 4 ohms B 7 = 7 ohms 

^2 ohms Eb « 5 ohms Eg = 8 ohms 

E$ « 3 ohms Eb *= 6 ohms E® = 9 ohms 



Fig. 2.P13 


Fig. 2-P14 


2*14. The mass ilfi is suspended fromasupport by the spring of stiffness constant 
El. Attached to Mi is a vibration damper consisting of a dashpot, spring, and mass. 
The plunger which carries the piston is rigidly attached to Mi. The chamber of mass 
Af2 is attached to and supported by the spring K^. The lower end of Kz is attached 
to the piston. The viscous friction of the dashpot can be represented by the trans- 
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lational resistance B. Assume that the upper end of spring Ki is given an up-and- 
down sinusoidal motion. 

(a) Write the differential equations for the system. 

Sketch the mechanical-network diagram. 

(c) Write the differential equations for the analogous electric network with 
and sketch this network. 

(d) Repeat part (c) using i '^f. 

2*15. In the mechanicsd system illustrated, the mass Mi is given translatoiy 
horizontal motion through the spring Ki, one end of which has ^e known forced 
velocity vo(t). Attached to ilfi is a vibration damper consisting of dashpot, spring 
Kzf and mass M 2 - The viscous friction within the dashpot, between the dashpot and 
the supporting surface, and between Mi and the supporting surface can be repre- 
sented, respectively, by the translational resistances B 2 , B 3 , and Bi. Assume that 
the masses are at their equilibrium positions at ^ = 0 . 

(а) Sketch the mechanical-network diagram and write the i-d equations for the 
i^stem. 

( б ) Sketch the analogous electric network having and write the i-d equa- 
tions for this network. 

(c) Sketch the analogCHis electric network having V'^f, and write the i-d equaticms 
for this netwcffk. 




2*16. A motor is mounted on a carriage supported at its ends on springs. The 
carriage is constrained so that it can vibrate only up and down in the vertical plane. 
The rotor assembly is slightly unbalanced by attaching a small mass Jf 2 at a dis- 
tance r from the axis of the shaft. With the rotor revolving at a constant angular 
velocity above the critical angular velodty for the system and the entire system 
vibrating in the steady state, toe power to the motor is cut dff at toe instant when 
toe carriage is at the lowest position in its travel. The system is to be considered 
linear. 

Write toe differential equation that describes the instantaneous equilibrium con- 
ditions in toe system during toe decrease of rotor angular velocity, and give toe 
initial conditions. 

The mass of toe carriage and motor before imbalandng is if 1 . The trandAtional 
resistance for vibrations of toe carriage is B. Assume that toe angular vdodty of 
toe rotor after the power is cut off is woe"®*. 

2*17. Three toort rotaring shafts are connected throu^ a differmtial gear toat 
makes shaft 3 have an angular v^odty r tones toe difference between the angular 
velocities ci shafts 1 and 2 . The shafts with their gears and flywhedb have moments 
(^in«rtia7i, J%,BXLdJz- Shafts 1 and 2 axe subject to visco^ damping, toe damp' 
ing torque on each being proportional to the angular vdocity of the shaft with 
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respect to a staMonaiy casing. Shaft 3 is connected through a hydraulic clutch with 
a driving shaft. The torque transmitted by the clutch is Bz times the angular 
velocity difference between the two dements of the clutch. The system, including 
the driving shaft, is at rest at i = 0. The angular velocity thereafter of the driving 
shaft is « 4(0 ® «(1 - 

(a) Write the differential equations and sketch the mechanical-network diagram 


(b) Show the analogous electric network based on t r, 

(c) Repeat part (b) using the » ^ r basis. 

2-18. Assume that an automobile can be represented by the much-simplified 
mechanicai system illustrated. The radius of gyration of the frame about its is 

N^lect sidewise roll of the car and consider only pitching and bouncing through 
small displacements. Consider the frame to be rigid. 


/r 



Fiq. 2-P18 

(а) Write the differential equations of motion for the system. The road surface 
has the form given. The car is moving to the left with velocity y. 

(б) Write the differential equations for the analogous electric network with 
i '^f and sketch this network, 

(c) Repeat part (6) for the analt^us dectric network with v 

219. A loi^ rotor of total mass M rotating with constant angular vdocity a is 
supported on pedestal bearings which permit vibratory motion of the shaft in the 
hc^scmtal {toe. The effective translationd stiffness and trandational resistance 
for xnotion in this plane am as indicated in the diagram. 



Assume that the rotor is statically but not dynamically balanced. The dynamical 
unbalance can be represented by two small equal masses m lying in the same axial 
plane but on opposite sides of the axis of rotation. These masses are equal distances 
a from the axis of rotation; thdr planes of rotation are equal distances h/2 from the 
center of gravity. Assume that the angle of vibration of the shaft in the horizontal 
plane remains small. Assume that the ladiiB of gyration of the rotor about a vertical 
axis through the Is A. ^ 
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(a) Write the differential equations of motion of tiie system, and sketch the 
mechanical-network diagram. 

(b) Sketch the analogous electric network with i ^/. 

(c) Sketch the analogous electric network with v 

2-20. (a) Show that if a rigid bar of mass is to be treated mathematically as an 
equivalent rigid massless bar bearing three concentrated masses, one at the center of 
gravity and the other two at distances li and I 2 , respectively, dther side of the center 
of gravity, these masses should be as follows: 


Mco=-M 

Mi,^M 
Ml,-- M 


hh - 
hk 

ti+hh 


Here k is the radius of gsnration about an axis through the center of graviiy . 

Q>) Show the analogy to a transformer with leakage inductances. 

2*21. In the mechanical system illustrated, two imequal masses ikf 1 and M^t ate 
connected by a cable-and-pulley system in such a way that thdr translatioDal motfons 
with respect to the frame are equal and 
oppoate. There is viscous fricti<m be- 
tween Ml and M% and between Mi and the 
frame. A ^ring attached to Mz and the 
frame tends to keep the masses in a ceu- 
tral position. The mass of the cable and 
of the pulleys may be n^lected. The 
frame is attached to a vibrating body that 
gives it translational motion represented 
by xz with respect to a reference. 

(a) Write the differential equations for the system. 

(b) Show the mechanical-network diagram. 

(c) Show the electric network that is analogous to it using t 

2*22. One form of seismograph consists essentially of a horizontal pendulum that 
swings like a gate. The pendulum consists of a horizontal beam pivoted at one end 
in a conical socket and supported at the other by a stay wire running back diagonally 
to a point of attachment conaderably above the pivot. The beam bears a lai^ mass 
near its free end. The pivot is attached to the earth and moves with the earth’s 
crust when there is a crustal disturbance while the pendulum mass tends at the outset 
to remain in its original position. There is viscous damping that provides a damping 
torque proportional to the angular velocity of the pendulum. The relative motion 
between the earth and the pendulum’s center of gravity (eg) is recorded graphically 
by a suitable ^ectric Hnkage conristu:^ of a magnet, dectric circuit, and galva- 
nometer. 

With all the system initiany at rest, the earth surface experiences a suddoi crustal 
disturbance expresable as a horizontal vdocUy y'(t) = sin ait, 0 ^ t, in a diree- 

^n normal to the pendulum. The di^lacement y (t) of the earth’s crust is measured 
from its undisturbed position. All displacements are small and the system may be 
treated as linear. 


.-essB-. 


LB. 




h' 


frame 


Fia. 2-F21 




92 formulation OF EQUATIONS [Chap. II 


(a) Write the differential equations for this electromechanical system and express 
the initiai conditions. (6) Find an ali-elcctric analog. 

The constants in a single system of units are as follows: For the pendulum, M is 
the toM mass, K is the rotational stiffness, B is the rotational resistance, I is the dis- 
tance between pivot and cg^ and k is the radius of gyration of the beam about a verti- 
cal axis through the eg. For the electric circuit, R is the total resistance and L is the 
total self-inductance. For the galvanometer, /i is the moment of inertia, Ki is the 
torsional stiffness, and Bi is the torsional resistance. The electromechanical coupling 
constants are; Ui for pendulum and electric circuit and for electric circuit and 
galvanometer. 



2-23. An electromagnetic pick-up for investigating mechanical vibrations is shown 

in the diagram. The motion of the arma- 
ture of mass M relative to the core changes 
the length of the air gap in the central leg 
and the reluctance of the magnetic circuit. 
Starting with the system initially at rest, 
the core is given a vertical velocity 
sin <ait. 

Write the differential equations for 
the system, considering that all units 
are taken from a single system. 

The length of the air gap is ajo — x, the current in the coil is io + 1, and the electro- 
dynamic force on the annature is /o + /. Here xo, to, and fo are the initial equilib- 
rium values and x, t’, and / are increments. For x small, assume that the self-induo- 

tanee L(x) ^ Lo + ox. The voltage drop across the self-inductance is ^ [L{x)io] and 

di 

theforceontheamatateis/o+/ = . Porssmall, the square of i aad 

the derivative of the jaoduet « may be neglected. The effect of the vibrator on the 
dreuit is n^Hgible. 

2*24. An electromechanical system using a varying 
capacitance for coupling is shown in the diagram. With 
the ^stem initially at rest an external force sin <a\t 
Is applied to the movable plate at f » 0. 

Write the differential equations of the system, consideiv 
ing that all units are taken ffom a single i^stem. 

The area of the movsd^Ie plate is A and the dielectric 
presentkaff. The distance between the plates is a;o — x, 
the charge on the i^tes is go + <?, and the force on the 
nmvaMe |&te di^ to tiie charges is /o +/. Here xo, go, 
and/o me the iniriai equilSbriam values and x, g, and/aie 
increto^ts. Tim voltage drop 04; across the varying capac- 



itance IS (go + g)/C(x) and the fortse cm the movable plate is /o +/ « ^ • 

dx 

Fora;smaIl,thesquareof gandthejffoductxgmay ben^ected. The elongation of 
the spring produced by q^kho. 



Chapter III 


AN INTRODUCTION TO THE £ TRANSFORMATION 
AND ITS INVERSE 

In the preceding chapter attention was directed to the formulation of 
one-dimensional integrodifferential equations of the type whose solu- 
tion is simplified by the £-transformation method. In the present 
chapter the nature of the £ transformation will be brought out so that 
it, together with its inverse, may.be applied intelligently in solving 
equations of this type as well as others to be treated later. 

1. Method of Logarithms Analogous to Method of £ Trans- 
formation 

The best-known ^d simplest analogous method is the method of 
logarithms in arithmetic. This well-known method can be dkcussed 
in the language of transformations, as will be shown by treating the 
arithmetic problem of multiplying two numbers. 

One way of finding the product of two numbers is to use a table of 
logarithms. In its simplest form such a table (Table 1) consists of two 
columns of numbers which are associated in pairs. In the column 
labeled Original appear the original numbers. In the col umn labeled 
Transform appear the numbers obtained from the original numbers by a 
transformation. This particular transformation consists of an expres- 
sion of the original number as a power of 10. This power (exponent, or 
logarithm) is the transform. The transformation is called finding the 
logarithm. 

Table 1. Number Tbam^sforms 


Original 

Trani^onn 

1 

0 

10 

1 

100 

2 


If the columns are arrknged as in Table 1, the result of the logarithmic 
transformation is obtained by ehtering the table in the left-hand column 
and passing from the original to its transform in the ri^t-hand column. 
If the table is used in the opposite direction the transformation is called 
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the irai&rse logarithmic transformation, and the first transformation is 
then called the direct transformation. 

The familiar solution of a multiplication problem by logarithms can 
be described using this terminology. Applying the direct transforma- 
tion, that is, proceeding from left to right in a more complete table of 
the type of Table 1, the transforms of the original factors are found. 
Next these transforms are added to find an intermediate result. The 
inverse transformation is then applied to the intermediate result, i.e., 
the table is used from ri^t to left. The number corresponding to the 
mtennediate result is the final result or product. 

This familiar use of the logarithmic transformation serves to simplify 
the multiplication problem. The simplification results, because, by 
use of the transformation table, the operation of multiplication is 
replaced by the simpler operation of addition. Similarly, the operation 
of addition might be replaced by that of mtiltiplication by using the 
table from right to left and then left to right, but this is not done because 
it makes the addition problem harder rather than easier. 

Used in the ordinary way the logarithmic transformation amplifies 
the solution of arithmetic problems because it replaces the operations of 
multiplication, division, involution, and evolution by the simpler opera- 
tions of addition, subtraction, multiplication, and division, respectively. 

The ^-transformation method is used to simplify the solution of linear 
constant-coeffid^t integrodifferential equations (and other types of 
equations) in an analt^ous way. That is, by applying the direct trans- 
fcamation to the equation and its initial conditions there is obtained a 
dmplmr equation. In fact, it is an algebraic equation rather than an i-d 
eqoaticm. TbB ampler equation Is then solved for an intermediate 
function, from which the desired solution of the ori^nal equation is 
obtained by the application of the inverse £ trrmsformation. In prac- 
tice, the direct and inverse transformations are effected by a table which 
is used both from left to ri^t and from right to left. 

It will appear that there are essential diffa-enc^ between the Ic^arith- 
mic and the £ transformations. One in particular may be mentioned. 
The l<^irithmic transformation is used to transform numbers mto other 
numbms, whereas the £ transformation is used to transform functions 
into other functions. The basic methods are quite analogous, however, 
both transformations having in common the important property of 
transformiii^ certain operations into simpler operations. This property 
constitutes the fundamental reason for their use. 

For those who are not already acquainted with the £ transformation 
and its inverse, this chapter will introduce these transformations through 
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a comparison with Fourier series and integrals. This approach is 
chosen because those who are interested in the iS-transformaticn method 
frequently have some previous knowledge of the Fourier series. From 
the series follow naturally the Fourier-integral transformation and then 
the £ transformation. Another reason for the approach chosen here is 
the comparison which it affords of the Fourier and Laplace integrals — 
a comparison which would be desirable regardless of the approach. 


2. Periodic and Nonperiodic Functions 

At the outset it is important to have clearly in mind the distinction 
between a periodic and a nonperiodic function. For t a real variable, 
a function p {t) is called periodic with period T if there is a real number T 
such that p{t d= T) = p{t) for— oo<i<oo. Ifa function of i does 
not satisfy this definition it is said to be nonperiodic. For example, with 
a, 6, and T real numbers, the function 

A 2ff 27r 

p(0 = ocoe — i + 6sm — — co<i<oo 


is periodic with period T and angular frequent^ ^/T, whereas the 
function 


/«) = 


0 , 

25r ^.2 t 

a cos — « 4- 6 sm — 


«<0 
0 < t 


is nonperiodic. It will be observed tibat at its point of discontinuity 
/(O has beai left imdefined. This same practice will be followed for 
fimctions introduced later. The reason for this will be given later in 
Chapter 4, Sec. 7. 

Here, and in much of the mathematical treatment that follows, the 
^rmbol t is used for the independent real variable because in the appli- 
cations of the theory, time is usually the independent variahle. libis 
symbol, however, may be conadered to represent any independent real 
variable, as for instance, a space coordinate. 

The periodic function of the above example is sinusoidal. It can be 
written as a cosine with an initial pha% an^e, i.e., 

p(f) = |P| cos(^f 

in which | P | = (c® + and f = tan~^ (— 6/o). It can be resolved 
by Euler’s formula into the sum of two complex exponential functions 
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as foUom: 

p(t) ^ iPl 

= 1(1 P le^'V'T* + I P 

= ^{P^P+fe-^Y*), [ 1 ] 

in which j ^ <^1, P ^ 1 P| and P ^ | P \e-^'t Here P and P 
are the conjugate complex amplitudes of the exponential functions of t 
composing p(t), and ^ is the an^e of initial phase difference with respect 
to a chosen reference Kne. Observe that the angular frequenrgr 2a-/r 
of the cosdne appears in the exponents of both exponentials — in one 
with a positive agn and in the other with a negative sign. These expo- 
nentials, which are complex functions of the real variable t, are not 
individually interpretable in phyacal trams. They form, nevertheless, 
the ba^ of the representation of sinusoidal functions by rotating plane- 
vectors which have played such an important role in the treatment of 
steady-state sinusoidal osciilations in physical systems. 

In steady-state calculations it is customary to use complex numbers in 
place of sinusoidal functions. The substitution of the complex number 

P for the ranusoidal time function 1 P 1 cos is in a sense a 

functaonal tarantf<nmath)n. To indicate this transformation, it can be 
writtm (r|^(t)3 = P and its inverse = p(t). Periodic functions 

are transformed into complex numbers because the operations of addi- 
subtraction, multiplication, smd division are carried out more easily 
with complex numbers than with periodic functions. 

.2r . 

IVith the introduction of complex functions such as c’ r * it becomes 
necessary to consider functions of complex variables and complex func- 
tions of testl variables. Ihis will be done in more detail in the next 
chapter. 

3. Foxtsier Series 

Consider next a function p{t) whidi is periodic but ncmsinusoidal. 
A portion of such a function is shown in F^. 3*1. 

Under certain conditicHis a function can be expanded in a Fourier 
series which converges for sJl points at which the function is continuous. 
Written in the familiar trigonometric form the Fourier series which 
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represents such a function p(0 with period T is 

p(t)(=)- +-^^yan cos — t+Ksm — ty [2] 

in which n is a positive integer, and the coefficients are computed from 
the int^als 



pTI2 

p(t) sin — tdt. 
•/—T/a -i 


In equation 2 the symbol (=) means equals almod everywhere. 
“ Almost everywhere ” is a precise nudhmatical expression meanh^ 
“ everywhere exc^ for a set of points (hare represarting values of t) 
which can be covered by a set line Elements the sum whose lengths 
is arbitrarily small” Sudi a set ml^t ccmtain in£nitely many points. 
Equals almost evarywhere implies in particular “ ecpials at all points of 
oontinmty ” [Ho IJ. 

The factor 1/T which usually appears in the equations for the coeffi- 
cients oq, a„, and of equation 3 has here been transferred to equation 2 
in order to facilitate comparisons that will be made later in Secs. 4 and 6. 

The conditions alluded to on page 96 for the representatbn of a func- 
tion by a Fourier series in- 
sure the convergence of the 
coeffident int^rals 3 and 
the Gonvei^enoe of the 
series 2 to p(i). In other 
words, it must be possible 

to compute the coeffidents ^ periodic but nonwusoidal ftmotiom. 

andtofindthe aim of the 

series, and the aeries must converge at points of continuity to the 
function. 

The complex-exponentid form of the series can be written more com- 
paetiy than form 2 and is often more convenient to use. To derive it, 
each pair d di^le-frequ^cy terms in equation 2 can be written as the 
aum of two complex exponmtials, as shown above for the rinusoidal 
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ftmction. Thus the typical pair, 

n2T , , . nSir , 

a„ cos — « + &» sm — t 

.n2x .n2T. 

= i {{an -jbn)e>~* + («» +3bn)e-^-^% 

By use of equations 3 and Euler’s formula, 

On - A = J p{t)e~^~T'*dt = P • W 

If now the angular frequency n2irJT is set equal to the typical pair of 
terms can be written as 

Note that P(— w) = P(w). P(«) and P(—a?) are conjugate complex 
amplitude coefficients. They are called coefficients because they 
represent only the relative magnitudes and initial phases of the actual 
complex amplitudes which are 2/T times these coefficients. 

If n is extended to include zero and negative integers, it is observed 
from equation 4 that P(0) = Oq, and the trigonometric form of the 
Fourier series given in equation 2 can be written 

Pit) (=)4 “if [5] 

J- 0SS —00 

But l/T = so equation 5 can be written 

p(o(=)^ r" [6] 

SB —00 rif 

and equation 4 becomes 

/ T/2 

[7] 

-T/2 

It will be observed that in this form a ^^e sum 6 and a tingle coefficient 
integ^ 7 suffice. 

Equations 7 and 6 are functional transformations and can be written 

y.[p«)] = p(«), [7'] 

and 

yr'[p(«)](=)p(0- t6'] 

By means of equation 7 a complex function of o) is obtained which is 
easier to handle algebraically than the real function of t which it repre- 
sents. This is an extension to a complicated periodic function of the 
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advantages gained when a complex number is substituted for a simple 
sinusoidal function as stated on page 96. 

4. Foubibb Integeal Tbansfobmation 

In 'Uie forgoing discussion only periodic functions have been con- 
sidered. Nonperiodic functions will be considered next. An example 
of such a function is shown in Fig. 3‘2. 

Under certain conditions a nonperiodic function f(i) can be represented 
in a finite range by a Fourier series which is convergent almost every- 
where.^ The ori^ can be chosen, as in Fig. 3*2, at the midpoint of the 
selected range and the time values —T/2 and T/2 assigned to the ends 
of the range. This interval is chosen as the period T of an artificial 
periodic function which re- 
peats, in equal intervals in 
each direction, the same 
form as found in tiie inter- 
val -2’/2 g f ^ T/2. The T 
expansion of tiiis artificial 
periodic function in a 
Fourier series, witii coeflS- Fis.3-a A aooperiodic foaeftoi. 

cients fotmd from tiie values 

of the function f(i) in the interval chosen, will yield a series which in 
general will converge to the function f(t) in this chosen interval only. 

Carrying this treatment of nonperiodic functions further, consider a 
nonperiodic function which is representable by a convergent Fourier 
series almost everywhere over every finite range. It may then be asked: 

(1) What becomes of the Fourier series that represents a chosen range of 
the fimction as this range is extended indefinitely in both directions? 

(2) What happens to the int^ral giving the coeffirients? 

The answers to these questions are: (1) With certain additional te- 
stiictions on the growth of the fimction as 1 1 1 — > « , formally the sum 
in the ^es becomes an int^ral 

m (=) [ 8 ] 

which is called a Fourier int^ral [Wi 5]. (2) The co^dents meige 
into a continuously defined function; the limits on the coeffident 
integral become infinite; and this integral 

F(«) = 

tZ—ao 

^ For meaning " almost everywhere ” see pege 97. 



[ 9 ] 
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which is also called a Fourier int^ral, now provides the ooeffident func- 
tion. Equaricox 8 should be compared with equation 6 smd 9 with 7. 
F(<a) is the ccnnplex amplitude “ coefficient ” — it represents only the 
rdatwe nu^citudes and initial phases of the actual complex muplitudes, 
these amplitudes being infiniterimals. 

Since the concern here is with a nonperiodic function, the range of 
inte^ation must be the entire range of de&dtion of the fimction, i.e., 
— 00 < t < 00 , rather than merely a typical period as in the case of 
periodic functions. 

The integral transfonnatioixs ^ven in equations 9 and 8 are called 
Fourier fy-aneformaiions. They can be written 


mm = Fico) 

and 

y-MF(«)] (=)/(«). 


[9'] 

18'] 


The one ^ven in equation 9 will be called the Mrect Fourier iransfor- 
maHon; the one ^ven in 8 will be called the inverse Fourier transforma- 
tion. These transformations are functional transformations since they 
transform a function of the variable t into what is in general an entirely 
different function of the variable a, and vice versa. The advantages 
that result from the replacement of a complicated function of a real 
variable by a relatively ample function of the angular frequency are in 
tins way extended to nonperiodic functions. 


5. UmnaoxsAi. FomcnsB Tbansfobuation 


Among the driving functions most commonly used in problems whose 
solutmn is amplified by the transformation method are the unit step 
function 



t<0, 

Q<i, 


shown in 3'3, and the unit anusoid section on (|3t + i>)-u(t) shown 
in Fig. 34. Ndtho: of tirese nonperiodic functions can be handled by 
the 7 trandbimation 9 without an additional limit process. Any 
attempt to compute the 7 transform of dther leads to an improper 
integral in the sense that it is not ccmveigaxt, i.e., the limit process 
implied by the int^ral does not lead to a finite limit. &ce these two 
functions, which are examples of the most elementary types of driving 
functions, cannot be transformed directly by the 7 transformation 9, it 
follows that a transformation capable of handling these and more general 
functions is needed. The Ijaplace transformaticm fills these require- 
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meats. The Fourier transfonnatioa 9 may be geaeralissed to fill them 
also. Atteation is directed now to these forms, the gener^atdon of 
the 7 transformation being treated first. 

One way to extend the range of applicability of the transformation 9 
is to multiply the function to be transformed by a conveigeace factor 
e~^, 0 < <^ so that the product function will decrease as < — > <» and make 
the int^ral converge. Notice, however, that if the product of the func- 
tion to be transformed and the convergence factor does not approach zero 
for — 00 , sudi a factor becomes a divergence factor for t-*- — oo. 
This mathematicai difficulty can be overcome by shifting the lower limit 
of integration in equation 9 from — oo to 0. That this sectioning of the 
range of integration is pmmssible without 1<^, so far as application to 
problems treated in this text is con- 
cerned, follows from the fact that 
intheseproblemsinterestcenterson 
what happens after a particular in- 
stant of tim^ i.e., one is looking forv 
ward in tima For example^ one’s 
interest may b^m at the instant Fio. 3-3. Unit rtep 
at wMrii a switdi doses an deetrie 

drcuit. By choosing the oii^ ci the time coordinate at this special 
instant, attentioa may be confined to what happ^is for <sily non- 
n^ative values of the time variable. Later, in Chapter 5, it will be 
seen that cutting the range of int^ration is neeeemy if the trans- 



Eiq. 34. Unit siniisoid section. 


fonnatkm is to bring in naturally the boundary conditions at the 
Because of the one^ded nature of the trandormation remaining after 
the range of int^ration has been reduced to that from 0 to 0 °, thetrans- 
formatiaa is called unilateral. 

Althou^ the point of view taken here is that the transfonnaiion is cut 
to the left of the ori^, it is also posdble for certain purposes to take 
the point of view that the transformation range of int^ration s un- 
dtanged, but that all the functioDs to be trmisformed are oit off to the 
left of the origm. Where, as in most cases, it is desired to bring in 
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naturafly the boundary conditions at the origin the first point of view 
is the preferable one to take. 

More specifically, it can be stated that if the function f(t) is singie 
valued almost everywhere for 0 ^ ^ and if there is a real number c 
such that 

Ihn f 1 f(t) \^*dt < CO , [10] 

then the unilateral fF transformation can be used to find the transform 
of for 0 ^ f. Under these conditions the direct transformation 

can be written 

r * F(c,u). [11] 

«/o 

With /(f) specified, the abscissa of dbsolvie convergence of integral 11 
is defined as the greatest of the lower bounds of the set of numbers c 
that satisfy equation 10. It wiU be denoted by <ro. Since ca depends 
upon /(f), for brevity it will be convenient to speak of “ the tro of /(<).” 
Absolute convergence is required rather than merely conditional con- 
vei^ence so that later the order of performing certain limit processes 
may be changed, and in particular so that the strong form of multipli- 
cation theorem can be used [Am 1, Do 16]. 

In this treatment attention will be confined to only those functions 
whose (To < -h CO . By conadeiing a function’s form, usually it is not 
difficult to find the value of its Ca,. The examples in Table 2 illustrate 
this. A formubi [La la] for Ca will be ^ven in Volume 2. 


Tabim 2. Abscissa of ABSonimg Convbbgbncis 


m 

Inequality 10 holds for 

<ra for lateral 11 

1 

0 <c 

0 

«(f) 

0 <c 

0 

sm/3{ 

0 <c 

0 

j8ini3£*tt{0 

0 <c 

0 


—a <c 

—Of 

0<« 

a <c 

a 

i* 

0 <c 

0 

»(< — o) — tiff — &), a < 6 

— 00 <c 

— 00 

e** 

No value for c 

No value for ffa 


From Table 2 it may be observed that, for the functions shown, the 
is unchanged if the portion of the function lying to the left of the 
ori^ is cut off. This is a result of the one-sidedness of the transfor- 
mation, which has zero as its lower limit. 
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So far notbing has been said regarding the inverse of the unilateral 
direct transformation 11. This inverse is bilateral. In fact, it is the 
same inverse 8 as that for the bilateral direct transformation 9. Appli- 
cation of the transformation to the unilateral transform F{c,a) 
gives as a result the product for 0 ^t. Accoidin^y the uni- 

lateral transformation and its inverse are written 

r = PM, [ 12 ] 

«/o 

and 

^ r FMe^*“dci> (= ) /(Oe"®', 0 g t [13] 

2ir*/_oo 

Thefonns 12 and 13 can be used witii the extra limit process of letting 
c 0 to extend the range of applicability of the 3* transformation to a 
few functions f(t) which would cause the improper integral in 12 with 
c = 0 to diverge because these functions f(t) do not decrease rapidly 
enough. This method of finding transforms works, for example, on a 
function mxch as u(t) but fails with one such as 0 < a. The reason 
for this can be better appreciated after a discussion of the relation 
between the form of the tuM function and the positions in the complex 
plane of the singularities of its transform. Although this use d the 
fF transformation with a convergence factor and subsequent limit process 
works in many cases, it is at best a circuitous procedure for extending 
the range of applicability of the transformation. 

By slight modification, equations 12 and 13 give what is called a 
generaliijed (or complex) form of 7 transformation. Thus by associat- 
ing the convergence factor with the kernel of the transforma- 
tion instead of with the function f(t) to be transformed, equation 12 
becomes 

- Fic + i«), (Ta < a [14] 

Jo 

The corresponding generalization in the inverse tranrformation can be 
made by multiplying both ades of equation 13 by the factor and 
chan^g the variable of integration from o> to c + jw. There results 

— . / Fie +i«) (=)/{«), 

0^*, Va<C. [15] 

This g^eralizataoa of Ih.e IF transformalion and its invetse leads 
naturally to the laplaoe transformation by letting c be a r^ varialde a 
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instead of a real constant. The Laplace transformation is thus the 
result of one further step in generalization. Because of this generaliza- 
tion it has an even wider range of application than the complex IF trans- 
formation which it includes. But more important, by its use the compli- 
cation of the ordinary 7 transformation, with the extra limit process 
which is needed in many practical cases, is avoided. 


6. Lapla.ce Tbansfobmahon 

Although actually some 30 years older [Appen C] than the Fourier 
transformation, the Laplace transformation is not so widely known. 

The complex variable v + of the Laplace transformation will be 
abbreviated to the single letter s. It replaces the complex variable 
c 4- iw in equations 14 and 15. The restriction on c in equation 10 now 
passes to a. Equation 14 for the comply amplitude coeffident becomes 

r = F(8), < <r. [16] 

Jo 

This unQateral form of the Laplace transformation is but one of many 
forms. Others important for certain other us^ are the bilateral and 
the Stieltjes forms. The form used in this text semns to be the simplest 
one which will handle the problems treated here. Equation 15 becomes 

j y»e+/oo 

— I (=)/(«), Q^t, <r„<c. [17] 

t/c— j'ot 

The constant e m retained in tire limits of equation 17 to indicate a 
strai^t-line migration path paralleling the axis of imaginaries. 

The trandormatkm 16 is called the direct Laplace tran^ormation 
(abbreviated £ iran^ormaiion). It can be appreciated that for the 
int^ral 16 to have a simple interpretation, f{t) must be single valued 
almost ever 3 rwhere in the range 0 ^ ^ and must not grow so rapidly as 
f CO that the convergence factor, which has now been absorbed in the 
kemd will be inadequate. This will be more appment if it is 
recalled that 

e*** s s (cos - j an at), 


and 16 is rewiittmi in the expanded form 


rme-**dt= Cme-^coaom-j /“"/(f^-^sinwftK. [18] 

«/0 t/0 «/o 


One should note also that F(s) is defined by transformation 16 only in the 
F^on of absolute convergence of the int^ral, Le., in the pmt of the 
complex (a) plane (called a %al/-p2ane in mathematics) for wUeh Ca < <r. 
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For the inverse of (he Laplace transfonmHon (abbreviated S~^ trans- 
formation and ^ven in equation 17) the number c is any real number 
greater than the oa belonging to f(t) and its transform F(s). Accord- 
ingly, the path of int^ation in the com- 
plex plane is generally a line throu^ the 
point <r = c, paralleling the axis of ima^- 
naries as shown in Fig. 3'5. The evaluation 
of this integral by integration in the com- 
plex plane will be treated in Volume 2. 

The resolution of functions by the 
transformation is in terms of infinitesimal 
exponentially damped oscillations, only the 
relative mr^tudes and phases of whidi 
are represented by F(s). 

The transformations £ and £~^, like tf 
and are functional transformations. 

The result of the direct transformation is 
caUed the dired Laplace tran^orm (abbrevi- 
ated £ tramform), wli^eastiie remtU of the 
inverse tzansfmmaticm is called tiie inverse Lapkux tramform (abbrevi- 
ated £“* tramform). In i^ymbols, equation 16 can be abtseviated to 


mt)] = F(s), 

(To < ff. 

116'] 

and 17 to 



Sr^lFis)] (=)/(t). 

0 g t. 

117'] 

The sequence of forms in the foregoii^ progresdve generalization from 


the Foxirier series and ooeffident integral to the Laplace integrals is 
^ven in Table 3. 

It may be noted from Table 3 that in all cases the inverse transfor- 
mations are bilateral, i.e., the variable inms over a doubly infinite range. 
This is true even where the corresponding direct transformation is 
unilateral. 

Ihrthermore, it may be observed that if va < 0, and f(f) = 0 for 
{ < 0, the £ transformation reduces to the bilateral (F trantiormation. 
Thus under these conditions the £ transformation and its inverse become 

r = FQa), 

%/ — OD 

^//(^y****- (=)/(«). 


/0)j 




s- plane 


Tc” 


f 

» C-jO 

Fta 3*5. Path ci int^ration 
x^aes^ted by the limits <m 
the £~^-ti»z]sf(»n33atkm iate- 
gral. 


and 
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Here the direct transform is written with the imaginary argument 
j<a rather than the usual real argument co because of an unessential 
change in point of view. 

In the next chapter several basic theorems on the £ transformation 
and its inverse will be stated and their use illustrated. Later, in Volume 
2, other forms of the direct and inveme transformations will be discussed. 

PROBLEMS 

3*1. (a) Determine the complex amplitude ooefBcient P((a) (i.e., the trans- 
form) for the periodic function p(t) shown in the diagram and make plots of the 





pu ; 



-4 

-2 

0 


2 

m 




-1 




Fig. 3 Pi 

magnitude and the initial phase of P(a} y&rms ca. Keep the magnitude functtcm 
positive and let the phase functicm aeooimt for any negative signa 

(&} Repeat part a making the period T = 8. Plot ilie results to the same scale 
as used in a and describe the effect ci doubling the period of p(0* 

\m 


1 

-2 0 





2 t 

-1 


Fig. 3-P2 

3*2. Determine the complex amplitude coe£&cient F(<a) (i.e., the 7 transform) 
for the nonperiodic function f(f) shown in the diagram and plot the magnitude and 
initial phase of F{o)) versus «. 



3-3. Determine the oomidex amplitude coefficient F(s) (i.e., the £ tran^orm) for 
the nonperiodic function f(t) * sin 10^, 0 ^ rimwn in the diagrtun and i^ot the 
TYiftgnit ifdfi and initial ^ase of F(s) versus a for (d) tr * land (6) <r » 5. 


CJhapteie IV 


THE £ TRANSFORMATION AND ITS APPLICATION 
TO SIMPLE FUNCTIONS 

A. INTRODUCTION TO THEORY OF FUNCTIONS OF A COMPLEX 

VARIABLE 

Chapter 3 introduced the £ transformation and its inverse. There it 
was shown that the £ transform of a function / of a real variable i is a 
function F of a complex variable s. To provide a basis for the presenta- 
tion of theorems on the £ transformation and transforms in this chapter, 
and for similar treatment of the integral £“'^ transformation in Volume 2 
it is convenient to be^ with certain definitions and ideas from the ele- 
mentary theory of functions of a complex variable [Cu 1], 

1. Complex Plane; Functions op a Complex Vaeiable 

The values of the complex variable s ^ <t +jca with its component 
real and imagmary parts, the real variables <r and o), can be represented 
geometrically by the points in a plane. This plane is called the complex 
pianSy or s-plane. The variables <r and a> are treated as rectangular 
coordinates, the axis of abscissas being used as the real or cr-axis, and the 
axis of ordinates as the imagbiary or ici?-axis. It is sometimes convenient 
to call the lim s, r^ardless of the path traversed, the point at infinity. 

For a geometric representation of the values of sin such cases a sphere 
is used rather than a plane, the ori^ being chosen at one pole and the 
point at infinity at the other. 

Let (r be an unrestricted function of 5. In general, G will be a complex 
function, so it may be written 

G(s) 4 UM +jVM, [1] 

in which U is its real part and V is its ima^ary part. G can be repre- 
sented geometrically in a complex 6-plane in the same way that « is 
represented in the complex s-plane. In the G^plane U is measured along 
the axis of reals and F along the axis of ima^aries. 

Example 1. Plot €k{s) 4 — i — for a variation of s along the iihaginary 

s + a 

axis from — j oo to i . 
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Here <r = 0, and 

Giis) = j PI 

jco + a or + or + or 

Figure 4*1 shows the paths followed by s and G in their respective planes. 

G-pSane 


s*plane 



Fig. 4-1. Plot of Gi(«) “ (« + for a variation of s along the 
axis of imaginaiies. 


Ezam'de Plot (?a(s), with ^ . for a variation of s along 

s + « 

the imaginary axfe from — j oo to j oo . 

Again <r = 0, and 

G%{b) zt ^ ± [(a* + 

'cos^ -Sin^' 

2 . . 2 

“ ^ [(o* + «*)i ^ (o> + w*)iJ 

in which 4>i<a) = tan""^ w/o. 62 ( 3 ) thus has two values for each value of s. 
Figure 4-2 ^ows the paths of s and G in their respective planes. 

jY G-plane 

/«j o< te<oo . 1 ~cio<a><o 

I s>plane 


~im 

-00<W<0 


Fig. 4-2. Hot of [<?*{«)]* = (s + a)~* for a vaiiataon d » sioag IJie 
asds of imaginaTies. 


In equation 1, <?(s) was given in rectangular form U (v,«) + jV (<r^). 
It can also be expre^ed in polar form in vdiich B is the 

radius or magnitude function and $ is tiie phase funeti<m. Since B is 
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taken, as positive, negative signs are taken care of by Magnitude 
and phase functions are used extensively in showing graphically the 
steady-state characteristics of electric and mechanical systems. 

Example S, Plot the magnitude and phase functions of Gi(s) 4 — ^ 

s + « 

corresponding to the variation of s along the imaginary axis from — j oo toj oo . 
As in Example 1, cr = 0, and 

Giis) = ^ 4 [21 

jca + a {fir + 

The magnitude and phase functions are shown in Fig. 4*3. They are related 
to the curve for this same <?-function shown in Fig. 4*1 as follows: E(a?) is 
the length of the radius vector, and #(«) is the angle this radius vector makes 
with the U-axis. 





0 


W-^CO 




-If V 


-f. 


Fto. 4-3. Magmtude and phase functions of Qii^ ^ (s + f<H? 
a variation of s along the axis of ima^naiies. 


2. Single-Valtjed Functions; CioNTiNxnTr; Deeevativb 

^(s) is a singU-^xiued function of s if to each value of s there corre- 
sponds only one value of G. Giis) in Ex. 1 is an example of a sin^e- 
vahied funetaon, whereas (t 2 (s) in Ex. 2 is an example of a double-valued 
function. 

G(s) is conMmums at the point si if 

lim 0(si -f- As) = 6($i) 


[4] 
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regardless of the set of (complex) values through which Aa approaches 


zero. 

If 


lim gfa +Aa)-g(30 ^ 


151 


regardless of the set of (complex) values through which As approaches 
zero, then G'(si) is the derivative of G with respect to s at Si. It is also 


written 


dGis) 

ds 


3. Analytic Functions 

If a function G(s) has a unique derivative G'isi) at the point Si in the 
complex plane, the function is said to be analytic at the point si. The 
Cauchy-Eiemann necessary and sufficient condition that a function 
be analytic wiU be found in texts on functions of a complex variable 
[Cu 1]. 

A function that is analytic at every point in a r^on of the complex 
plane is by way of abbreviation said to be analytic in this r^on. Fur- 
ther, it can be shown [Bi 1] that if a function of a complex variable 
possesses a &st derivative inside a simple contour, then it ateo possesses 
derivatives of arbitraiily high order here, and these ate bH analytic func- 
tions. 


Example 1. Consider the function (?3(s) = s ^ <r +jca. 

Here the 

GsCs + As) — Gz(s) (<r + A<r) + y(a> + Acu) — (cr +iw) 

hm 7 = hm r — — . 

As-^ As Ait-K) Act + ;Aco 

£ua — K) 

If the limit process is carried out by first letting Aor-^O and then letting 
Ao) — > 0 there is obtained 


hm 

Aw—H) 


a +y(a? + Aca) — (g- + jca) 
iAa> 


= 1 . 


m 


If instead, the limit process is carried out by first letting Ac«>-» 
letting A<r~->0, there is obtained 


htn 


(g + Act) +jc»> — ((T +ja) 
A<r 


1 . 


0 and then 


m 


Furthermore, it would be found that the hmit would be 1 regardless of how 
As~> 0. The function s can be shown to be analytic everywhere in the finite 
part of the complex plane. 

Example 2, Show that (? 4 (s) A s = o- — jw is not an analytic function, 
(s is read “ s conjugate.” The conjugate of a function of a complex variable 
is obtained by replacing every j in the function by — j.) 
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Here the 


+ As) — (r 4 («) (<r + Ac) — j((a + Am) — (c — ^oj) 

Inn T == Iim T r-r; 

A« Act + jAco 

A«r-»0 

If As is showed to approach zero by first letting Ac— > 0, and then letting 
Am — > 0, the limit of the difference quotient is 


lim 


c — j(m + Am) — (c — jm) 
jAm 


- 1 , 


[ 8 ] 


If As— ^ 0 by first letting Aw— 0 and then letting Ac— 0, the limit of the 
difference quotient is 


(c + Ac) - jw - (c - jw) 

Iim 

iifl— *0 Ac 


= 1 . 


[9] 


Since the limit of the difference quotient is not independent of the way in 
which As— > 0, the function s is not analytic. 


4. Zebos; SiNGTJiiAR Points 
If the function G(s) can be expressed as 


G(8) « (s - Si)«(?«(s), 


[10] 


in which m is a postive int^r, and Ga(8i) is finite and different from 
zero, then <?(«) is said to have a zero of order m at the point «i. 

Points of the $-plane at which a function G(s) is not analytic (i.e., 
does not possess a unique dmvative) are called smguUer poirOs of G. 

The amplest typ^ of Edngular point is a -pole. If the function (?(s) 
can be ezpitessed as 


(?(s) = 


_ML_, 

(s - Si)" 


[ 11 ] 


in whidi m k a positive integer, and 6»(si) is finite and different from 
zero, thffli G(s) is said to have a pole of order m at the point sj. 

Relation 11 mi^t be rewritten as 


(s - 8ir<?(s) = <h(s). [12] 


In this form it can be interpreted as stating that if G(s) has an mth-order 
pole at si, this pole can be removed by multiplying G(s) by the wth 
power of the linear factor (s — Si). 

As an example of a function having zeros and poles, conader the 
rationid fraction 


Oe(s) 


A (« + l)^ 

s(s + 2)» 


[13] 
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This function has a secsond-order zero at —1, a first-order pole at 0, 
and a third-order pole at —2. 

A single-valued function <?(s) has an essmtid dnguUirUy at point si 
if it is impossible to reduce G(s) as in equation 12 to an analytic function 
Gb(s) at this point by multiplying it by (s — with m some finite 

positive inte^r. As examples, <?6(s) ^ e* has an essential angularity 
1 

at 00 , and Gris) — has an essential singularity at — o. 

5. Extension of Region of Defeniiion of a Function 

Frequently in the treatment that follows, a function of a complex 
variable is defined in a restricted region of the s-plane by an integral. 
The limitation on the r^on of defionition of the function arises from 
diJEculties with the integral defining the function. An extension of 
this re&on of definition therefore cannot be made through this integral. 
In this region of definition the function can often be expressed in closed 
form, for example, as a rational function. If so, an extension of this 
region of definilion can be made by application of the pindple of 
extermon through pre^erwdim of form of the function. 

It is natural, if the range of definiiicm is to be extended more or less 
by fiat, that shoold dioose to preserve the /cm of the function in the 

new range. Fbrtunatd^, an ext^idon of the Tegm, of definition 
pr^ervatkm of form of the function turns out to be the most convenient 
way <rf extending this region for ordinary purposes. Furthermore, the 
function so extended will be identical with that which would be obtained 
by the method of analytic continuation [Cu 1, Bi 1] in the re^on in 
which the function can be analytically continued, i.e., at all points ex- 
cept where it is barred by angularities. 

This preservation-of-fonn method of extendu^ the re&on of definition 
of a function beyond the boundary where it is defined by an int^ral 
has been applied to the gamma function in extending its definition into 
the left half-plane where thae are angularities at the native inters. 

Example 1. Let the function 1/s be defined by an int^ral in the half-plane 
in which 0 < 0l[s] in which 9L means “ real part of.^^ This function is analytic 
at every point in this half-plane. 

The region of definition of the function can be extended to include the entire 
plane by assuming that the fxmction mamtains the form 1/s throughout this 
extended re^on. By this reasoning it becomes permissible to examine the 
function 1/s at points other than where 0 < 0t[sj. 

It win be seen tiiat in this extended r^on the function 1/s is analytic 
everywhere except at the oiigm, and there it has a first-order pole. Thus the 
origin, which in this case is the point of greatest interest in the entire plane, is 
brou^t within tiie range of definition of the function. 
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B. £ TRANSFORMATION OF SIMPLE FUNCTIONS 

The £ transformation will be used in this book for two purposes: 
(1) to transform functions of a real variable into functions of a complex 
variable, and (2) to transform operations such as differentiation, inte- 
gration, translation, and differencing in the real domain into simpler 
operations in the complex domain. This second use plays an important 
role in the solution of differential equations and difference equations, 
and much that follows in subsequent chapters will pertain to this appli- 
cation. Our immediate concern, however, will be with the first-named 
use, or more specifically, with the transformation of certain simple 
functions of the real variable which will arise frequently in the work that 
follows. The results found here will be useful throughout the rest of the 
book and should be well known by anyone using the £ transformation 
in the solution of equations. 


6. Certain Properties of the £-Transpormation Integral 


The £ transformation involves an improper integral in that its upper 
limit of integration is infinite. Moreover, the integral can be improper 
as a result of the behavior of its integrand at any point in the range of 
integration, and in particular at the lower limit of this range. When- 
ever this transformation is used, therefore, it will be understood that the 
integral is defined by a limit process. That is, 


Cme^^dt = lim 

*/q ►oot/g 

€—♦0 


[14] 


This limit process will be shown explicitly in the first example that 
follows, but thereafter it will not be indicated specifically as a step in the 
solution unless some ambiguity might arise through its omission. 

The integral in the £ transformation, equation 14, will be taken in 
the Lebesgue sense [Bu 1, pp. 366-367; Ho 1, To 1]. This will make 
posable certain freedom in the use later of the £ transformation that 
would not be permissible otherwise. If the integral were taken in the 
Biemann sense the int^ral of & finite sum of functions would be equal 
to the sum of the integrals of tiie separate functions, but the same would 
not always be true if the int^jand were an infinite sum of fimctions. 
Stating this in other words, it would not be permissible to replace the 
sum of an infinite set of integrals with a single integral. Yet it is essen- 
tial to the reasoning in certain cas^ to follow (e.g., Sec. 6, Chapter 8) 
that the limit processes of £ transformation and infinite summation be 
commutative. The £ integral will possess this property if it is defined 
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in the Lebesgue sense. In treating the functions arising in most phys- 
ical problems, however, the results prodded by improper Lebesgue 
integrals will be the same as those provided by improper Eiemann 
int^rals. 


7. Units'; Unit Step Function 

Unity may be conmdered to be a function /(t) that is a constant 1 for 
all values of t. The £[1], if it exists, will be given by the int^al 

j ’*" 1 

1 • = lim / e~‘*dt — lim - (e~" — [15] 

0 V £ r~->oo s 

K) «--»0 

Since the limit does exist and equals s~^ provided 0 < <r, the £[1] = 
for 0 < <r. 

Since the unit step function u(t) is defined as unity for 0 < f and the 
integration in the £ transformation is from 0 'to nu(t)] = m = 
$ ^,0 < (T. Thus the transform of both imity and u(t) is the simple 
rational fraction 

Although the transformation integral dejBnes the transform only 
in the half-plane in whidh 0 < tr, the boundary of thfe re^n can be 
extended to include the entire finite plane fay insisting that the form 
shall be preserved throughout this extended re^on. The function 
is analytic in the finite 5-plane except at the origin where it has a 
pole of first order. 

The unit step function u(t) when introduced in Sec. 5, Chapter 3, was 
left imdefined at i = 0. The step occurs at the origin. Even if the 
function is defined so as to have an explicit value at the ori^, this value 
will not influence its £ transform. For example, let the following five 
functions be defined as stated: 


Function t <0 t 0 0 <t 


u(i) 

na{t) 

n(i) 

u^(t) 


0-1 
0 i 1 

0 i 1 

Oil 
0 2 1 


These five fimctions differ only in their definition at the ori^. In 
accordance with the concept of limited equality expressed by the symbol 
(=), 

Ua(t), Ui(i), «„(0, and «a(f) (=) «(«), [16] 


and 'the £ transfonn of each is s ^ with 0 < <r. This fact "wiil be signifi- 
cant later when considering the £~^ transformation in Sec. 12. 
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8. Exponential Functions 
Witii a a poeative real number, £[«“"*] is 

f f -a<<r. [17] 

«/o «/o s + a 

Thus the transform of a decreasing exponential e~“* is an algebrmc 
rational fractmn (a + <*)“*. An extended function (see Sec. 5) of the 
form (a + a)“* is analytic in the finite s-plane except at —a where there 
is a first-order pole. 

It follows directly that for an increasing exponential e“‘ the £ trans- 
form is (a — <x)~\ a < ff. The pole of the extended function is now at 
-|-a, and the re^n of convergence for the direct transformation has 
been reduced slightly to a < v. 


9. Sinusoidal and Damped Oscillations 
With 0 a positive real number, £ [sin pt] is 


r"sin • e-*^dt = ^ C 

L(-±- \ = -i- 

2j \s -jp a +jP/ a* + 


0<«r. [18] 


An extended function of the form P/ (a® -I- 18^) is anaJsrtic in tiie finite 
8-plane except at tiie two points ±jP where there are first-order poles. 
Thus the transform of a sine function witii zero initial phase an^e is an 
algebraic rational fraction with conjugate first-order poles on the axis of 
hnaglnariefi. 

By steps anular to those in equation 18, £[oos is 




0 < V. 


[19] 


Conddear now the sinusoidal function A. cos (/Sf + ^) of amplitude A 
and inilM phase angle Since 

Acos OSf-l-i?')®Acos^cosjK — Asin^ffln/Sf, 

£[A cos OM -f can be found direct^ by use <rf results 18 and 19, 
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iicosOSf + ^)'e **dt=A(xx^ f 


*/o 


cosiSI-e **dt 


— Aan^ f sin/32'e **dt 

*'0 

_ (A cos ^)s _ APem4' 


fllS + Oo 
^ + ’ 


0 < O’, 


[ 20 ] 


in whidbt a© = —A/5 an f and oi = A cos 
Finally, a damped oscillation e~“‘ sin /Sf will be considered, a and p 
bang positive real numbera. £[e~®‘ sin /SI] is 



sin fit • c-*‘d{ = ^. f 


= — jr Jg— <*+a— iSX _ g— < « l a -l’ i /Otj^^ 

^Jo 

^1(—1 L_N 

2j\8 + a — jfi s H- a +jfi/ 


fi 

(s + a)^ +^’ 


—a < ff. 
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An extended rational function of the form of the fraction 
M(» + a)^ + is anal3rtic except at the two conjugate points 
— « ± jfi at which there are first-order poles. 

In summary it will be seen that the exponential ftmction with real 
exponent treated in Sec. 8 has in this section been generalized to include 
exponents that are complex. 


10. PosmvB Powiats of t 

£{I] is pven by the integral ^ te~**dt. Int^rate by parts, letting 
u = t, and do = in the equation J* udo = w) — J* odu. Thai 
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The function is an algebraic rational fraction, and when extended 
is aaal3rbic in the finite plane except at the origin where there is a pole 
of second order. 

with n a positive integer, can be found by integrating by 

Let u 

0 

— 

e~^^dt = — ; hence 


/■ 


= - 


s !o 
«00 


+ 


- / r-h 

sJo 




= 0 + - f ■ 0 < 0 -. 

Integrating this result by parts 

- r” r“ , 0 < <7. 

? «/o s Jq / 


[23] 


n 

St 


This procedure is continued until there is obtained finally 

(3)(2)(1) 


X 


"pg-j, . -fr - Dfr - 2) 

0 < <r. 


f 

^0 


nl 
,n+i > 


s 


[24] 


Thus the transform of the nth positive power of j is a rational algebraic 
function of fractional form. 'V^en extended it has a pole at the ori^ 
<rf multiplicity n + 1- 

11. Pboduct op Posehvi! Powebs op t an® ExpoNBiraiAii Ftinciion 

£[fe~^ can be found quickly by making an extension of the result 
found in equation 22. Let a be a pcmtive real number. Then 

1 


f tr^*e-**dt= f = 

VQ •'0 


/-.a- P ’ -a <<r. [25] 

(s + ay 

The effect on the transform of t of multipljdng t by the exponential 
has been to shift the second-order pole from the ori^ to the point 
—a on the native real axis and to move the boundary of tiie region 
of convergence of the integral to the left by the amount a. 

Purtiier, is found by an extension of the result found in 

equation 24 to be 

nl 


f ee~^e~’^di = /* ■■ 

VO vn 


(s -I- ’ 


—a < a. [26] 
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The effect has been to shift the (n + l)-order pole corresponding to 
i’* to — Qj on the negative real axis. The abscissa of absolute conver- 
gence for the function has likewise moved to the left by the amount a. 

12. Table of S-Transporm Pairs 

In Table 1 the results of the transformations of functions carried out 
in the sections immediately preceding have been listed, with certain 
additions, as ^-transform pairs. This is the be^nning of a more com- 
plete tabulation of transform pairs given in Appendix A, the develop- 
ment of which will gradually unfold as the discussion proceeds. In these 
tables of pairs, the functions of the complex variable with their corre- 
sponding functions of the real variable have been placed side by side, 
and the operators £ and and the symbols of equality have been 
omitted. 

Although the pairs appearing in Table 1 have been derived by pro- 
ceeding from the function of the real variable to the corresponding 
function of the complex variable, it is apparent that, having the pairs, 
the table can be used also in the reverse direction. In fact, this is the 
way in which it will in general be the more useful, and for this reason the 
F(s) functions have been placed on the left, and all multiplying coeffi- 
cients have been placed with the f(t) functions on the right. 

There is available in equation 17, Chapter 3, an explicit representation 
of the inverse transformation as a complex integral, and rules can be 
formulated for carrying out the indicated integration in the complex 
plane, but this integration represents, in comparison with the direct 
transformation, a process that is less well known and, in many cases, is 
difficult to carry out. 

The difference in the difficulty of effecting the inverse as compared with 
the direct transformation is similar to the difference in difficulty of 
effecting integration and differentiation in calculus. The delSnition of 
the integral is developed as the limit of a sum, but integration in accord- 
ance with this definition is difficult to carry out and, as a consequence, 
most integration is treated as the inverse of differentiation. Instead of 
integrating a function by taking the limit of a sum, another function is 
sought which, when differentiated, will yield the function to be 
integrated. To facilitate this inverse procedure a table of integrals is 
formed. In recognition of this use it is customary to indicate explicitly 
in these lables the operation of integration. It would be equally correct 
to indicate instead the operation of differentiation, for in all likelihood 
it is by differentiation that the tables have been built up. It is their 
subsequent use, however, that governs their form, and integration is the 
operation indicated. 
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Even though the direct transformation is usually much easier to 
cany out than the inverse, it can still happen that the direct trans- 
formation of certain functions that satisfy the criteria of £ trans- 
formability will be diflicult if the results are wanted in closed form. As 
may be expected, if the fimction to be transformed is the free solution 
of a linear i-d equation with constant coeflScients, its transformation is 
relatively easy. This transformation can be carried out by direct 
integration as in the examples above and, in more complicate cases, 
with the assistance of the theorems of Chapter 8. An alternative 
method is to (1) treat the function as the solution of a differential 
equation, forming this equation by the well-known method of elimi- 
nating the constants through differentiation, and (2) find the transform 
of the solution of this equation by the methods developed in Chapter 5. 
The solution transform found in this way will be the transform of the 
function. If, on the other hand, the function to be transformed is the 
solution of a linear i-d equation with variable coeflBcients or — even 
worse — of a nonlinear i-d equation, difficulty in computing the dir^ 
transform may be expected with any of the methods. 

In the table of transform pairs presmited here, neitiier the operation 
of direct transfmmation mr the op^tkm invmse transforznatkm m 
indicated, as the table can be useful in eitl]^ operatimu It is undbr- 
stood that the following two equations can be formulated for each pair; 

Fis) = mm, 

[271 

£-n^’(s)i (=)/(«), 

It has no doubt been gathered from the discussion in Sec. 7 that the 
direct transformation is unique and always takes the symbol of equaiity, 
whereas the inverse transformation requires in general the symbol (= ) 
of restrict©! equality miming ‘‘equals almost everywhere.” Tvro 
functions fi(t) and fs(t) may have equal continuous portions but be 
unequal at prmts of (^continuity. They will both have the same £ 
transform Fis), but this F(s) may have dther/i(0 or/aCi) for its £“^ 
transform. The symbol (= ) indicates this possibility. 

C. BASIC £-TRANSFOEMATION THEOEEJffi 

Aft^ the ppeoeding interlude on the theory of functions of a complex 
variable, and the use <jf the £ operator to transform simple functions, 
it will now be earner to understand several theor©ns on the L«q>lace 
transformation. ^ These will make more precise the ideas intiodueed 
in Oiapter 3. 
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Definition. A real^ function f (t) which is defined and single valued 
eimo^ everywhere /or 0 g t, wUh t a red varwibk, and is srudi Hud the 
improper LAesyue intend [Ho 1, To 1] 

r \Sit)\e^*di ^ lim ^ \f(Jt)\e-^% < oo [28] 

«/o 

«-K) 

for some read number a, void he called £ transformMe. 

With any specified fit), the (greatest) lower bound of all the real 
numbers which satisfy condition 28 is called the abscissa of absolute 
convergence corresponding to that /(t). It is denoted by Oa. 


13. Theorem 1, £ Tbansfobmatton 

// f(t) is £ transformable, then the Lajdace integrd (improper Lebesgue 
iniegrd), 

J -ioo nT 

fit)e-*^dt A lim / f(t)e-’*dt, [29] 

0 r—^oo i 

>0 

wUh 8 a cornjjlex variable a + jc*), converges ahsolvidyfor < ato afuno- 
ti&n F (s) which is andytic in ike hdf-plane (Tt,<c [Ha 5], 

As mentioned in Chapter 3 (p. 105), this functional transformation 
will be written in abbreviated notation as 

^[/(Ol ~ ■^(^)> ^ [30] 

14. l^EOREM % Sr ^ Teanstokmation 

Ibe next d^nition follows immediately from the notion of the inverse 
of a funclaonal transformation and from Theorem 1. 

Dehnition. The inverse Laplace iransforrndion is defined 
impiieiUy here by the rdation 

[si] 

Hus can be written: If F(8) = £[/(t)], then for 0 ^ t, /(*) (=) 

srnpm. 

The £~* operation can be pven an explidt representation in terms of 
known mathematical opaations, as shown by the follomng theorem: 

^ Gom{dex funclicaiB of a real variable can be treated by lesolviiig them into 
real and nna^naiy parts which are reaL 
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If F(s) tstiheS. transform of a function f(t), then 

— I F{syds{^)m, ogi, 

2?rj */«_,•« 


[32] 


in whidi <r, < c [Mb 1, Appen C]. 

Thus an explicit representation of Sr^ [ J is 


1 




,c+;a» 


[ ] e‘*ds, a a < c. 


[33] 


“ Explicit representation ” means here a functional transformation that 
can be effected directly. In contrast to this the above definition 31 
of defines Sr^ implicitly. To effect the transformation using 
only this implicit definition it is necessary (1) to form a table of trans- 
form pairs by using the £ transformation and (2) to use the proper pair 
in the inverse order from that in which it was obtained. 

For the present the explicit representation which is shown in expres- 
sion 33 and was mentioned in 6, Chapter 3, will not be needed. 
Other explicit repre^ntations are known [Wi 2, Bo 0], 


15. Theobem 3, Uuicirr op £ Tbansfoem 

Theorran 3 states a property that follows from the defining int^ral 
29. 

If f(t) is £ b-ansformable and £[f(t)] = r(s), (Ta < c, then its £ 
tran^orm F(s) is unique [Lb 2]. 

Example 1. Consider /i(i) = u(t — b),0< b. u(t — 6) is £ transformable 
(ffa = 0), and by direct evaluation of the int^ral 29, £[«(i — b)] — e"***"', 
0 < ff. Heree“**s“^ is the unique £ transform of u(jt — 6). 

16. Theokbm 4, Lebesgub Unicitt op £~^ Trakspobm 

£^m the fact that a Lebesgue integral appears in the condition 28 
that a function /(f) be £ transformable, it follows tiiat any other function 
which is equal sdmost everywhere to /(f) will also be £ transformable. 
In the same way, from the fact that the defining integral 29 for the 
£ transformation is a Lebesgue integral, it follows that these other 
functions which are equal almost everywhere to /(f) will have the same 
£ transform as /(f). This leads to the fourth theorem. 

If f(t) is an transform of F(s), ffeere f(t) is Ld)esgue unique, i.e., 
aU other tran^orms of F(s) are equal to f(t) almost everywhere for 
0 ^t. 

In symbols this can be written: £“^[F(s)] (=)/(f), 0 ^ f. 
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Example 1. Consider the two step functions Ua(t) and udt) defined on 
page 115. Recalling Ex, 1 in Sec. 15, it is permissible to write ( - ) 

tia(l — 5). But it is also true that (==) udt — b). Thus 

Ua{t — 6) is a Lebesgue-unique transform of 

PROBLEMS 

4*1, (a) If Fii$) ^ («* + 1)“^ are there points in the «-plane at which F i(s) is 
not anaiytict Explain. 

(6) If [F*(«)l* ^ (s* 4- 2« 4- irS is analytic at any point in the «-plane? 
Exp^lain. 

4*2 Show that the £ tranrfonn of a unit step function which has been translated 
to the right by the amount a is 

4*3. (a) Show that the rectangular pulse of height unity and located between 
pwnts a and h, with o < 5, can be represented by each of the following expressions: 

1. u(t — fl) — u(i — b) 

2. u{h — 0 — u(a — <) 

3. w(f — a) • ulh — <). 

(b) Show that the £ transform of the rectar^ular pulse described in part (a) is 

4*4. For each of the functions given below answer question (o) and if your answer 
is “ yes answer questions (5), (c), and (d). 

(o) Is the function £ transformable? 

(b) What is its 

(c) What is its £ transform? 

(d) At what points in the finite portion of the complex plane does its £ transform, 
wb^ extended, have poles and what is the order of each pole? 

Tl^ functions to be con^ered are: 

1. — ^ (ae~^ - fie-fi*). 

2. sin 03f 4- 4')- 

a an ^ 4 - i>). 

4. *e“**tiniK. 

a 6‘, 6 0 or 1. 

a I*. 

0 ( <0 

7. t/a 0 <t<a 

1 o <t 

a A dngie triaagulaivshaped pul^ starting at the origin. Its base is 2, its 
maximmo ba^t is unity, and it is isoecdes. 

9. 1 4- 2{ ■“!)*«(* — h), h is positive int^er. 

oa 

10. # — £ — I;), ife is positive integer. 

k^i 

Note : a, 0, ip, a, and h are non-negative real numbers. Forparts 9 and 10, 
express the answer to (c) in closed form, i.e., sum the series, before answering (d). 
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4*5. Show that the following constitutes an £-transform pair: 

in which 

cerf — erfy^l ^ f e’^dx. 

VtJo 



Chaptek V 


THE £ TRANSFORIVUTION OF INTEGRODIFFERENTIAL 
EQUATIONS IN ONE INDEPENDENT VARIABLE 

Having discussed the formulation of one-dimensional linear integro- 
differential equations with constant coefficients in Chapter 2 and having 
introduced the Laplace transformation in Chapters 3 and 4, the appli- 
cation of this transformation to equations of this type can now be pre- 
sented. It is applied first to a single equation and later to a set of 
equations. The immediate objective is to illustrate the first step in the 
£-traasformation method of solving such equations [Appen C, Do 16, 
St 1], In this first step the i-d equations are converted into algebraic 
equations, and in the process provision is made for the initial conditions. 
The second step is the algebraic solution of these equations. This yields 
functions of the complex variable, the inverse transformation of which 
constitutes the third step in the solution. This third step is presented 
in Chapters 6 and 7. 

An i-d equation in one dimension, as seen in Chapter 2, contains an 
unknown fimction, integrals and ordinary derivatives of this function, 
constants, and the known driving function. In addition, there must be 
a mpplementary statement of initial or boundary conditions. The 
functions all have for their argument a real variable, and since they 
arise from phyacal problems are izsually £ transformable into functions 
erf a complex variable. Since the coefficients m the equation are con- 
stants, it will be seen shortly that one direct transformation applied to 
the entire equation eliminates all the integrals and derivatives and 
makes evident all the necessary initial conditions. 

Two notrfjle results of appl 3 dng the £ transformation are: (1) an 
i-d equation is replaced fay an algebraic equation which is solvable by 
algebraic methods, and (2) this simpler equation contains all the infor- 
mation essential to the complete solution of the particular problem that 
was set. 

The £ transformation of the i-d equation is carried out by multiplying 
both of its members by the exponential kernel e"®* and integrating with 
respect to t with the limits 0 and « . As mentioned in Chapter 3, page 
101, the origin for the variable i fe so chosen that only positive values of t 
need to be considered. 
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In Chapter 4 the £ transformation of functions that satisfy csertain 
conditions was discussed. To transform i-d equations the three follow- 
ing theorems for the £ transformation of operations win be needed. 
They deal with the transformation of (1) a sum of functions, (2) the 
derivative of a function, and (3) the integral of a function. 

1. Theobbm 5, Linearity 

If the functions f(t), fi(t), and f 2 (t) are £ tramformable and haue £ 
transforms F(s), Fi(s), and F 2 (s), respedivdy, and a is a constant or a 
variable which is independent of t and s, then 

£[afit)] - aF(s), [ 1 ] 

and 

£[/i(0 =b/2(0] = W ±^ 2 ( 5 ). [2] 

If the functions F(s), Fi(s), and F 2 (s) are £ transforms of functions 
f(t), fi(t), and f 2 (t), respectively j and &isa constant or a variable which 
is independent of s and t, then 

£-HaF<s)](=)qf(i), 0 ^ t, [l'] 

and 

£-nFi(«) dh FsCs)] (=)/i(0 ±/a(0, 0 g t 12'] 

This theorem defines the linear character of the £ transformaiion and 
its inverse. The proof follows directly from the linear property of the 
integral definii^ the £ transformation and the definition of the £~^ 
transformation. 


2. Thbobem 6, Real DimsEBimATioN 
7/ the function i (t) and its derivaMve are £ tran^orvruMe, and if 

ut 


f (t) has the £ transform F(s), then 


£[^] = sF(s)-/(0+). 


[3] 


In discussing this theorem and others to follow, it will be convenient 
to call the domain of the real variable the real domain and the domain 
of the complex variable the complex domain. 

Theorem 6 states that differentiation with respect to the variable in 
the real domain goes over in the complex domain into multiplication by 
the complex variable to within an additive constaat/(0+). 

Since functions with finite discontinuities arise naturally in the prob- 
lems to be solved here, it is necessary to distinguish between a derivative 
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d^Sned as Hie inait of a diffraence quotient in which the increment 
approadies zero from the right (called a r^t-hand derivative) and one 
in wMch the increment approaches zero from Ihe left (called a left-hand 
derivative). If both exist and are equal, the result is called the deriv^a- 
tive. At points of discontinuity only right-hand derivatives will be of 
concern unless the contrary is stated, and the derivatives will be repre- 

sented by the usual derivative symbols -f and /(i). 

at 

The statement of Theorem 6 anticipates the possibility that the func- 
tron may have a step at the ori^. The additive term/(0 -f ) is the value 
of the function as the ori^ is approached from the positive or ri^t side. 
For convenience, the -f sign appended to the zero will usually be omitted 
hereafter, but its presence will be implied in the use of the theorem. 

It should be noted that the theorem requires that the derivative, as 
well as the function, be £ transfonnable. 

The demonstration of this theorem proceeds from the integral defini- 
tion of the £ transformation, 


£ /(<)e-*‘dt = m 

by an integration by parts. Let « = f(t) and dv = e“**d< in 


This^ves 


/ 


udv = tw 



rme-‘di = - -me-** 

VO s 


oo 

0 



/( 0 +) 



[41 


The presence <rf 0-1- is understood when tihe definition of the £ trans- 
formation is recalled. The lower limit € of the defining integral ap- 
proacl^ 0 from the i^t. Rearrangement of terms and multiplication 
by 8 gives 

X" [®] [5] 

or 


as stated in the theorem. 
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Extension of tins real-differentiation theorem to cover higheivorder 
derivatives, when such are S. transformable, can be made readily by 
repeated applications of the process shown in equation 5. Thus 

= s[8F(s) -/(O)] -/(O) 

= ^F(s) -ms -/(O), 


£[/<»> (0] = s»F(s) - z [6] 

ife*l 

in which /‘Hi) = ^ and /">(<) 4/(«). 


3. Theobbu 7, EnaL Integbation 

If Hie function f(t) is £ transfomudile and has Hie £ transform F(s), its 
integral 

/-”«) = ffm^£fm+f-^Ho+) m 

is likewise £ transfarmable, and 


This theorem states that integration with respect to the variable in 
the real domain goes over in the complex domain into division by the 
variable to within an additive constant of integration divided by the 

. /-”( 0 +) 

variable, i.e., . 

s 

That the integral of a function is transformable if the function itself 
is transformable follows from oontideration of the requirements for 
£ transformability. Xf /(O is defined and sing le valued almost every- 
where for 0 ^ ^ its int^ral in this region will likewise be defined and 
sin^e valued. If a real nmnber <r can be found such that the product 
function f(f)e~^ is absolutely integrable for 0 ^ t, then from the nature 
of an integral it will likewise be possible to find a real number <ri such 

that the piroduct function fm is absolutdiy int^rahle in the 


range 0 ^ A Thus by fulfilling these three conditions the int^al of 
/(t) is £ transformable. 
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Here, as in Theorem 6, provision is made for treatment of functions 
less well behaved than the usual continuous type. If (t) has a step 
at the origin, the constant of integration (0 +) is the value of (t) 
as the origin is approached from the positive or right side. For brevity, 
the + sign will tisually be omitted hereafter. 

The demonstration of this theorem proceeds from the int^ral defini- 
tion of the £ transformation, 


£ me-*dt = F(s), 


by an integration by parts. Reverang here the choice of substitution 
that was made in proving Theorem 6, let w = and dv = in 


^ udv — tu) — J'v 


This ffves 


* + sj^ [9] 

Upon rearrangement of terms and division by b, equation 9 becomes 


jr"[//(«)4-^ 

£[/ /(Ots] = 




FM +/‘"”(0+) 

s s 


as stated in the theorem. 

Extension of this real-int^ation theormu to cover h^eivorder inte- 
grals can be made readily by its repeated application. Let = 

f -f aad/<-^>(o ^m, ^ 

£ y <-«(01 = — , 

s s 
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4. Second-Order Differential Equation 

Haviag discussed the £ transformation of certain common functions 
and operations, this transformation will now be applied to the differ- 
ential equation 

A § + + Cj/ = m, y ^ y(t), [12] 

in which 4, B, and C are known constants. The unknown y(t) will be 
called the repome function, and the known/(0 will be called the drwing 
function. Tlie initial values of the unknown and its first derivative are 
2 /( 0 ) and 

This being the first application of the method, the steps will be carried 
out in more detail than will be necessary in subsequent applications. 

Appl 3 nng the £ transformation to both members of equation 12, 

£ [it ^ + C»] = £ [/(<)]. [13] 

The driving fimeiion f(t) is assumed to be £ transformable and to 
have the £ transfom F(«). F(s) will be called the drwing tran^orm. 

Since the response function y(t) and its first and second derivatives 
are unknown, the question may well arise: How does one know whether 
or not the left member is £ transformable? The answer to this question 
is not obtainable at this stage in the elution, but it is poi^ible to proceed 
on the assumption that equation 12 has a solution y(t). Furthermore, 
assume that this solution is £ transformable, and let 

mm = Y(s). [14] 

Here, as with most other methods of solution, the proof that y(t), when 
found, is a solution must be that it satisfies not only the ori^al differ- 
mtial equation but also the prescribed initial conditions. Y(s) will 
be called the response transform. 

Assuming that each of the derivatives /(t) and is £ transform- 

able, application of Theorem 6 provides that 

£b'(0] = ^F(s)-^(0), 

= ^Y(8) - y(0)s - /(O). 

dJsdoses llie way in which the initial conditions y(0} and f/(0) 
are incorporated in the solution during the process of trruisformaturn. 

Betuming to equati<m 13 and applying Theorem 5, the operation of 
tiransfoimation is distributed over the tiiree terms the 1^ member. 
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The result is 

W\ [t] 

and upon substitution from equations 14 and 15 becomes 

A[i^Y(.s) - ff(0)« - /(O)] + Sls7(s) - y(0)] + Cns) = F(s), [16] 

wMch can be rewritten as 

+Bs + C)Y(,s) = F(s) + F(0)(ils + B) + y'(0)A. [17] 

An algebraic equation, such as 16 or 17, obtained from the £ trans- 
formation of a dififerentisJ (or i-d, or difference) equation will be called a 
transform equation. 

The pol 3 moinial coefScient of Y{s) — in this case + Bs + C — 
will be called the (Mra^ieristicfuncti^ since it completely characterizes 
the physical syutan described by the differential equation. It contains 
the constants and the information on the interconnection or geometry of 
the system. The equation formed by setting it equal to zero is called the 
characteristic equation of the system. 

Solving equation 17 algebraically, 

YIb) = [f (s) + ff(0)(ils + B)+ y'(0)A]. [18] 

This algebraic solution has a form whidi will be found -fypical of all 
transfmxQ solutions. It k 

respcmse transform = (system function) • (excitation function). 

Urn system fundion in this example is the reciprocal of the diaracteris- 
tic functi(ai, but in geoer^ it will be a fraction of which the characteristic 
functirm is the denominator. It incorporates in one functioii all the 
essential knowledge regarding the physical system. 

The exeUqtion function includes the driving transform and the initial 
ocmditioDS^ the latter in the form of an iniOal excUaHon fumMon. It 
oimtains all the essential specifications of the exdtations applied to the 
eystoDo. 

F(s) was taken as the transform of y(t). Whmi the form of the 
driving funcimn/(t) is epedfied, the algdbraic form of Y(s) can be de- 
termined. Applying the £~^ trandbrmation to both members of equar 
tion 18, 

(191 
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Canying out the indicated operation on the left member, there results 
for 0 ^ 

f(s) + y(0){As + -g) + y'(0)A 
+Bs+C 

If F(s) were sm algebraic function of the form of any one of the 
various transforms listed in Table 1, Chapter 4, its inverse could be 
written imme(hately by reference to that table. But anee F(s) is a 
more complicated function than any listed there, such a direct method of 
determining its inverse transform fails. A difficulty of this nature arises 
in ordinary integration when the integral to be evaluated does not come 
within the range of the table of integrals that is available. The method 
of surmounting it is to resolve the function to be integrated into a sum 
of simpler components the integrals of each of which may appear sepa- 
rately in the table. Unless one resorts to a procedure like this the table 
of int^rals must of necessity be long and unwiddy. The present 
difficulty can be surmounted in the same manner, namely, by resolving 
the transform Y(s) into a sum of simpler component transforms each 
of which comes within the scope of Table 1, Chapter 4. 

The final step indicated in equation 20 will be postponed, however, 
until certain general principles of the £~^ transformation applicable to 
all rational algebraic transforms have been developed in the following 
chapter. The remainder of the present chapter will be used for a number 
of examples, the solution of each being carried as far as the indication 
of the final inverse transformation. 

5. FiRST-ObDEB iNTEGBOnrSTEBENTIAL EQUATION 

As a second example the £ transformation will be applied to the 
first-order int^rodifferential equation 

A^ + By + cfydt = /(O, y ^ y(t), [21] 

Let the initial values of the unknown and its first int^ral be y(0) 
and 

In the previous section the procedure to be applied in the solution of 
an or dinar y differential equation by the £-transformation method was 
presrated in ^eat detail. The procedure here will be abbreviated to 
only the major steps. 

Aiwnme that y(t), and/ (t) are all £ transfoimahle, and let 

. « 

£[»«)] = r(s), 

mm = m- 



2 /( 0 (=)£-^[ 
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Then by Theorem 6, 

£[y'(<)] = »F(8) - y(0). 


And by Theorem 7, 


f(y(-»(0] = 


m , y^-»(0) 

s s 


With the application of Theorem 5, the transform equation is 
A [«F(s) - y( 0 )] + BF(s) + C F(s) + F(s), [ 22 ] 

which can be rewritten as 

(as + B +• ^^F(s) = F(«) + y( 0 )A - . [ 23 ] 

Here the characteristic function is the polynomial As^ + Bs + C, 
Solving equation 23 for V(s) gives 

F(s) + y(0)A - y‘-«(0)C- 

y(sy f. [24] 

As + B + - 
s 

Equation 24 can be written in the form 

response transform = (system function) • (excitation function), 

and oontains ail the essential infoimation of the problem. 

In accordance with the assumption that T(s) is the £ transform of 
p(i), tte response function is found from tiie £~^^transfomiation of V (s ) . 
That fe, for 0 ^ 

F(s)+y(0)A-y'-»(0)C- 

y(i) (=)£-' * [25] 

As + B + — 

_ s 


and ti» sokitkm is reduced to the final st^ of expresang F( 8 ) as a anm 
tenss, each recc^izable mth ihe aid of Table 1 , Chapter 4 , as tiie 
transform a padicular function of time. 

6. Equation for One-Loop Eubctric Hbtwoke 

The circuit of Fig. 5-1 is operating in the steady state with the switch K 
open. This switch is suddenly dcW at an instant when the HinnHniitnl 
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driving voltage is zero and has a positive derivative. At this instant, 
which may be called f = 0 , there is energy stored in the inductance and 
in the capaatance. The £ transform for the arcuit current i(t) after 
this switchit^ will now be found. 

The initial energy conditions can be 
accounted for by specifying the initial 
currait in the inductance and the 
initial voltage across the capacitance. 

Let the magnitude of the initial cuiv 
rent in L be p, and the magnitude of 
the initial voltage across C be 7 . Let the sense of p and the polarity 
of 7 be as indicated in the diagram. 

The i-d equation for the circuit is 

L^+Bi + ^J‘icU = VmSiatait, t A {(t), [26] 

Introducing the condsis^ initial condition into the equation, 26 becomes 

idt = sin + 7 - {27] 

By pairs 3 and 1, Table 1, Chapter 4, the 
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£[F„ sin + 7 ] = 4^2 + - • 128] 

S + 0)1 s 

Then letting £[i(0] = the £ transformation of equation 27 gives 

L[sJ(s) - i(0)] + RI( 2 ) + -^Us) = [29] 

Cs sr + coil s 

Note that the result would have been identical if 26 instead of 27 had 
been the equation transformed. The real integration theorem brings in 
the initial condenser voltage when the indefinite integral is transformed; 
hence the condenser initial voltage need not be introduced into the i-d 
equation. It will be found convenient at first, however, to introduce it 
into the i-d equation — at least tmtil a certain familiarity is acquired 
with the significance of the terms in the transform equation. 

Upon collection of terms, equation 29 becomes 


[ 30 ] 
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But i(0) = — p, the sign being minus since the initial current in L is 
opposite to the loop arrow direction. Solving equation 30 for / (s), 

F„wi/(s® + wi) — pL + y's Fb,wiS — (pLs — 7)(s* + «4) 

Ls + JJ + l/Cs " (s* + «f)(Ls2 + Bs + l/<7) ' 

[31] 


The S~^ transformation of equation 31 gives, for 0 
r F„6HS — (pLs -y)is‘ + 
L(s2+a,?)(Ls2 + fis + l/C) J 


{(«)( = )£■* 


[32] 


and the solution is reduced to the final steps of carrying out the inverse 
transformation. 


7. Equations foe Two-Loop Netwokk 

In Fig. 6-2 is shown the two-loop network for which the i-d equations 
were written in Sec. 5, Chapter 2. The drivii^ voltage »(<) is specified 

to be Fm cos Wit. The magnitude of 
the initial voltage across Ca is y, with 
polarity as indicated; the magnitude 
of the initlai current in Li is p, with 
direction as indicated. The £ trans- 
forms of the loop currents will now be 
found. 

The i-d equations for this network were given inequations 17, Chapter 
2. They are 

Riii + ^ = Fm cos 4- 7> 

t ' [33] 

- ^ Citdt + Li ^ + 122*2 + ^ r iatK = -7- 

02^0 oi 02^0 

By ptur 4, Table 1, Chapter 4, the 

£[F„ cos wit] = F„ ^ 2 ^ ^ F(s). 

H the £ transforms d ii(t) and 22 (t) are denoted by Ii(s) and /aCs), 
respectively, the £ transformatbn of equations 33 ^ves 

mw + -s«-) - I'M +r 

1 1 

- ^ his) 4- Li[afa(s) - ^2(0)] 4- RM) 4- ^ /a(s) = - J 



Fig. 5-2 



Sbc. 7] 


EQUATIONS FOR TWO-LOOP NETWORK 


137 


Collecting tenns in equations 34, and noting that j'ofO) = — p. 


[35] 


At this point it is desirable to introduce a t3rpe of simplifying notation 
that will be useful here and also later in similar problems. Let 




222(3) = LiS + ^2 + 


C 2 S 


213(3) == ^l(«) 


C28 


fil(3) ^ V(8) + -» 
S 


® 3 ( 3 ) ^ -pLi - 

a 


136] 


In these abbreviations, zii(s) and 222(3) are the sdf-4inpedance 
fundions of loops 1 and 2, respectively. 212(3) = 221(5) is the mutual- 
impedance function of loops 1 and 2. It will be observed that these 
impedance functions can be formed directly from the corresponding o’s 
(i.e., the self- and mutuai-i-d operators of the loops) by replacing the 

d r* 

differentiation operator — witii s and the intention operator i [ ] dt 
at t/Q 

with 5“*^. Better still, they can be written directly by inspection of 

the connection diagram without writing the i-d equations. 

The abbreviations Ei{s) and £’2(5) will be called the excitation func- 
tions for loops 1 and 2, respectively. The exdtation function for any 
^ven loop condsts of the algebraic sum, taken around this loop, of 
the driving transforms, the inilM-Knirrent-inductance products, and s~^ 
times the initwd condenser voltages. The signs to be '^ven driving 
transforms are tire same as would be ^ven their respective «)urces in 
writing Elrehhoff’s voltage equation for the loop. In summing the 
imtialHmiient-inductance products, a product resulting from an initial 
current in a sdf-inductance in the arrow direction of the loop is con- 
sidered podtive. Products resulting from pure mutual inductance will 
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be discui^ed in Sec. 8. In summing initial condenser voltages, a voltage 
rise in the arrow direction is considered positive. 

Using the abbreviations of 36, equations 35 become 

2 ii(sUi(s) + zi2(s)l2is) = Ei(s), 

^lis)Iiis) + Z22(s)l2{s) = E2{s)* 


The transform equations 35 and 37 suggest a connection diagram 
which applies equally well to both transient and steady-state analysis. 
Instead of the usual L,RjS, and source elements, its elements sym- 
bolize inductive-reactance^ functions, resistances, capacitive-reactance^ 
functions, and loop-excitation functions. The unknowns symbolized 
are the loop-current transforms. Such a diagram, which will be called 
a transform dtagramy is given for this example in Kg. 6*3. Note that 

loop 2 has an excitation function 
E 2 (s) althou^ there was no im- 
pressed voltage in this loop. It is 
apparent that such a diagram can 
be constructed directly from the orig- 
inal problem statement and that solu- 
tion for steady-state and transient 
responses can begin here, omitting 
both the writing of the i-d equations and their subsequent transformation. 

The transform equations 37 can be solved by algebra for Ji(s) and 
12 ( 0 ) by the substitution method. The solutions are 



Fig. 5-3. Transform diagram for the 
network of Fig. 5*2. 


with 


h(s) = 


his) = 


222(8) 

A(8) 


Ei(s) 4 


-gl 2 (s) 

A(8) 


A(s) 


Elis) 4 


2ll(8) 

A(S) 


Ezis), 

\ 

Ezis), 


A(s) = Zn(s)222(s) - 2u(«). 


[381 


For fuiih^ dmplificatioa, let 


V 4 223(8) 

¥ n(s) = -- - -- 
A(s) 


F22(8) ^ 


2u(8) 

A(s) 


[39] 


Yziis) - Yizia) 4 

A(s) A(s) 

^ The term “ reactance is used here in a g^mralized sense to apply to a foncticm 
of a complex variable s rather than to the usual steady state functiozL of «. 
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Fii(s) and Y^zis) are the short-circuit input-admittance functions of 
the network viewed from loop 1 and loop 2, respectively. Y^i (s) is the 
short-circuit transfer-admittance function for loops 1 and 2. 

On introduction of the abbreviations 39, equations 38 become 

/i(s) = Fii( 8 )Si(s) + Y,zis)Ez(s), | 

/2(8) = Yziis)Ei(8) + YMEzis). 

It is seen that it takes three system functions FuCs), Yzzis), and 
F2 i(s) and two excitation functions Ei(s) and Ezis) to determine com- 
pletely the two response transforms Ii(s) and Izis) of this two-loop 
network. 

The indicated transformation of equations 40 yields, for 0 g i. 

Hit) (=)£“MFn(s)Si(5) + Y^2is)E2is)l 

[41] 

i2(0 (=)£^MF2 i(«)Si(5) + 

The result will be left as two indicated transformations. 


8. Equations eob Two-Loop Netwobk with Mutual Inductance 

In tibe previous two sections it was shown how in an electric network 
the initial conditioDS resulting from initially energised self^nductanees 
and capacitances are brought into the transform equations. In the 
present section the effect of an initially energized mutual inductance 
will be considered, using as an 
example the network of Fig. 

5*4. This is the network for 
which the i-d equations were 
written in Sec. 7, Chapter 2. 

The driving voltage is 

cos (wif + ^). The magni- 54 

tude of the initial current in L 2 

and Ls is p, with direction as indicated. The £ transforms of the loop 
currents will now be found. 

The equations for this network were given in equations 21, Chapter 2, 
and are repeated here, with the correct signs selected for the mutual- 
induction terms. 

(Li + La) ^ + (Si + S3)ii - (La -h M) - Esis = 0, 



■ (La -h M) — Bgii + (Lz -f- L3) + (Sj + Sa)^ 


= cos (uit -h ^). 

Hie ini ti&l conditions are ii(0) = 0, and 12(0) = ~P- 
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By iffie dT equation 20, Chapter 4, the 

£[F» cos + ^)] = 4 V(s), 

in which g = cos and A = — sin 4^. 

Letting the £ transfonns of fi(0 and 1*2(0 be denoted by /i{s) and 
/2(s)> the £ tranrformation of equations 42 gives 

(Lx + L3 )«/i(0 + (Ri + R3)Ii(s) - {L 3 + 3f)[s72(0 - t 2 ( 0 )] 

— Rzhis) = 0, 

-(La + M)sli{s) - £8/i(s) + (La + L3)[s72(s) - t2(0)] 

+ (iia + Rz)l2is) = F(s). 

Terms in ii(0) have been omitted because they are zero. Collecting 
terms, and using the fact that 12(0) - — p, equations 43 become 


[(Lx + Lz)s -j- i2i + if3]-?i(0 “ [(“^3 + + -Bsl-^zCO 

= (Ls + A7)p, 

—[(La + M)8 + i?3]/i(s) + [(La + Lz)^ + jBa + RzV^i^) 
= F(s)-(L2+L3)p. 




For this network, the self- and mutual-impedance functions for the 
loops are 

2li(8) = (Li + 113)$ iJi + B3, 

Zaais) 4 + La)® -1- Ba + Rs, ^ [45] 

Zi2(s) = 82i(s) = -[(La + M)s -H Bal- 

Hie loop-excitation functions are 

®i(s)^ (L3 4-ilf)p, 

^2(s) = F(s)-(L2 + L3)p. J 

To the rules for fomun^ these functions given in the previous section 
there can be added now the rule of agus for initial-current-mutual- 
inductance products. The sign of the i2(0)jlf product in Et(s) will 
be -{- if the ]0op-2 initial current, in subsiding to zcto, induces a voltage 
rise in loop 1 in the arrow direction. A similar rule holds for the sign 
of the ii (0)M product in jE' 2 (s). This rule applies equa% well where 
there are three or more inductively oouj^ed loops. In any case, the 
a^braic sum of the f(0)L and t(0)Af products in the E(s) for any loop 
is ihe net number of flux linkages in that loop at f = 0-(-. 
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Finally, the transform equations are 

+ 2 i 2 ( s )^ 2 («) = Elis), 
2f2i(^)A(s) + ^22(s)h(^) = E2(s), 


and the corresponding transform diagram is as shown in Fig, 5*5. The 
algebraic solution of equations 47 for Ii (s) and / 2 (s) is the same as that 
of equations 37 in Sec. 7. 





Fig. 5*<5. Transform diagram for the 
network of Fig. 5-4. 



Fig. 5*6 


9. Equation foe One-Nodb-Paib Netwoek 

In the three preceding examples the electric network aquations have 
been formulated on the loop baris. In ihe present example the £ 
transfoimatk>iis will be app^ed to a network equation formulated on 
the node basis. 

The network of Rg. 5*6 is similar to the one in Rg. 2*13 for which 
the i-d equation was written in Sec. 11, Chapter 2. Here the closing of 
the switch K B.t 0 connects a capacitance, having initial voltage 
across it, with the parallel group conristing of an inverse inductance 
with initial current, a conductance, and a constant driving current 7. 
Let the initial voltage across C have the magnitude y and polarity shown, 
and let the initial current in T have the magnitude p and direction 
shown. The £ transform of the node-pair voltage v(t) will be derived. 

The equation for this network was given as equation 26, Chapter 2, 
and is repeated here for convenience, 

C^+Gv + rJ’vdt = I. [48] 

As a result of the initial current p in the inductance, 

dt=rj^vdt + p. [49] 

Hie positive appears because tiie initial cuxreut in F is directed 
awEQT from the node. Substitution of expression 49 in equation 48 ^ves 
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Let F(s) be the £ transform of v(i). Then the £ transformation 
of equation 50 pves 

ClsF(s) - t'(0)] + (?F(s) + - F(s) = - - ^ . [51] 

S 3 S 

But »(0) = +7, the sign being + because the initial voltage across C is 
such as to make the node positive in potential with respect to the 
reference. Thus equation 51 can be written 




[52] 


It will be noted that initial condenser charge yC in the node scheme is 
analogous to initial flux linkages in the loop scheme, and initial current 
fi is analogous to initial condenser voltage. 

Solving equation 52 for F (s), there is obtained 

I/s +yC — p/s _ yCs + (/ — p) 

Cs + 6 + V/s + Gs + r 

The indicated transfonnation of equation 53 yields, for 0 ^ f, 


F(s) = 


[53] 




[54] 


and tire result is Mt in this form. 


10. Equations fob Two-Coobbinate Mechanical Stkfeii 

The two-coordinate system of Mg. 5*7 
will be used to show tiie application of 
the £ transformation to the equations of 
a mechanicid system. This system was 
described in Sec. 21, Chapter 2. Its dif- 
ferential equations of motion were given 
in equations 60, Chapter 2. Those equa- 
tions and the initial conditions supple- 
menting tiiem are repeated below: 



[ M, 



1 


i«. 


«.“X««r**sin S W 


Fiq, 5*7. The displacement of 
the*! lame is a forced damped 
oedllatkm. 


-KiXi + Mi -b Bi ^ 4- (Ki -1- K2)xi 


Bi^+Ki?^, 


[56] 
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and 

*i(0) = «i, *1(0) = —bi, 

* 2 ( 0 ) = -02, a4(0) = 62 . 

Let the forced displacement 3 : 3(0 = sin «iL 

With the aid of pair 6, Table 1, Chapter 4, the 

£[Z„e-«sin«iI] = 2 = 

(S -h 5)-* + 0?! 


156] 


If the £ transforms of xi and are the functions Xi and of s, the 
£ transformation of equations 55 results in the equations 

Mil^Xi - xi (0)5 - x[ (0)] + Bi[sXi - a;i (0)] + KiXi ~ K 1 X 2 ] 

= i5i[sX3 - X3(0)], 

[57] 

-KiXi + Mzl^Xi - a:2(0)s - 4(0)] + B2[sX2 - iCsCO)] 

+ {Ki + K2)X2 = B2[sX3 — X3(0)] + ^ 

Collecrting tenns, 

(Mid^ + J?i5 + Ki)Xi ““ K 1 X 2 = BisXz + xi{0)(Mis + Bi) 

+ 4(0)Mi-a;3(0)Si, 

[OoJ 

— -JfiXi + [M2S^ + ^2® + (ifl + K2)]X2 = (B 2 S 4- K^Xz 
+ 3^2 (0) 2® 4* B 2 ) 4" 4 (0)^2 — iC3(0)j?2- 


Note that the ri^t members of equations 55 were transformed 
directly instead of first substituting the time expressions for a ;3 and 
its first derivative and then transforming. In this way further ad- 
vantage is taken of the transformation scheme in liiat it is much simpler 
to multiply by the variable in the complex domain than to differentiate 
in the real domain. 

Substitution of the values of the initial conditions can now be made 
from equations 56. In addition, from the form of xz (t) it is evident that 
xz(0) = 0. 

With the magnitudes and signs of the initial values supplied, equa- 
tions 58 can be expressed as 

Pii(5)Xi(s) 4" Pi2{s)-^2(«) = Ei(s)j I 

P2i(s)-Xi(5) 4- P22(«)^2{«) = *^ 2 ( 5 )# j 
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in which 

Pii ^ + Bis + Kif 

V22 ^ + B2S + (Kt + iSg)? 

P12 = P21 ^ —'Kij [ 60 ] 

Elis) ^ BisXz + aiiMiS + Bi) - hMu 

■® 2 (®) ^ (-^ 2 ^ ^^2)^3 — C^(J/2'S "t* ^62) 4 * 62'^^2- 

An algebraic solution for the transforms XiCs) and Z 2 (s) can now 
be made, and the inverse transformation of these leads to the final 
result. Thus the solutions may be indicated as 

xiit) i^) S-^lXi(s)l 

[ 61 ] 

and are good for 0 ^ 

11, Set of I Integrodifferential Equations for Hoop Electric 
Network 

In the preceding examples, no more than two i-d equations or two 
differential equations have been handled at one time. In this section 
the more general case of a set of I integrodifferential equations will be 
treated. These will have first-order derivatives and integrals since 
equations containing those of hi^er order arise infrequently and can 
be reduced to a set of equations of the type treated if encountered. 

In an l-Ioop dectric network let the functions it, ^ 2 , • • • , ii of the 
the I unknown loop currents, and let the functions vi, V 2 , • • • , viof t be 
the I known applied loop voltages. The clockwise direction for a loop 
current will be taken as positive. The set of i-d equations is 
2 

X) Ujfctjfe(i) = ^jit)f J = 1, 2, • • • , Z, [ 62 ] 

in which 

Oji ~ i ^ 

Certain exceptrons to tiie signs taken for Ujt have berai discussed in 
Sec. 9j Chapter 2. 

For generality let it be assumed that each loop j has a net initial flux 
link^ Xj and a net initial condenser voltage Tj. In Secs. 7 and 8 a 
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procedure mis developed for handling the initial fiux linka^ and 
initial condenser voltages of any loop, and that procedure will be 
followed here. 

Let 

= Ii(8), and = 

then the £ transfonnation of equations 62 gives 

i. zAs)hi8) = Ei(s), i = 1, 2, . . . , 1, [63] 

in which 

^ + Rjj + 77 ~; ^ 

^,(S) = W+Xi + ^', 

s 

Xj « net flux linkages in loopj at t = 0+, 

» net condenser voltage in hx>pi at ^ = 0+. 

The set of transform equations 63 includes all the essential information 
regarding the network whose electrical behavior was described by 
equations 62. It includes all the essential element constants and 
element connections, and all the excitations — which in turn include 
all driving functions and all essential initial values. In other words, 
this set of equations comprises a complete statement in iS-transform 
notation of the physical problem that originally was expressed in the 
set of i-d equations supplemented by a statement of initial conditions. 

12. AiiGebrajc Solution of a Set op I Transform Equations 

Equations 63 constitute a set of Z algebraic equations having I un- 
known functions 7i, 72, • • • , /z of s. The simplest way of indicating 
the solution of such a set of equations for any one of the unknowns, say 
7i:(s), is to use determinants and Cramer^s rule. To this end the 
following notation is introduced : 

^11 W «i2(s) • • • W 

, 2 f 2 i(s) Z 2 z{s) • - Z 2 l{s) 

. [64] 

Zjq(8) - - • Zii{s) 



146 


THE £ TRANSFORMATION OF i-d EQUATIONS [Chap. V 


A(s) is the determinant of the set of transform equations and is of order 
L The ar’s are its elements. The determinant which is formed when the 
elements of the kth. column of 64 are replaced by the excitation functions 
Eu Ezf fEi of sm designated by Ajb(s). Then by Cramer's rule the 
solution of the set of equations 63 is 

/i(s) = ^, *=1,2, [65] 

A determinant can be expanded in terms of the cofactors of the 
elements of any column or row. This provides a way of carr 3 dng the 
solution of equations 65 somewhat farther. The cqfactor of the element 
zyjfc in A(s) is 

\ 2 n • • -l.Ar+X • * •Zu 

= (— l.l " * 1,&— 1 

• • • 2y^i,Aj-i Zj^i,k^i * * • [66] 


Zll • • * • *222 


in w’hich the argument s of the z's is omitted for simplification. Njk(s) 
is formed from A{s) by striking out the row and column containing the 
element Zjk and prefixing the sign factor (~ 

Expanding Aifc(s) in terms of the cofactors of the Mh column — 
remembering that the elements of this column consist of the E’s — 
equations 65 can be wriitten 


hi^) - 


NiM 

A{a) 


Ei{s) + 


N2k{s) 

Ms) 


^2{s) + * • “ + 


Nikis) 

Ms) 

k == 


Elis), 

1 , 2 , 


[67] 


When a cofactor is divided by the determinant of the system as above, 
it is called a normalized cofaek>r. Introducing the abbreviations 


Y fr\ ^ Njkis) 


[681 


for tlie nonaaliaed cofactois forming the coefficieats in the equations 
67, these equations become 

h(s) = j:Yij{s)Ei(s), fc = 1, 2, . • . , Z. [69] 

/=! 

Fy,(s) is the short-dreuit input-admittance function of the network 
viewed from loop j. The sin^e transform equation 

Ii(s) = Yif(s)Ei(s) 


[70] 
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indicates that Yjjis) is the ^stem function relating the transform for 
the current in loop j to the excitation function for this same loop, all 
other excitation functions being zero. Yjj{s) can be formed from the 
determinant and cofactor as in equation 68, but equation 70 indicates 
that it can also be formed readily from inspection of the transform 
diagram of the network. In the latter method, impedance fimctions 
are combined in series and parallel, with AY, or FA transformations 
made when necessary as with steady-state impedances. 

Ykjis) is the shorUcircuit transfer-<idmittance Junction for loops j and 
k. The equation 

h{s) = Ffc,(a)jSK«) [71] 

indicates that Y^jis) is the system function relating the transform for 
the current in loop k to the excitation function in loop j, all other ex- 
citation functions being zero. As suggested by equation 71, this func- 
tion can be formed directly from inspection of the transform diagram 
of the network by series-parallel combination of impedance functions. 

Through choice of symbols and terminology an effort has been made 
to emphasize the fact Hiat £-transform relations are but a generalization 
of conventional steady-state ar-c relations. Network theory is well 
known in terms of isteady-state a-c quantities but not in terms of £ 
transforms. The similarity of form of the equations is evident, but the 
nature of the transforms makes possible a generality of interpretation 
in transient as well as steady-state analysis that far exceeds conventional 
treatment of these two phases of network analysis. On the other 
hand, a knowledge of steady-state a-c theory can be of real assistance 
in the rapid formulation of system functions in the £-transformation 
theory. A similarity of symbolism and terminology has been employed 
to encourage this close association and mutual helpfulness of the two 
approaches. 

PROBLEMS 

5-1. When not in use the relay K% shown in the diagram is closed. The winding 
controlling K 2 is divided, winding 1 having few 
turns Ni and low resistance, and winding 2 
having many turns N 2 and high resistance. 

When switch Ki is closed large current is pro- 
vided for quick pickup of K 2 and low current is 
provided ultimately for holding it ox)en. When 
switch Ki is opened there is a time delay before 
Kz closes. The pickup and drop-out ampere- 
turns are Ai and A 2 , respectively, with A 2 < Ai. 

The supply volt^ is V volts dc. 

(a) II switch Ki is closed and t is considered 
zero wh^ Kz opens, fmm the £ transform of the current in winding 2. 


K2 



Fig. 5-Pl 
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(&)^With the network in its steady-state condition, switch Ki is opened. If this 
is considered to occur at i — 0, form the £ transform of the current in winding 2. 


6'2. With K in position a, the network illustrated comes to its steady-state con- 
dition; K is then moved to position & at f = 0, Give the £ transform of the voltage 
for 0 ^ 



Fig. 5 P2 Fig. 5 P3 


5*3. Find the £ transform of the condenser voltage vi in the network illustrated. 
The initial conditions are as indicated. »(0 = F« sin uit. 

5-4. If the voltage source and series branch in diagram a are to be replaced by a 
source and parallel branch as in 5, what must the paralldl branch be, and 
what rdation must hold between the current and voltage sources? Terminal 
current ii and voltage must be the same in both networks. 

Try geP^wdising this to branches oon^ting of general passive networks. 



5*5. if a unit st^ voltage is impressed on a 2-tennina! network which is initially 
without eunents os charges, the input current is 

f (£) = ifi -f sin fit amperes. 

Here Ki and Kt are real constants. From this calculate what the steady-state 
input power will be if the applied voltage on these two terminals is 

tj(i) = 7i fiin <a\t + 0.2Fi sin (Swif -f volts, 
i.e^ a and a 20-perc^t third haimonic. 



(a) (6) 

F1Q.5-P6 


5-6. In diagram a is shown a stneen-gnd tube driving a tuned drcuit. As a result 
of a voltage, the alternating voltage Vg ^ the grid circuit produces an int^- 
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mittent plate current ip of the form shown by the solid line in diagram 6, the tube 
acting as a current source. Give the £ transform of the voltage drop Vp produced 
across the plate circuit by this current. 

5*7. A surge-voltage generator which is especially useful for studying the surge 
protection of transmission-line terminal apparatus is shown in diagram a. When 
this surge generator discharges without any load between terminals mn, the voltage 
drop v(t) appearing between these terminals has the form Ym{e~^* — hi which 
Fm, a, and h are positive real numbers. Furthermore, when viewed from these 
terminals during discharge the surge generator appears to have an impedance function 
which is a constant JR. Thus, viewed from terminals win, the generator’s equivalent 
network is as shown in diagram b. 

R, R: 1 ? 

m 

Q 

n 

(o) 

Fia 5-P7 





If Cl, € 2 , Lu and L 2 are fixed in value, find the relations that must hold among the 
B*8 and the €*» and L’s of diagram a to give the v{t) and B of diagram d. Assume 
that the initial enerpes are zero except in Ci, the initial voltage across whidh is 7 . 

5-8- The network shown in the diagram is in the steady state when switch K 
opens- Find the £ transform of the voltage which appears thereafter across the 
mid-condenser C. The result may be left in the form of a ratio of determinants. 

Fo == 300 volts L = 2 X 10“^ henry 

jR = 10 ohms C = 5 X 10"® farad 




fi-O. The diagram shows a shaft having at one end a disk with moment of inertia Ji 
and at the oth«r ®id a vibration damper consisting of a copper drum whose momeit 
of inertia is J 2 and within which is a flywheel having moment of inatia J 3 , This 
inner flywheel is made of an aluminumnoickel-cobalt-iron alloy having high magnetic 
retotivity so that it remains polarized after magnetization. Tire damp n g produced 
by eddy curr^ots induced in the drum when there is relative motion between drum 
and flywhed is represented by rotational reliance B. The toracmai stifiress the 
shaft Is K. 
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With the system at rest an exciting torque T(f) ~ 7 m cos mt is applied to the 
disk at t » 0. Find the £ transform of the angular twist to which the shaft be- 
twem the disk and the damper is subjected. In a single ^ystem of units, 

Ji-100 it=50 6 h«3 

jr,® 8 B « 1.2 

« 40 7m=» 



Fig. 5 P10 


6-10. Ihe fundamental equation of motion of a turbine blade subject to pulse 
loading because of partial admission of steam is 

in which/(0 is the steam jet loading. The form of one period of /(f) ^ shown in the 
diagram. 

(а) Find the £ transform of x for an interval corresponding to one revolution 
assuming that the initial values of x and x^ are known. 

(б) If the initial values were not known how would you find the £ transform for x 
considering that the blade motion has reached the repeated-transient state? 

5-11. The diagram shows the network of a parallel inverter with resistance load. 
Consider one half-cycle of its operation, letting i = 0 at the instant when anode 2 
ceases conducting and the return current passes throu^ anode 1 alone. Assume 
that at that instant the initial condenser voltage and the initial inductance currents 
are as indicated. The constant arc-voltage drop has been deducted from the source 



Fig. 5-Pll 

voltage to give the ooiffitant vditage Vo. To simiMy the figure, the grid-control 
circuitB are not shown ami need not be considered in the problem. For this half-cyde 
find: 

(а) The self-impedanoe and mutual-impedance functions for the loops. 

(б) The short-drcuit input^dmittanoe and transfe^adzmitance functions for the 
loops. 

(c) The excitation functions for the loops. 

(d) The £ transforms of the loop currents. 
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5*12* The diagram shows oike section of a balanced lattice-type corrective network 
with resistance terminations. Assume that the initial energy storage is zero. 

= L/C. 

(a) Find: (1) the £ transform of the input current ii, (2) the £ transform of the 
output current i 2 , (3) the short-circuit input-admittance function, and (4) the short- 
circuit transfer-admittance function. 

(b) Repeat part a using two sections. It will be sufficient if this is answered by 
reasoning physically, using the results obtained from a single section. 


L 



(c) Write the ratio of the tran^orms of the ou^ut and input voltages when there 
are n sections. Examine this ratio along the imaginary axis in the s-plane, {dotting 
the magnitude and phase acy^e the ratio against ta. In view the result foimd 
here, state in words the investing electrical properties of this network. 



Chapter VI 

THE TRANSFORMATION OF RATIONAL 
ALGEBRAIC FRACTIONS 

It has been shown in Chapter 5 that the £ transformation of a set of 
n linear constant-coefficient i-d equations in one independent variable 
leads to a set of n linear algebraic equations. The solution of this set 
for the transform of any one of the unknowns has in general the form 

/a responseN ^ systemN ^ / an excitationX jfe = i 2 n 

\traDsform j”i\function /ly \ function ' 

The Intern functions appearing in the terms of the above sum are 
algebraic functions of «. The same is true of the excitation functions, 
provided the driving functions are constants, exponentials, sinusoids, 
positive integral powers of the independent variable, or any product or 
sum of these — in brief, any fxmctions of the form of pairs 1 to 12 
given in Table 1, Chapter 4. Since the product of two rational alge- 
braic functions is also a rational algebraic function, the response trans- 
form is a function of the rational algebraic type. 

The final step in the solution of a set of linear, constant-coefficient 
i-d equations with ^ven boundary conditions depends upon the inverse 
transformation of the various response transforms. With the restric- 
tion on the driving function cited above, the problem of obtaining a 
solution reduces ultimately to the transformation of rational alge- 
brmc functions of «. 

1. Assocuating Form op f{t) with Position of Poles op F(s) 

Brfme discussing the general algebraic fraction it is desirable to 
review the simple transformation pairs ^ven in Table 1, Chapter 4, 
since these provide information that can be especially useful in the 
interpretation of transforn^ arising in the solution of linear oonstant- 
coefficioit i-d equations in one independent variable. In the comments 
that follow, the position i^ven for a pole will refer to its position in the 
complex plane; the form given for an inverse transform will refer to 
its form in the range 0 ^ i. 

Pair 1 shows that a first-onier pole at the origin is associated with a 
constant (0 g in the real domain. 
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From pair 2 it is seen that a first-order pole on the negative real axis 
has associated with it a decreasing exponential in the real domain. As 
the position of this pole is moved in along the negative real axis to the 
origin and out along the positive real axis the form of the associated 
time function changes from a decreasing exponential to a constant and 
then to an increasing exponential. 

Pairs 3, 4, and 5 show that first-order conjugate poles on the axis 
of imaginaries are associated with sinusoidal Inunctions. If these con- 
jugate poles lie oflf the axis in the left half of the complex plane, as in 
pairs 6 , 7, and 8 , the associated function is an exponentially damped 
oscillation. If these poles lie in the right half-plane the associated 
fxmction is an exponentially increasing oscillation. 

From pair 9 it is seen that a second-order pole at the origin has for 
its associated function in the real domain a linear; and if this pole is of 
higher order, it is seen from pair 10 that the associated function is a 
higher-d^ree power function. 

If the pole is of second order and lies on Ihe native real axis, pair 
11 shows that the associated function in the real domain is the product 
of a linear factor and a decreasing exponential. If this pole is of hi^er 
order, pair 12 shows that the product curve is composed of a powa* 
function and a d^reasing exponential. Both pairs 11 and 12 simw that 
if the bi^er-order pole falls on the positive real axis the exponential 
factor in the assisted product function is increasing in magnitude. 

It is instructive to follow in this way the change in form of the asso- 
ciated time function as the positions of the poles of F{s) are changed in 
some prescribed way. A knowledge of the time functions corresponding 
to transforms having poles in certain locations in the s-plane will be of 
value in the use of the ^-transformation method. This affords a way, 
different from the usual one, of thinking about the characteristics and 
behavior of physical systems and should strengthen one's insight into 
the performance to be expected of these ^rstems when subjected to 
specified excitations. This scheme was introduced by Routh [Ro 2 ] 
in his Adams Prize Essay in 1877. 

2, GiauEBAL Rational Algebraic Fraction 

Let the general rational algebraic fraction be designated by 

B(s) s» + b«u.iS«-^+--- + 618+60 ’ 

in wMcb the a’s and 6 ’s are real constants, and p asd q are positive 
int^ers. d( 8 ) and B(s) are pol 3 momials in «, i.e., they are ^tire (or 
integral) functions. For convenience the coefl5<aait of the hipest 
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power of 8 in B(s) has been made unity by division of all coefficients of 
numerator and denominator by a constant. Two cas® may be dis- 
tinguished, depending upon the relative values of p and g. 

a. If p ^ g, then F(s) is an improper fraction. A (s) should first be 
divided by B(s), the quotient being carried out until a remainder is 
obtained which is a proper fraction. For example, if p = g + 1, 
division gives 


A(s) 

B(s) 


= Kis + Ko 


Ai(s) 

Bis)’ 


12 ] 


with Ko and Ki constants, and a proper fraction. Then 

Bis) 

£-‘ [m] = £-Hl^is] + £-n^o] + [^] • [3] 


Two exceptional cases arise here: (1) the inverse transformation of 
a constant and ( 2 ) the inverse transformation of a positive int^ral 
power of 8 . As none of the pairs developed in Chapter 4 sheds any 
h^t on the way to handle these cases, the treatment of an F($) which 
is an improper fraction will be postponed until Sec. 9, Chapter 8 . 

6 . If p < g, then F(s) is a proper fraction. Two sub-cases may be 
distingc^ed: ( 1 ) the poles of F(s) sure all of the first order and (2) 
8 (»ne, or all, of the poles are of hi^r order than the first. 


3. p < g ANn FiBap-OBDBB Poles Only 

Tl» poles <rf F(s), equation 1, are located by determining the roots of 
ti» equation B(g) = 0. Let these g roots be 8 i, 83 , •••,85 — no two of 
wfaidh are equal; and assume that A (st) 3 ^ 0 ,k = 1 , 2 , • • •, g. Exclu- 
sion of repeated roots assures that F(s) will have first-order poles only; 
baning st from being a zero of A(s) assures that the number of poles 
tiiat F(s) has is g and not fewer. F(s) can then be written 

A(s) 

B(s) (8-Si)(8-S2)---(8-S,)- 


The rational fraction A( 8 )/B(s) can be written as a sum of partial 
fractions,^ eadb partial fraction having for its denominator one of the 
factors of S( 8 ). There will be g these partial fractions. Letting the 
K’a be the oo^cients, as yet undetermined, ths equuosion ^ves 


A(8) _ Ki I Ki ^ ^ Ki ^ Kq 

T)/ X 1 r ' • • -r r • • • T . 

JS{S) 8 — Si 8 — 83 8 — 8i S — Sq 


[ 5 ] 


* See any college algebra text, for ezaoqjie, Ftne. 
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To evaluate the typical coefficient multiply both members of 
equation 5 by (s — Sfc), obtaining 


{s - Sk)A(s) 
Bis) 




S- Sk 
S — Si 


+ K2 


S — St 

s — S2 


+ * 


-f If jfe + • * • 


+ Kq 



m 


In the fraction forming the left member of equation 6 (s — «*) is a 
factor of both numerator and denominator and should be divided out. 
Then letting s = s*, this left member becomes a number, and in the 
right member all terms except Kt become zero, i.e., 



js - Sjb).A(g) 1 
Bis) 


Afe) 

(St — Sl)(Si! — Sk^i)ist — Sfc+l) •••(«!: — 8q) 


m 


But 

ist — — S2) * • * (fi* — st^i)ist — st^i) • • • («ife — 

= (8] 

80 equation 5 can be written 

^ _1_ 

B(s) 


The S~^ transformation of the fraction A {s)/B(s) can now be carried 
out, using the partial-fraciion expansion ^ven in equation 9. 


£-1 


4 ifii = £-1 r V _ j _ i . 

.5(s)J U-lS'(S|,) s - SiJ 


[101 


By the linearity theorem (Theorem 5) the order of transformation and 
summation can be changed; consequently 


1= 

LJfc-iB (si) s — SiJ k-i 


r ^(8t) 

LB^Csfc) a — Si. 


:]■ 


[ 11 ] 


The aclaial problem of inverse transformation is now a simple one; 
by pair 2, Table 1, Chapter 4, 

£-^r-^i(= )««••, o^t 

L« — sj, j 
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Substitution of this result in equation 11 gives the useful formula 


in which A{s)/B{s) is a rational fraction having first-order poles only, 
and Sfc(ft = 1, 2 , • • •, g) fa a root of the equation B(s) — 0. 


ExatnjOel. FmdS-if 1 

j_(a ai){s •+- as)(s -|- aslJ 
are real numbers, all different. 

By equation 12, 


, in which on, a 2 , and os 


£ 


..if ats -I- qp 

(s -f «i)(« -f- a,)(s + «}). 


+ Ogt, [13] 


in which 

4 r fllg + Op 1 — OlOl -I- Oo 

L(« + a 2 )(s + as)J,» -cti (-«! + as)(-ai -f a*) ' 

— OlOli flo 

•= -0, (~«2 + «i)(— aa -H as) 

Kf A r ~h <>0 ~| — flias ao 

L(s -h ai)(« + as)J, = (—as -f ai)(-as as) 

If all tl» a’s are poeitive, the result 13 fa composed of three decreadng 
expoomrtial functions. 


Kt = j flis -F Op 

* L(« + «l)(s + as)_ 


4. SnecTAit Case: One op ibb Poles Titop at Obioin 
In j4(«)/B(s) df equation 4 let sj = 0; then 

A(s)^ 4(e) ^ 4(e) 

B(a) s(e-S 2 )(e-e 3 )-*-(e-e,) ePi(e)' 

in wMdi 

= ““ = (e — e 2 )(e — ss) • • • (e — «j). 

The form trf 4(s)/S(e) ^yen in equation 14 occurs frequently. It 
arises, for example, when the ^citation function is a constant and t-ha 
^stem function does not have a pole or a zero at e = 0. 

TRthout repeating the varitHis steps of the devdopment, the fina.1 
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result can be written as the following modification of equation 12: 


b/( 0 ) sJiil) 


, in which a and p are real 


Examine i. Knd rz — -=[, in which a and p are 

t«[(« + «) +/S*]J 

numbers. 

Here Ri(s) = [(a + a)* + iS*], B[{s) = 2(8 + a), and a*, a* = —a ± j/S. 
Then by equation 15, 

g" L. T i 


in which Pq — (P* + «*), and 

A r qi« 4- oo ~| ^ flo - ayoc+jaiP 

** “ L2s(« +'«) J. - —W* 2jp(-a + iP) 

[(gg - otce)* + _ 1 f. 


fipic? P*)^e»* 2PPii -r<^j« 

in ^ tan-* — , i/i = tan-* — , i/ ^4^-ih; 

oe — aia —a 


ai9 + Qq 

Xs + a) 


-iCa. 

J«=--a-jVJ 


Coefficients Ks and Ks are conjugate complex numbers since appears in 
K 3 wherever +j appears in Ka- The final result can be written, 

£-1 + flp 

Uis + a)* + n 

(=) ^ + -^ [(oa - «!«)* + o^*e-“‘ sia (pt + f), 0 g t. [17] 

Hq Pft 

If oc and p are poritive, this result is composed of a constant and a damped 
oedllation. 


5. SpBcaAii Case: At Least One Paib op Conjugate PoijES Lnw on 
Awtr op Iuaginabies 

In A (a) /B(s) of equation 4 let 81 = j«i and 82 = —^ 1 , then 

A ( 8 ) A(s) 

B(s) (s — jui)is +i»i)(s — S 3 )(s — 84 ) • • • (a — 8 g) 

A(s) 

(s2 + «f)B2(8)’ 


[181 
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in which 

Biis) ^ = (s - S3)(S - S4) • • • (s - «,). 

The form of A(8)/B(s) given in equation 18 arises when the driving 
function is sinusoidal with angular frequency and the system function 
has no poles or zeros at ±j«i. The transform of a sinusoidal function 
of an^ilar frequency wi being proportional to the latter 

will appear as a factor in the response transform. 

The final form can be written as the following modification of equa- 
tion 12: 


' A(s) 
.(8=®-h«f)B2(s) 


]<-,[ 


)\—4^ 

r Ajs) 1 
L(s - i«i)B2(s)J 


1 


fl " 

+ i: 

L 


Ajs) ~| 

f <<)i).B2(s) J*=« 


Jfc =3 L + “l).S2 (s) J« =« 

SjMiSaOwi) — 2j«ij52(— i«i) 

V 0 < t 


+ 2 [19] 


The first two terms in equation 19 are conjugate complex functions 
df t and oi. Being conjugate, the sum of their ima^nary parts is zero 
and tile sum of their real parts is twice the real part of either. Conse- 
quently, tiiese two terms combine into a singje sinusoidal function. 
It is pr^erable for computation, however, to retain this function in 
complex form, so the joint result of the first two terms in equation 19 
will be written 


g>r_J^iL 

L.^S2(?«x) 



and 19 becomes 
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Note that the term in equation 19 is the one indicated when the real 

part is to be taken as in equation 20. The reason for the choice of this 
term, rather than the conjugate term, will be given in Chapter 7, S^. 2. 

Since s 3[2jKie’^, in which the operator 3 means 

“ take th,e imaginary part of,” equation 20 can also be written 




-_m_] , V g r A(j<ci) 
_(s® + wf)S2(s)J L«i-62(i«i) 



, ^ -d-CSib) 

i-3 (s| + <^l)B2(Si) 


e*»‘, 


ogt. 


[21] 


In application, this latter form frequently leads to the final result more 
directly than the form given in 20. 


' Example 1 . Rnd 


[o 


ais + oo 


d’ 


in which (oi and a are real 


>2 + «f)(« + a)^ 

numbers. 

Here Bsis) — (« + a), BUs) — 1 , and $z = —ce. Applying equation 21 , 

^ 1/ \ I '-w » t I Q ^ 


r Otf + gg 1 , W r OB+Mai ^ ..'} , -ai« + ae 
1_(«* + Mi)(« + a)J ^L«»(«+M) J «* + «! 


Now 


ao+ Mat _ (ag + ^ 1 / ao + wfafV 

«i(a + jad \ a* + «! / ’ 

in which 


^ 4 tan“^ , ^2 = tan“^ ~ , and ^ — ^2. 

Oq a 

Writing the final result in terms of real functions only, 

' 1 <-> ™ W + « 

L(«* + «i)(« + «) J "A or + al/ 


a* + «x 

If oe and osi are podtive, this r^ult is a sinusoid oscillating about an axis 
displaced along an exponentially decasdng curve. 


6. p < g AND Mukhpui-Ordbe Pous 

The previous discussion has been limited to fimctions F(sy, ecpiation 1, 
having first-order poles only. Consider now fundaons F(s) whith have 
poles of hi^er older. The restriction to proper fractkms (p < g) is 
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still retained. Let the equation Bis) = 0 have the n distinct roots si, 
8n; moreover, let 

Si occur times, 

82 occur m2 times, 


Sn occur nin times, 


with the restriction that mi + m2 + ••*+ — q. Also assume that 

A (sk) 0 , fc = 1 , 2 , - - n. This exclusion of as a possible zero of 
A (s) assures that the multiplicity of pole Sk is mjb and not less. The 
function F(s) can then be written 


A(s)^ A(£) 

B(s) (8 - Si)^Hs ~ 52r* •••(«- Sn)”^ ‘ 


[231 


The fraction A (s) jB (s) can be resolved into a sum of partial fractions. 
For each pole 8k of multiplicity m* there are mt partial fractions of the 
form 


Kh\ Kk2 Kkmji, 

is-8k)^^' S-Sk^ 


in which the K^s are constants yet to be determined. Thus, the expan- 
sion of equation ^ is 

Ajs) ^ Kii Ki2 Kij 

Bis) is - 81)^ is- si)^-^ (5 - 81)”^^'+^ “ 

, Blimi 

“1 

S — $1 

+ •••••• 


4 


is - 


B.k2 , . B-kj 

is - skT^’^^ (s - 


+ ... 


S — Sk 


+ 


n 

- Z Z 


Jfc=2/*1 


Kk^ 

is - * 


[ 24 ] 
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In equation 24 the inner sum with the index j accounts for each of the 
terms associated with a particular pole, i.e., for each of the terms of a 
particular row in 24; the outer sum with the index k accounts for each 
of the n poles, i.e., for each of the rows of 24. 

To evaluate the coefficients, first multiply both members of equa- 
tion 24 by (s — Si;)’***, obtaining 

is - str*A(8) ^ +Ki^(s- «,) + K^(s _ Si)2 + . . . 


+ Ws-str*-' 

+ I"®' 

in which there has been gathered within the brackets all terms except 
those with Kjt coefficients. In the left member (« — is also a 
factor of jB(s) and should be divided out. Now letting a = this left 
member becomes a numbar, and in ihd ri^t member all terms except 
Kti become zero. Althou^ this procedure can be used to evaluate 
Kjsi, it alone is insufficient to evaluate any erf the remaining if* coefficients 
since each <rf these is multiplied by a positive power of (a — sjn). 

If the term Kh in the ri^t member <rf equation 25 could be eliminated, 
and also the factor (s — s*) that multiplies Kk 2 f a repetition of the 
process of letting s = Sk would evaluate Kk 2 - These eliminations can 
be accomplished by differentiating equation 25 once with respect to s. 
Thus, 

ds B{s) 

+ (mj, - l)Khntis - 

Now letting s = s*, the value of is determined. It is seen that this 
procedure of differentiating and then placing s = st is the same one 
thatisusedfordetermining the coefficients in a power series, and be 
continued until the value of each unknown constant jK* is determiited. 
A repetition of this for each of the other distinct factors ci B(s) will re- 
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suit in the evaluation all the undetermined coefficients of equation 
24. A general formula for finding these coefficients can be written as 


K A 1 (s-atr*A(a) -j 

(j-DlLds^-* 5(8) J..« 


[27] 


The £"* transformation of the fraction A (s)/5(s) can now be written, 
using the expansion ^ven in equation 24, i.e., 


g-i 



n mjt 

E E 

j=i 


(S 


1 


[28] 


By the linearity theorem (Theorem 5) the order in which the transfoiv 
mation and double summation are performed may be chan^ without 
affecting the result; so 


p a IMA 


E E 


gfa- 1 f r g-1 r 1 

- 8*)“*-^+^ h h Us - 8ife)«*-^+M 


[29] 


Althou^ the original function 23 may be hi^y complicated because 
of its generality, the problem of finding its inverse transform is reduced 
now to the simple transformation indicated in equation 29. By pair 12, 
Table 1, Chapter 4, 


Subetitutikm oi this result in equation 29 gives the formula for the in- 
veiae transfcmnatiaa of the gmeral rat^nal algebraic fraction. It is 


in which 


,r A 1 r ef^^(8-8fc)”*A(8) -| 

B(s) 


ExamipiU 1. Bind Sr^ ^ which a is a real number. 

This transfonn has a third-order pole at — oc and a second-order pole at the 
origin. There are two distinct roots, so » = 2. II —a and $2 — 0, 
then mi = 3 and m 2 — 2. 


Eath^ than use equation 30 directly, it is less confusdng to actually write 
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out the partial-fraction expansion of the function and then transform term 
by term. Thus 


(a + J |_i 


Kn 


+ 


K23 


^13 , K21 . Kn 


in which 


is + aY (s + 8 + a ^ 

)■ 


(—) ^ 2| ^ "f" ® *** + Kni + 0 ^ t, 


Kn 

Kn 

Ku 




CjS* + ai8 + do 


— flia -f Co 


d <h^ + ais + oq 
ds 8^ 

(P Oas® + ais -h co 


2! Lrfs* 


il ^aia + 2ao 

L 


— dicc + 3ao 


^ ■ L' - 

^ r d flts* + ai* + 00 I 

^**~U (« + «)* J.- 


00 

a*’ 


citt — 3ao 




[311 


7. SUMMAKT OP PaIBS FOB TbANSPOBMATION OF THE GeNEBAL 

Eationaii Aegbbbaic Fbaction 

The importaat formulas which have been developed iu this chapter for 
the £~^ transformation of the general rational algebraic fraction are 
brou^t together as transform pairs in Table 1. 

Pair 1 gives the Sr^ transform of a fraction having only first-ordor 
poles. It is the one most frequently used in solving linear constant- 
coeffident i-d equations. Pairs 1-a and 1-b are ^dal cases and are 
induded because the step function and the sectioned sine wave — the 
driving-force functions most frequently met — usually produce response 
transforms of these two sub-types. These pairs also are dosest to the 
forms of the partial-fraction expansion theorem which are current in the 
literature of the Caudry-Heaviside operational calculus. Pair 2 is for 
fractions having multiple-order poles. It gives the transform of the 
most genmal proper hactimi that can arise in solving linear constant- 
coeffident i-d equations if the driving-force functions are restricted to 
functions whidr are themsdves free solutions of ird equations of 
thfe type. 
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Tabu 1. SmoiABT op Paibs fob Tbansfobuation or Gbmxbai. 
Rational Algebraic Fractions 


1. Finfc-ordef poles only, general case: 
A{t) 


B(») 


■f’ dSitlgtii 
hi B'(*i) ’ 


0 g (. 


(a) Kret-order poles only, one pole lying at the origin: 


A{r) 


A(0) 


A(«i) 




(b) Finst-oider poles only, one pair lying on axis of imaginaries: 
4(*) , 


or 


I 


2. Higher-(»der poles, general case 

A (<) ^kj 

B(.) ^ 


LjaiRtC/wi) J *=3 + «l)B2(»i) ’ 

L«iBjO“i) j k=i 




it*! /S'! (mi -j)l 


Is («| + (i^)B2(Si) 

0 ^ t 
‘A(»] 

1 


O^i 


0£t. 


1 r d^» (s - «i)"*A(»n 


“0 - 1)! B(8) 

B(«) ^ (s - »i)’^(s - *2)"* -••(*-»*)•»... (« - *,)»• 

OTl + W»2 H -f ?7l» = 

In Table 1 the fraction A(9)/B{8) is defined to be the form (or reducible to 


the form) 


OpS^ H" 4" * * * oia 4- qp 


> in which the a's and 6's axe real 


a* 4“ ^ 4* • * • + &i« 4" ^0 

constantly P Bxid q are positive integers, and p < §• The prime on a funciaon in- 
dicates a first derivative of this function with respect to «; for ejcample^ B'Cs*) = 


8. Dsitbbiiination of the PosmoN and Obdeb of the Poles 

As a preliminary to the expansion <rfF(8) in partial fraeUons having a 
as the variaMe it is essential that the position and multiiplidtF of «< a ,c h 
pole of this function be known. In the foregoing discussimi it has been 
assumed that this infonnation i^arding the poles was available, but to 
obtain this information in treating a {^ydcal pt^latn it is necessary to 
solve an algebraic equation for its roots. This may entail M>ngidAi- fl, ^io 
mathematical work. It shmild be emphasized, however, that this step 
is not peculiar to the transform method of solving diSeraitial equations. 
It is an inherent part of the task of obtaining, by aaal3dic the 
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complete solution of linear i-d equations with constant coefficients. In 
this detail there is no difference between the transform method and 
other analytic methods of solving such equations. In all analytic 
methods — as contrasted with machine methods — a knowledge of the 
factors of the characteristic equation is essential. 

For purposes of discussion in this chapter the general transform has 
been written as the quotient of two polynomials. In the solution of 
physical problems the response transform consists of the product of a 
system fimction and an excitation function. Obviously, it is not neces- 
sary to reduce this product to the explicit quotient of two polynomials 
in order to apply the foregoing theory, since this only mak^ more 
difficult the location of the poles of the transform. The determination 
of the poles belonging to the excitation fimction is generally only a 
matter of inspection; in contrast to this, the determination of the poles 
belonging to the system fimction usually requires considerable calcu- 
lation if the system is other than the simplest type. 

If the physical system possesses ne^igible damping for its characteris- 
tic vibrations, only the even powers of s in the characteristic equation for 
the systmn need to be considered. With damping ne^ected, the poles 
of the ss^stem function lie on tihe axis erf ima^naries, and the difficulty 
of finding them from the characteristic equatbn is much less than the 
degree of the equation implies, since it can be solved jfirst for squared 
roots. 

As the solution of fourth- and higher-degree algebraic equations with 
numerical coefficients is practically unavoidable if physical systems 
other than the simplest are to be handled, it is desirable that the reader 
acquaint himself — if not already acquainted — with the Graeffe or 
root-squaring method of solving such equations. Since the underlying 
theory of this method is not complicated, and the rules of procedure 
have been explicMy stated, one can learn to use it effectively after a 
relatively brief period of practice. Since it has been described in a 
number erf plac^ in mathematical and engineering literature [Do 16, 
Kit 4, Sc 1, Wh 7, Be 3], it will not be treated here. A working knowl- 
edge of it will be presumed, however, in a nximber of the examples and 
practice problems. Mechanical methods of finding the roots are also 
available [Di 2]. 

The solution of third-degree equations does not require a method so 
general as the Gia^e method. In a third-degree equation there must 
be at least cm real root, and this can be obtained easily by trial using 
synthetic diviaon, Homeris method, or some modificatwm erf these 
[Hu 4, pp. 7ft-S2], When found, this root can be factored out, 
leaving a quadratic equation whose solution presents no difficulty. 
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9. Special Peocedueb when Pbincipal Diagonal of System Deter- 
minant HAS Equal Elements and each Diagonal Paralleling 
It has Equal Elements. 


la general the response transform resultmg from the algebraic solution 
of a set of ^-transformed equations consists of the ratio of two deter- 
nunants, as shown in Sec. 12, Chapter 5. The usual procedure is to 
rewrite the sj'stem determinant as a polynomial in s, and to factor this 
polynomial to determine the location and order of the pol^ belonging 
to the system. A time-saxing modification of this procedure is possible 
if the principal diagonal of the system determinant is composed of 
equal self-elements and each of the diagonals paralleling it is composed 
of equal mutual elements. There is also the special case, represented 
by the example below, in which all the mutual elements are equal 
[Pi 8]. When these conditions hold it is possible to factor the deter- 
minant in terms of its elements directly without first reducing it to its 
polynomial equivalent in s. Furthermore, in making a partial-fraction 
expanaon of the transform, it is posable to simplify the work by using 
as variable the self-element, which is & function of s, rather than s itself. 

This special procedure will be illustrated by an example. In a three- 
loop network let each loop contain self-elements L, B, and C and be 
coupled to each of the other loops by mutual inductance M; a unit 
step voltage is applied in loop 1. The initial energy stoi^ is zero. 
Tl^ 


2ll 


Z 33 = Ls B -\- 


Cs 


Zay 


«12 


ZlZ — 223 


Ms = ^ 


and Etis) = Ezis) ^ 9. 


Here all tim self-elements are equal, and likewise all the mutual elements 
are equal. Tim £ transform for the current in loop 1 is 

Et Zb Zb 

0 Zfi Zb 

0 ^ ^ ^)Ei _ (Za Zb)Et 

Za Zb Zb iZa+2Zb){Za-Zbf~{Za + 2Zb)(Za-Zb) 

Zb Za ^ 

Zb Zb Za 


h(z) = 
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The steps by which the i^^stem determinant is factored are as follows : 


Za Zh Zb 


j Zb Zb 

1 

1 Zb Zb 

Zb Za Zb 

= 

Zg Zg 

J. 

Zb ^ ZgZb 

Zb Zb Zg 


Zb Za Zb 

Zb Zb Za 

Zg 

Zb ZgZb 2^ 


jl 

Za 


10 0 

Zb 4 — 4 — 4 

Zb Za^b 4 4 — 4 

(Za Zb") Za “ 1 “ Zb Zb 

Zfi Za “h 2^5 

= (Za - ZbfOla + 2Zb). 


133] 

Retummg now to the expression for Ii (s) and making a partial-frac- 
lion expansion, treating the function Za as variable, 

^x(8) = (;-?^ + r-^K 


in which 


gj \ 

\^Za +2Zb ' Za - Zb/ 

g A j 

iJSa ZbJizg^^-^2zh 3 

^ ^ r Zg + Zb 1 ^ 2 

^ [za + ^hJxa^zb ^ 


[34] 


Here 


Za+2zb= {L+ 2M)s +R+^= {L+2M) ^ , 

Os s 


0£i = 


B 


2(L + 2M) ’ 




c{L + m) 


-Zb =- {L-M)s+B+~= (L-M) + ^ . 

Oa s 


Oi = 


R 


2{L - M)’ ^ C(L -M) ^ 

Sabstitation cS these and 1/s for Ei in equation 34 yidds 


Ii(s) 


=[i 


11 2 1 
.3{L + 2ilf)’ (s + otif + 3(L - M) (s +cc 2 f 


iJi [35] 
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and its £~* t»Daf<Hm&tioD gives 

■ ftw % Bin 

^ 2Af)Si 3(L - MW 


0 ^ f. 


[36] 


This network is also of interest from a different point of view. 
It is an example of a claes of networks having the special prop- 
erty that the Ehort-drcuit input-admittance function is the same 
viewed frmn any loop and the transfer-admittance function is the 
same for any paw ci loops. The anals^is df networks of this type is 
ampIiSed hy the use of symmetrical components, since voltage drops of a 
specified sequence arc produced only by currents of that sequence 
liiT 1, Wa 3]. From the point of view of symmetrical components, 
«• -{- 2zi is the impedance to zero-sequence currents, and — eth the 
impedance to both positive- and negativewsequence currents. The first 
tenu of equatkm 36 is the zeio-eequenoe current; ilie second term is the 
sum of the equal pomtive- and native-sequence currents. At the out- 
set a separate transfmm equation could have been written for each of 
these sequences, and each sequence equati(m could have been solved by 
the Sr^ transformation for its current. These sequence components 
could then have been combined in accordance with the prindples of 
symmetrical components to obtain the actual current. The result 
would have been the same as that pven in equatbn 36. By this use of 
aymmebical components, as with the method ^ven above, it is possible 
to avoid the usual process of factoring a polynomial in s for problems of 
the type diseusBed. 


PROBLEMS 

8>1. Fbd the traaefanaB of the fuDctioDS giveo below, a, 0, y, ai, aid ao 
atmiviacbm. 


(•) 

# -f fl* 

•(• + a)(t-l-7) 

(f) 

* + «8 

»} 

4- «]• -h «• 

(t) 

«* -}- Oi* + ao 

(1 +«)(•*-!-/)•) 

(* + v)(» -i- «)* 

(e) 

«* -i- «!•-}- «• 

(*) 

* -bo# 

(• + «>(•* -f ^*)(«* + X*) 

(**+/»*)(« + «)* 

W) 


«) 

^ “h «!,« + 

(t + o)* 4* 4* 

*(<i^ +/»*)* 

(*) 

** + + «• 


»* -t- Ol» + «« 
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6*2. Show that the following constitutes an £-traDsfonn pair: 


n! 

«(« + !)(« + 2)* -• (s-fn) 




in which n is a non-negative int^er. 

6*3. Four identical circuits aie magnetically coupled as illustrated. A unit step 
voltage is applied in circuit 1. The initial ^eigy stored in all tlm circuits is aero. 



Assuming that the roots the chajacterlstk eqoidaon are all o(Hnpiea^ 
ing current in dmnt 1. 

H it » desired to viuy the usual piooedum in staving thkpioblesn, treat it as a 
lem in transient eymioeizical eomponents. Ccmsider the mhmk to be a 4-phas6 
eystem with the cunmt in ea(^I^base composed of eyin^ components. Write 
the four sequ^oe tzansfcam equations by inspeeticm, Le., ooe for the seiCHaequenoe 
components, one for the histrsequence components, etc. Each of these sequence 
equations can be solved sepaxatdiy by the usual transformation. The actual 
current in any phase can th^ be found by oombining its four sequence components. 

Would this use of symmetrical components be advantageous generally in calculat- 
ing transients in multi-loop networks? Give reasons in support your answer. 

6*4. A lumped-constant representation of a transformer winding is i^own in the 
diagram. One eid of the winding is grounded and a unit step voltage is applied 



atthet^herend. ibnd the voltage to ground at nodes 1 and 2. Ihe ^legy stmied 
in the wmdii^ at t » 0 is zem. 

L = 0.5h«iiy Ci«84OXl0r«faMd 

Ml s= 0.2beny C% »= 1020 X KT^* farad 

= 0.1 hfflirv 





Chafteb VII 

THE COMPLETE SOLUTION OF ONE-DIMENSIONAL 
PROBLEMS CONCERNING ELECTRIC AND 
MECHANICAL SYSTEMS 

Before taking up examples of the complete solution by the £-trans- 
formation method of one-dimensional problems in specific electric and 
mechanical s>T^ms, the solution rf a general linear second-order differ- 
^iiiJ equation with constant coefficients will be carried out. The 
frequent occurrence of equations of this type in many different branches 
science and engineering makes ite solution of general interest. Fur- 
thermore, this solution serves to introduce terminology useful in describ- 
ing certain important features common to the solutions of many transient 
problems. 

1. Secokd-Obder DiiTEMarmii Equation 

The £ trani^ormation of a linear second-order differential equation 
with constant coefficients was carried out in Sec. 4, Chapter 6. The 
equation usttl there was 

A^+B^ + Cy=m, y^vm, II] 

and it was found that its indicated solution for 0 g ^ is 

»(0 (-) *-■ irw] . s-‘ , (2J 

in wfai^ #’{«) = £(/(0]» aad y(0) and y'iO) are re^)ectively the initial 
vahies <rf y and its first derivative. 

In Chapter 6 the basic principles have been presented for carrymg out 
the inverse transformation indicated in equation 2. A driving functfon 
fit) must first be specified; let it be cos («i< + ^), in which F„, at, 
and ^ are real oemstants. By use of equatiem 20, Caiapter 4^ 

FW = £{F,. cos (ati +f)] = [3] 

s" +(4 * '■ * 

in wUch fl A F.ooe#', and A A -F«mrf-. Ihe subsfifcutMm of ex- 
pression 3 in Y(s) gives 

wg) * + ^ + I»{0)(As +B)+ y'(0)A](s® + 4) 

(^+af)(Alf‘+B8+C) 
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Note that the numerator has been cleared of fractions. It is essential 
in the treatment of any al^braic transform first to clear both numerator 
and denominator of fractions. 

The factor (s^ + «f) in the denominator of F(s) is introduced by the 
driving function. Let the zeros of this factor be denoted si, S2 = ±i«i. 

The other factor {A^ + jBs + C) in the denominator is introduced by 
the left member of the differential equation 1 and is depaident solely 
upon the system relations described in the equation. It is the character- 
istic function, defined in Sec. 4 , Chapter 5. The equation 

+ jSs + C = 0, 


formed by equating this factor to zero, is the characferisHc egmtUm of 
the system. Let the roots of this equation be denoted S3, 34 = —adzjp, 
in which 

B 


A 

a — 


2A^ 


and 


4 ^ 


The form which the final result takes depends upon whether ^ is posi- 
tive, negative, or zero. It will be assum^ in this example that c? 
making positive and the cor- 
responding term in the final 
result a damped oscillatkHi. 

The roots of the characteristic 
equation are called the character’- 
istic values, a is called the dawp- 
ing constant, the characteristic 
anguLar frequency, and Pq the 
characteristic undamped angular 
frequency, fio is the limiting 
value of as the damping ap- 
prcMwhes zero. 

The zeros 52, S3, and S4 of the 
denominator of Y(s) become the 
poles of Y(s). In a numerical 
problem the positions of the poles 
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Fig. 7'1. Location of poles of F(s) 
assuming coi 100 ladians per second, 
and A - I, 8-20, and € - 4.01 X 
10* in a sin^e system of units. 


in the cmnplex plane are determined by the numerical values of the 
constants wi, A, B, C, Here, where the problem is literal, the poles will 
be assumed to be kicated in the positions shown in Fig, 7 - 1 . 

Insading the characteristic values in the expression for F(«), it 
becomes 

+ [p(0)(As + B) + 
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F(«) IB * proper fraction. It baa one pair trf oonjup.te im^inary poles 
lying on lie axis of ima^aries and one pair of conjugate complex poles 
lying in the left half-plane. It falls within the classification of trans- 
forms dealt with in 5, Chapter 6 . Since ss and S 4 are conjugate 
omnpkx numbers and will have associated with them conjugate complex 
coefficients Kg and K 4 , the solution can be writtm as 

r*MF(s)] ( = ) apifje'-**] + (kl2Kae(-^’^% 0 ^ t, [5] 

in which 

ifi “ I(* - i«i)F(«)L = _ «f) -1- j2awil 

_ 

2d[(/3o — wf)® + 4a®<i^* ’ 

with 

P^^9-3h, 


and 


eA 


tan”® 


2 aui 

^ — wf ’ 


■Ks - {(» + a — jP)Y («)]»= 


I m — jn 

2d/S (o£* -f* «f — /^) — j2aP 

IV 

~~ «?)* + ' 

whh 

« ^ + if(0)A(^ - - p'(0)jS}, 

n 4 _ ja + y(0)edL(«4 + ^) -|- y'(0M(«® 4- «f - [3®), 


X 




-2 a§ 


Tlie final result is titen, in teams of the above abbreviatiems, 

i [ (g -Zy w + X), ost m 

The first term in the expression for y(f) has the same giniigoi^al 
waveform and an^ilar frequmey «i as the driving functkHi /(f). It is 
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the steady-state p(»rtaoQ of the lespoose. It comes from the two tenns in 
the parinal-lractioii expaosioii of Y(s) which arise from the conjugate 
imagnary poles. 

The last term in y(t) represents an oscillation with decreaang 
envelope. With large t tiiis term becomes negligble in comparison 
with the steady-state term. It k the transient portion of the response. 
It (xnnes from the two terms in the partial-fraction esrpansion F(s) 
which'arise from the conjugate-complex poles in the left half-plane. The 
magnitude of the real coordinate of each of these two poles is the damp- 
ing constant a. The reciprocal of the damping constant is the time 
amstant. The magnitude of the imagmaiy coordinate of each of these 
poles is the characteristic angular frequency Both a and fi depend 
solely upon the constants of the physical sirstem and the system’s inter- 
connection and are independeut of its excitation. 

The form df the transient response depends on the position in the 
complex plane of the poles ariting from zeros the characteristic 
function, in the present example ^ has been arbitrarily taken poedtive 
so that these two poks arising frmn the diaracteristic function fall in the 
second and third quadrants and 3 ddd a transient whidr is oscillatoiy with 
exponentially deereaeang envebpe. If ^ were native, these two 
pdes would fall <m the native real axis at diSkent points, azal the 
trantiesni wouM oonast of the difforenoe cf two exponentials^ each 
decreaang at a different rate. It is also possible to have ^ aeto. in 
this critical case the poles fall on the negative real axis and are coinci- 
dent, producing one second-order pole. The transient then consists of 
the product of a decreasing exponential and a linear factor. In all these 
cases a has been assumed poative, gviug podtive damping and a tran- 
sient which dlminnhes in magnitude and ultimately becomes ne^gble. 
The rate at which the transient subddes is dependent directly upon the 
magnitude of a. 

Whereas the character the transient is determined by the positions 
of the i^ysteu-function potes in tibe complex plane, its amj^tude depends 
upon the initial conditions and tire initial phase of the diivii^ function. 
This can be se^ by noticing that mand n are functions these parame- 
ters. it is evidmt that particularly unfavorahte initial conditions and 
dbmce of jmnty can cause a transient term appredahle dze com- 
pared wilh the size ci the steady-state term. Evmi if the Initial con- 
ditions wore each takoi to be zero, thme would still be a traadent, dnee 
there is no value oi f that mak^ both m aad n xeaco. Foe ocmqdete 
absence rtf a trandent, the relations whidh must Imld auKKig the three 
cpiantities y(0), and (0) are obtained by setting the expresskras for 
m and n each equal to z^. These derived relations can be anticipated 
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by reascming physically. For zero traoment the initial conditions y(0) 
arid y'(0) must have the same values as the steady state and its de- 
rivative have at the initial phase — 9). Since no readjustments in 



energy balance are then neces- 
saiy the system can enter im- 
mediately into the steady state. 
Equation 6 has the form 

y(0 = y.(0 + yt(t) 

in which y,(t) is the steady- 
state component of y(f), and 
yt(0 is the transient component. 
A graphical representation of the 



Fia. 7’SL Plot of raqMDBe y(i)i also its 
steady-otste and ttaosirat oomponeots, 
aamiming 

Fm = I.8I X 10» y(0) = -0.02 

♦ = 48 ^“ 1 ^( 0 ) = -10 


instantaneous values of these 
components and their sum is 
given in Fig. 7*2 for the particu- 
Im* values of constants shown 
with this figure and with Fig. 7*1. 

2. RoTATmQPL4NE-VlH3TORRBI^ 
KE8ENTATI0N OF THE SoLtmON 

A vector repre^tation of the 
components of y(t) can be 
made using the complex func- 
tions which are operated on by 
(fL in equation 5. Thus using 
the complex function 
y,(t) can be represented as a 
plane vector of constant mt^ni- 
tude 2 rotating counterdock- 
wise with angular vdodty wj. 


The equation is t = 0 is (// — 9). 

y(t) = 6.00 X 10-* eoe(l00< -I- 45*) ^ shown in Kg. 7-3. 

-b 6.97 X lO-V-** eo6(200< -HS3"). Similariy using the complex 

function yt{t) can be 

repr^ented (Fig. 7'3) as a plane vector of decreasing nu^nitude 2 [Xale"”* 
rotating counterdockwise with angular vdodty /5. Its phnsA at t = 0 
isX. Wher^ the tip d the Bteady-^te vector has for its locus a drcle 

about the origin, the tip (rf the transient vector has for its locos an expon- 
^tia! spual about the origin. Vectors of the latter type are sometimes 
called shrinking rotating vectors. 
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The vector representation of the functions of tins example t»n be 
made complete in Fig. 7"3 by representing as a rotating plane-vector tl^ 
driving function 

m ^ F„ eoe («if +4^)=^ 

The instantaneous projections on the axis of reals of the rotat- 
ing vectors and ^ve the waves yg(t) and yt(i)p 

respectively, shown in Fig. 7*2-a. If the vector for yt{t) is considered 
to rotate about the tip of the vector for y«(0> a resultant vector for 
the two is drawn from the origin, the instantaneous projection of this 
resultant on the axis of reals gives the wave y{t) shown in Fig* 7-2~6. 


Axis of 
imaginaries 



Fig. 7*3. Vector repres^tation of /(I) and the steady-etate and traiKdent compo- 
nents of y(t), drawn for instant f = 0. The equations are 

/{<) = SI [1.81 X 10»tf«**Vi»«‘], 
y(i) = gi [6.00 X 
+ Si [6.97 X 

When the operation of taking the real part of one of two conjugate 
functions was introduced in See. 5, Chapter 6, attention was called to the 
custom c£ taking the real part of twice the function having the posiiwe 
. imaginary exponent. Now that a vector repres^tation of the complex 
functions composing a solution has been introduced, the reason for tfa& 
chdice can be seen more clearly. Of any two oanjugate exponential 
functions, the with positive imaginary expou^t yields, on vector 
representation, the positivdy rotating vector. 

3. CALCXJlATrON OF STEADY STATE 

In Sec. 1 the dependence of the steady-state part <rf tl^ response m 
the driving function was shown. A more general discustion of the 
determination of the steadynstate part of the r^pcmse will now be 
g^vm. 
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Let Fit) be the transform of the driving fimction f(t), Gis) be the 
system function, and Hit) be the tranrform of the response hit), then 
the genera] transform equation is 

His) = Gis)Fis). [7] 

The terms of this equation were defined in Sec. 4, Chapter S. For 
purposes here the inititd-e.xcitation function is assumed to be zero so that 
the excitation function Ijeeomes simply the driving transform. 

If fit) is a rinusoidal wave, or sum of these, or a constant, the re- 
{^xmse will have the form 

hit)^h,it)+htit), 18] 

in which h,(0 and ^((f) represent the steady-state and transient com- 
ponents, respecth'ely. Either one of these two components can be 
evaluated without the necessity of considering the other. See also 
[Db 1, 2]. As a result of this, the ^-transformation method can be 
used conveniently in strictly steady-state problems. 

As an example of the calculation of the steady-state component by 
this method, let f{t) = F„ sin uit The transform of fit) is 
Fit) = -f wf). Then the steady-state component is 

A.«) » [9] 

in which 

Ki ^ [(» - . 

The oomidex mniditude of is 

2^1 = = F„ \Gijai)\ [lo] 

or 

2jKi = F^Gifcci) = P„ |(?(j«i)| 

Canying out either of the operations indicated in equariem 9, 

Kit) == F„ lG(jtoi)| sin («ii -F ff). [11] 

This result has been found without conadering the transient that 
may have occurred in reaching this steacly state. 

4. ThKBK GrNERA.1, PBOBl<EltS EXFSISSSSD IN TsBltS OF 'Pmn UliinaTirBAT. 
TasNSFOBU Equation 

The general transform equation 

Sit) = Git)Fit) m 
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given in Sec. 3 can be used to characterize three general problems. 
A brief statement of these follows. 

а. If Cf(s) and F(s) are known, equation 7 is an explicit relation for 
H(s). It expresses the problem of analysis, in that the system charac- 
teristics and the disturbing force are known and straightforward analysis 
will give the ^stem's response. Most of the problems considered in 
this text are of this type. 

б. If F(s) and fl'(s) are known, the system function <?(s) is the un- 
known. That is, equation 7 can be solved for 


G(«) = 


ff(s) 

F(s)' 


[121 


Equation 12 is the starting point of the synffiesis problem. This problem 
is the determination or design of a physical system whose transfer func- 
tion is G(«). In general the synthesis problem is much more difficult 
than the problem of analysis and is beyond tl^ scope of this text (Le 1]. 

c. If H(s) and 0(8) are known, the unknown is the excitation function. 
Equatnm 7 can be solved fw 




HjB) 


[13J 


It is rqseeaitative the syaiem dislortim-eorredion problem in record- 
ing instruments. This problem is the determination cf the input dis- 
turbance when the output and the distortion characteristics of the 
S 3 mtem serving as a recording agency are known. 

In these preliminaries certmn useful terminology has been intro- 
duced, the plane-vector representation of the components of the tran- 
sient solutions has been explmned, and the use of transform equations 
for steady-state calculations and for delineating the three general 
problems of analysis, synthesis, and distortion correction has been 
presented. Attention will be given now to the solution of a numba of 
specific examples in different fields of ei^neering interest. 


5. Subg^Yoi/tage Generatob 

A surge-voltage generator conrists of a number of capacitors vriuch ean 
be charged in parallel and then discharged in series to produce a hi^-. 
voltage surge. The actual generator networir with its charging resistors 
and discharging spark gaps is one of conaderable complexity, but for 
approamate ealculatbn of the waveform ddfvered on discharge, these 
internal complications can be neglected and the gmerator 
mated by a single lumped capadtanoe in s^es wl& inductance and 
redstanca This series circuit is completed throi^ an external <&- 
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chaigo rector which in turn is paralleled by the apparatus under test. 
The load on a surse generator usually influences the waveform of the 
surge to which thb load is subjected, so considerable calculation is 
necessary in the application of such generators [Th 2]. 

The dischari^g gap is a nonlinear element in the network, but the 
varying vifltage drop diat it introduces is taken as ne^^ble compared 
with the other voltage drops of the network. The gap is accordingly 
treated as a switch. 



Fig. 7-i. Equivaiait netmn'k of a auige-voltage generator with transformer load. 

Cl «« 12.5 X 10“* micn^aiad fi* = 3000 ohms 

Li » 0.25 X 10”* henry Cj = 0.30 X lOr* microfarad 

Bt a 2000 ohnw yx = 300 IdloVQlts 


The equivalent network of a auge-voltage generator serving to test 
the insulation properties of an open-circuited transformer is shown in 
Fig. 74. For ^ects during lire first few himdred microseconds, the 
transfwmer is represented approximately by its equivalent lumped 
aqaadtance Ca to ^ound [Be 10]. The initis] voltage acrc^ the genera- 
kff equivalent capacitance Ci is 71 ; the initial voltage across Ca and the 
ixutial current in Li are aero. A method for calculating the wavdoim of 
the aiirge vcdiage impressed cm tire transformer during the first few 
hundred mieroeeoaads afta* the short-circuiting of the gap G will be 
l^vcn. 

Let the fimctims 1%, Jj, and F 2 of s be the £ transforms, respectivdy, 
of tile functions t'l, and of t indicated on tiie diagram. By inspec- 
tion of the oramodacm dia^mn, the transform equations can be written 
directly, "nwy are 


+ fii -h fig -h "■ -Ra/sW = 


[14] 


Solution <rf these fw J*(a) ffves 


/a(») 


7lfigS 


ili22«®+(^+filfi2)s*+(^ 




[15] 


CiCa 
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From this, aiiice the initial voltage across C 2 is zero, 

^ Cas + bis + bo ’ 

in which, using the numerical values given with Fig. 74, 

Oo = 7^ = 4.0 X 10*® 

L 1 L 2 

bpA 1 35.6X10*® 

jL/i/t20i02 

To three significant :^ures fiiie roots dF the eharacier^c equaticm, 
a® + has* + 6i« + “ 0, [17J 

are foond to be 

Si 4 -1.69 X 10*, and Sa, s, ^ (-4.54 ±jl.2S) X 10®. 

The inverse tran^onnation of FaCs) @ves, in accordance with the 
method presented in Sec. 3, Chapter 6, 




- «8)J 


L(S - Si)(s - Sa)(s - S3)J 

(=)Jfie^‘+at2J?2en Ogt, 


in which 


Ka = r — 1 = 3306^'*®*-®'. 

* L(s - si){s - S3)l„, 


The Qse of d^tees in this way is incorrect but is standard practice in 
electrical engineering because of the earlier lack of ane, cosine, and 
tangent tables for angles in radians, iln^y, with t in mieroseccmds, 

1^(0 = ISle-^®*®®* 

+ 660e-*-®** cos (1.29t + 105.9^ kv. p9] 

The form of fa is shown in Fig. 7*5. 
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ikpatioQ 19 shows that t’a(0 is composed of a decreasing exponential 
and a damped oscillation. These have the following characteristics : 

Time ooQstant of exponmtial = 1/(1.59 X 10“®) = 62.5 micioBeconds, 

11106 oMiBtaiit of damped oecUlation ** 1 y'4.54 “ 0.220 microseoond, 

Period of the oerillation = 2r 1.29 = 4.87 microseconds. 



Fig. 7'5. Waveftmn of surge voltage applied to transformer. 

The time constant of the exponential is so large compared with that 
the damped oscillation that the sum of the two functions, except for the 
first half microsecond, is substantially a slowly decaying exponential. 
The damped oscillation enables v^ii) to start at zero and yet quickly 
attain the value required by the exponential term. 

6. VAcmm-ToBE Amplifibb 

Yaeuiim-tube amidifier networks provide particularly good examples 
fat woeiym on tiie node basis sinoe thar equivaleat networks include 
many parallel braxudras. In general the vacuum tube is a nonlinear 
devtoe, but by earful design of the network in which it operates as em 
amidito it can be made to function ass linear dement over a rangeof 
frequeoeiessufiScient for most applications. To the extent tiiat it be- 
haves as a linear device, a vacuum-tube ampMer admits of anal^^ by 
the methods treated boe [Ja 1]. 

Vaoium-tube amidifiers are used widdy to amplify trandent voltige 
putees. Uirfcntuiutdy, even with tire proper sdection of voltiges and 
associated network daaamts to make its vamum tiibes function as 
linear devices, an amidifier does not amplify transimits witir absolute 
fidelity. Distorting augee are intioduced by tire terminal network 
elements and by ^ intezdectrode capadtanoes of the tubes. For 
best performance these distorting aiiges should be of dmit duration 
compared with the duration c£ the transient pulses that are bdng ampli- 
fied. One of the ways in ^ch the merit d a particular amp lifier can 
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be displayed, either experimentally or analytically, is by its response to a 
unit step input voltage. 

The diagrammatic representation of a triode (a 3-elemeiit vacuum tube) 
is shown in Fig. 7*G-a, and a low-frequency equivalent network [Ni 1] is 
shown in Fig. 7-6-6. The variable part of the grid-circuit voltage is it is 



(c) 

Fi0. 7-6. Diagia]xu&aiicmiHeseQtatk)a2UodalQW*fieqiie^ 
triode. In c, and Gp « 

the input voltage. The variable part of the plate-circuit voltage is t>i ; 
it is the output or load voltage. In the equivalent network only these 
variable or incremental voltages are included, since only the variations 
from the constant grid-circuit voltage and plate-circuit voltage have 
importance here. is the grid-cathode capacitance, Cga is the grid- 
anode capacitance, and Cac Is the anode-cathode capacitance. Bp is 
the dynamic internal plate resistance, and n is the amplification factor. 

If the equivalent network is to be treated on ttie node basis the 
analysis can be simplified by replacing (see Sec. 14, Chapter 2) tte 
voltage source resistance Bp^ which are in series, by a curr^t 

source ii and conductance Gp, which are in parallel, as in Fig. 7-6-c. 

To show the application of the £ transformation to the calculation 
of an amplifier response, two examples will be given. The first treats a 
simple one-stage amplifier using a triode, and the second treats a multi- 
stage amplifier using pentodes (5-element tubes). 

a. The equivalent network for a sin^e-stage amplifier using a triode 
and aippljdng a resistance load is shown in F^ 7-7. Let the input 
voltage ^o(0 ^ voltage u(t). The outimt voltage i?t(0 fa 

to be calculated. 

The node-pair voltage vi ^ dtosm as the dependent variabfe, and the 
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equation is formulated on the node basis. The current equation is 
C,^ + Cal (n - ro) + (Cl + Cp)»i = 

in whidi ti(i) * GpimoiO- Oa rearranging terms, this equation becomes 

(Ct + Ca) + (Cl + Gp)t;i = C3 ^ - kit). {20] 



Fig. 7*7. nt ncr trkxfe with oonductance load. 

Cl * 6 X lCr*inicrofaiad Gp = 1.7 X lOr® mho 
Cl =* 12 X ICT* micrc^arad Ci « 4 X IGr^ Baho 
C| ** 2 X l<r* mim^&rad = 100 

Letting £[vi (01 = l^i(«), and £[ii(01 — his), the £ transformation 
of equatksi 20 ^es 

I(C8 + Ca)« + Gi+Gp]Fi(s) 

= CasFoC*) - his) + (Ca + C»)ri(0+) - C 3 i»o( 0 +). [21] 

As a result of n^ecting re^tanoe in the condenser branches there is a 
netmik of pure capacitances across the input source, and with a unit 
step change in input voltage, the voltages across these capadtances 
aiD duuf^ abruptly at t = 0. The initial voltages t;o(0+) and t;i(0+) 
are oousequently 1 and Cz/iCs + Cs), respectively. However, for 
saiutioD of equation 21 it is not necessary actually to evaluate «i(0+) 
and *8(0-1- )• Inspectkm <d the capacitance network shows that if the 
duu^ on node 1 is to be conserved the net charge on tiiis node at time 
0+ equals its net diaige at 0—, which means that 

Ca[*i(0-1-) — Bo(0-l-)] -b CsPi(0-|-) = 0, 

or that 

(Ct -1- C8^(0-|-) — C^o(0-j-) = 0. [22] 

Thus in equation 21 the terms ocmtainii^ (O-f) and «^(0-l-) add to ^ve 
the initial net diarge cm node 1, and this is aero. 

Solving eqaatkm 21 for Fi(s), 

•n Cs S Up 

“^“Cs + Cs'sCa-b*)’ 


[ 23 ] 
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in which s ^ has replaced 

ao^^, and « ^ = 1.50 X 10» 

^3 02 “T O3 

The £~^ transformation of equation 23 yields for 0 g 

Vi(t)(=)Ko + Kie-^, [24] 

in which 


i^o = [«Fi(8)I._o = 


4 [(s+a)7i («)].__„ = 


C3 ~flO 
C 2 + Cg a 

Cs 




= — M 


ffi +G, 

a + flfl f'S 


= -80.9, 


Cs + Cg 

= 81.0. 


+ /*, 


Go 


C2+C3 +G; 


Thus, with t in microseconds, 

Pi (0 ( = ) -80.9 + 81.0e-^-“‘ volts, O^t, [25] 

and its form is dmwn in Pig. 7-8. ® 

The time ccoistant of Pi(t) is a~^ 0 

= 0.67 microsecond. s| 

£ ^—20 

L The equivalent network for 
a pentode vacuum tube is given f | 
in Fig. 7*9. In the pentode the l|-6o 
additional electrodes act as screens 
and reduce the grid-anode capaci- ^ 
tance to a negligible value. This 
reduction of the grid-anode capaci- Fjq. 7 . 3 , Besponse triode amplifier to 
tance simplifies the calculation of imit step chazige of grid voltage, 
the response of multi-stage ampli- 
fiers ^ce it is possible to treat the output of any stage as dependent on 
the input from the preceding stage hut independait of the load on the 
succee^g stage. 



(g) (h) 

Fig. 7'9. Equivalent i^twork of a pentode. In 5, ti = <t^o and Gp =» 


The equivalent network: for the fibnst and test stages of an iwstage, 
jRC-ooupIed amplifier using pentodes is drown in Kg. 7*10. The first 
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n — 1 stages are alike; the nth stage has the conductance load Gi. The 
grid-<arcuit conductance is 62 - The coupling between tubes is through 
capacitance C 3 and conductance G'j. 

The output voltage t’an-ifO resulting from an input voit) =«(<) will 
now be calculated. Since there is interest only in the change from the 
steady operating point as a result o/ this .sudden change in the input 



nth Stage 


Fia 7*10. Equivalent network of first and last stages of an GC-coupled pentode 

amplifier. 

Cl » 7 X ICT^ microfarad Gp » 0.7 X lOr^ mho « 4 X ICT® mho 

Cj » 12 X l<r* micfofarad Ci * 4 X 10^ mho fi « 2000 

Cg « 6 X lOr* microfarad Cj « 2 X KT^ mho i* « Gp/tv^kr-i, 

A? ~ Ij 2j 3| • • 7lm 


voltage, the initial condenser voltages can be considered zero. Although 
Cl of the first stage is an exception because the source voltage is applied 
directly acn»s its terminals, this condenser does not enter into the an- 
alysis. 

If the £ transforms of t'l, r 2 , and t'l are, respectively, Fi(s), F 2 (s), 
and the £-tran£form equations for nodes 1 and 2 are 

m + C,)« +Gi+ - CgsTsW * -his), I 

-CitVi is) + [(Cl + Cs)* + C 2 lF 2 («) = 0 . J 

Here ■fi(*) * o(®) “ z*Cj>^Iro(^)J- 


The a^iioQ of equatkms 26 for F 2 (s) gives 

«jsFo(8) 


in which 


oi 


F,(«) = 


vGjCs 


^+bis + bo’ 


m 


CiCi + C2C3 + CiCs 


= -73.7 X 10®, 


61 = 


^ 02(C'2 + Vz) -b (Gi + G^){Ct + C8) . 

CiCa+CsCs+CiCs -3.52X10“, 


4 + Cy) 

C1C3 + C2C3 + CiCs 


= 9.88 X lO!'. 
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The roots of the characteristic equation, 

+ biS + 6o = 0» 


are 

Si ^ -281, and Sz = -3.52 X 10®. 


[28] 


Each ol the first n — 1 stages has a relation between output and input 
voltages siinilar to that expressed in equation 27 for the first stage. 
Considering now the nth stage, the £ transform equation for node 
2n — 1 is 

(Czs +G^ + (?,)F2_i{s) = [29] 

Here 

~ xC®) — 2 (Ol" 

The solution for F 2 »i-i(®) is 


F3«_i{a) = T^2*-2(«>, [30] 

5 03 

in which 

02 4 _ = -11.7 X Iff, and *3 = - = -39.2 X 10*. 

O 2 t/2 


The input-output relations oi the last stage, md of each aucoeasive 
preceding stage, form the equation set: 

l'2,^i(s) = Vz,^2(s), ] 

S ~ S 3 1 




(s - Sx){S 


S2) 


[31] 


1^3(8) = 


ais 


Vo(s). 


(s - Sl)(s - Sz) 

Solving the set 31 for Vz„^i (s) in terms of FoC®), there is obtained 
^**-'^*^ " T^Z [(8 - SiK® - 83)] 


[321 


which is tzan^orm equation for the output voltage of an n-stf^ 
EC-coupled amplifier in terms of the input voltage, all st^es except 
the nth being {dike. 

Ifn = 3,and»o(t) ^ «(f), thm Fo(s) = s“\ and equation 32 becomes 


i"6(8) = 


^5^8 

(S - 8i)*(» - S2)®(S - S3) ■ 


[33J 
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The £“* transformation of equation 33 gives, in accordance with the 
prindptes presented in Sec. 6, Chapter 6, 

«'«(<) (“ ) (*^n< + A’i3)c'i‘ + {Kill + A22)e'>' + Aje**', O^t, [34] 
in which 


Kn ^ j^(8 - «i)*F5(a)j = 


fliag.?! 


(Si ^ 3 ) 

- 2 (^1 + ^ 2)^3 ~~ 23t 

(si - S 2 )®(Sl - 83 )^ 

= -1.30 X 10^ 


3.67 X 10», 


Kn^ 


[(8-«a)*r5(«)l =- -=4.50X10^ 

L J,-« (82 - «ir (82 - 83 ) 

[|( 8 - 82 )»rs(s)] =afa2 


(si + 82)83 — 2 ^ 


(82 - 8 l)«( 
= -9.97 X 10* 


A* A 



83 )Vs{ 8 ) 

•Jim 


2 

01^2^3 

(S3 - 8i)*(83 - 82)* 


= 1.01 X 10®. 



i< ll2]ta2i2S32a6«4l4S 52 56 €0 

HM * IjfTWWWtft 

Ra. 7'll. Reapcxae of tbroMtage CKI-oouided ampSfier to unit step change of 
inputgrid voltage. 


Finally, wii^ f in microeenHtds, the output voltage is 
»*(<) (=) 1(3.67 X 10-*f -13.0)e-«i>‘“''‘ 

+ (45.01 - + 1.01 X 10»e-^ 10« volts. 

Its foim is ^ves in Fig. 7<11. 


7. Fim Head wrra MscHAincaL FmuBB 

To show the af^calkm «f the £ transfonnatkm to the solution of a 
mechanical-eystem jawblem, a mechanical filter trill be used for an 
example. 
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For high-fidelity talking motion-picture performance the film speed 
past the scanning light must remain as nearly <K>nstant as possible, other- 
wise a frequency modulation of the reproduced sound results. In 
Fig. 7-12 is shown a fonn of mechanical filter [Co 2] that will filter out 
variations in film speed caused by irr^ularities in the driving gear trains 
and in the engagement of the sprocket teeth with the holes in the film. 



Fig. 7*12. A rotsfiimal-iBeehanicai filter used in a motion-picture projector. 


Ji « 1.84 X lO** dyne cm sec* per radian. 
J% * 8.48 X 10* dyne cm sec* radian. 
B ~ 12.4 X 10* dyne cm sec p«r radian. 
K ~ 2.^ X 10* dyne cm per radian. 

sprocket diameter 
T ~ "z t: 7 — 0.578, 

dram diameter 


The film head is a hollow drum of small moment of inertia Ji. Within 
it is a concentric inner flywheel of moment of inertia J 2 which is large 
compared with Ji. The remainder of the space within the drum is 
filled with oil. The inner fl 3 rwheel rotates on precision ball bearings on 
the drum shaft. The only coupling between drum and flywheel is 
through fluid friction and the very smrfl friction in the ball bearings. 
Assuming that the frictional torque between the two fl3rwheels pro- 
j)ortional to the difference in their angular velocities, the coupling 
between the fl 3 rwheds can be £«;counted for by the rotational retistance 
B. The necessary spring restoring f orce for the filter system is provided 
by the flection of the film loops between dram head and idiar pulteys 
when the film k rmam^ rapdly throu^ the system. Thk 
effect is accounted for by tihe rotational stiffness K. Ihe diameter 
cS the winding sprocket that (»ntroIs the linear velocity of film at its 

pulling is T times ti^ drum diameter. 
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With the winding sprocket, the drum, and the flywheel running at their 
normal uniform angular velocities, the winding sprocket introduces 
a disturbance equivalent to a unit increase in its angular velocity for 
0.15 second followed by a resumption of its normal velocity. Assuming 
that the film in contact with the drum cannot slip, find the change in 
an gular velocity of the drum as a result of this pulse in the angular 
velocity ai the winding .sprocket. 

Hiis filter is a two-coordinate .system, the two dependent variables 
being the changes in the angular velocities of drum and flywheel result- 
ing from the change in angular velocity of the sprocket. Let t = 0 
when the increase in sprocket angular velocity occurs, and let 

wo(0 be the deviation of the sprocket from its normal angular velocity 
(this denation is a known velocity pulse of unit amplitude and 
0.15 second duration), 

ui(t) be the deviation of the drum from its normal angular velocity, 

ws(f) be the deviation of the inner flywheel from its normal angular 
velocity. 

Since at f = 0 the sprocket, the drum, and the flywheel are running 
uniformly at their normal angular velodties, the initial conditions are 
equivalent to th<^ of rest, i.e., 

«i(0) = 0, 4“”(0) = 0, 

«»*( 0 ) = 0 , = 0 . 



W (h) 

Fm. 7-13. Neiwwk dagrm of the mechamcal Systran shown in Fig. 7-12. 


In 7-13-u the meduuueal-netwcHrk diagram (rf the system is shown 
with a vdoetty aouroe rusCf) io smes with the rotatibnal sti&ess K. 
For oonvauoioe in anidysts, this series branch can be replaced by a 
torque source ro(t) in pandldwitii.? as in ilg.7-13-d. With the aid of 

Table 2, Chapter 2, to(0 = rK f the additive cemstant bmng 

0 since «o“**(0) = 0. 



Sec. 7] 


FILM HEAD WITH MECHANICAL FILTER 


189 


By inspection of the network diagram (Fig. 7-13-i>) the i-d equations 
for the system can be written directly as 

J 1 + Bui K J <^idt — Btoi = ro(0» j 

, " 135) 

Cw^o 

— BtOl + Jz ~T , — h jBcOj = 0. 

at 

If preferred, the equations can be written from inspection of the mechani- 
cal system itself (Fig. 7-12), 

dwi 

Ji = if J (rwo — «i)£K + B(u2 — wi), 

= B(«x - «2). 

In equations 35 and 36 the presence oS the definite int^raJs indicates 
that the conditions on the initial angles of sprocket and drum have been 
accounted for. 

If the £ transforms roit), and 0^(0 are To(«}, 8i(a}, and 
Qaia), the £ transformation dP equations 35 yields tiie equations 

(ji8 +B+ f)0i(«) - BOaio) = To(«), , 

\ « / [-137] 

— SQi(s) -h {JaS d" ■B)Q2(s) “ O- 

Here 

To(s) = y flo(s) = r2r£[^J^‘«o(0d<]* 

The solution of equations 37 for Qi(s) is 


rK (s + ao)l^(s) 

J,‘^+b^+ht8 + bo' 


in which 


= 90 . 8 , 


00 ^ ^ = 1 . 47 , 

6a = = 8.20, 

JiJa 


bi = -r= 1-57 X 10^, 


^ BK 


&o = TT = 2.31 X 10*. 
4iJa 
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The chaiBCteristic equation, 

^ + b2^ + bi8 4- 6 o = 0, 

has the roots «t = —1.58 and $ 2 , sa = —3.32 ± jll. 6 . 

The sprocket angular-velocity deviation coo(0 is a pulse of unit am- 
plitude and 0.15 second duration. It can be expressed as the difference 
of two unit step functions, the second one of negative sign and displaced 
0.15 second from the Srst, as 

«oCO = «(0 - u(t - 0.15). [39] 

Its £ transform is 

Qo(s) = --^c-“-'«*, [40] 


in which use has been made of ptur 13, Table 1 , Chapter 4. Thus 
equation 38 can be written 

Jl S(S - Si)(s - S2)(8 - sa) ^ ^ 

= 5|(«)(1 - [41] 

in which 



8-1-00 

*(« — «i)(« — S2)(« — S 3 ) 


The £~^ transfoxmatbn equation 41 is the difference of two func- 
tioDs, the seocHid one being equid in magnitude but oppoate in sign to 
the fast and disidaced from the first by 0. 15 second. Using the princi- 
ples presented in Sec. 3, Chapter 6 , 

«i(0 (= ) 1^0 + •K^ic*** -1- ^[2^2®^*] 

-{Ko -h -I- £il[2K2C-‘i}«(f), 0 g f, [42] 

in whidi 1^1 — 0.15, and 


Kt^ 

K2^ 


j^(8 - 82)01 (s)J^ 


81 -t-op 

Jl Sl(«l — S2)(8 i — Sj) 
tK 82 + Oq 

Jl 82(82 — Si)(S2 — 83) 


= 0.046, 

= 0.326e»‘^»®’. 
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For 0 g the drum’s angular velocity in radians per second dhaogee as 
follows: 

oslit) = 0.678 + + 0.652e“^-32« ^ ^ I05OJ 

- [0.578 + 0.0466““^*^* + 0.652e“3*^^*cos (11.6? + 165*^)|tt(!), [431 

in which ? = (i — 0.15) seconds. The form of (t) is shown in Fig. 
7-14. A different treatment of the type of transform occurring in equar 
tion 41 is suggested in Chapter 8, problem 8*11. 



Fio. 7-14. Raqpoose of the film he^ to rectangular pobe in angular 'TOiocHy of the 

winding sprocket 

8. Automatic Conthol through Transient Feedback 

Automatic control [Ha 10, Iv 1, Ma 7, Mi 3, We 3] through tranaent 
feedback is used to relate a continuous process so that a spedfied 
variable quantity may be miuntained at a desired or normal value. This 
may be either a constant or an independently varying fimction. 
If , as a result of eidaRneous disturbances, the variable deviates from this 
nnnnfti value, the ensuii* transient is used to make the system self- 
correcting thereby restoring the variable to the normal value. The 
process or system which is controlled is called the controlled sydem. 
The cornKiTifttinn of devices that continuously measures the deviation 
of the variable and translates this deviation into a correction of eystou 
input is called the aittomoHc conb-dUer or, briefly, controller. In measur- 
ing deviatmns of the variable, a good controller extracts n^Iigh>le energy 
frcnn the output of the controlled syston, but the corrective energy 
which it i^uJates at the input oi the oontxoQad system may be large. 
Automatic ocmtrollers are used, for example, in r^ilating tenperatizre, 
liquid levd, pressure, fluid flow, voltage, frequawy, speed, angular posi- 
ticm, sound-volume levd, and in stdbOhdng the motion of dnps, in 
steering ghl p R , and in ploting aircraft. QosdF allied is the control ci 
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Ojlil— 

c(*) 



— e,u) 

AUi 


amplification and wav^onn in vacuum- 
tube amplifiers through feedback 
[BlIJ. 

There are certain relations, funda- 
mental to automatic-control ^sterns, 
which can be fonnulated concisely and 
conveniently by use of transform equa- 
tions since these equations are alge- 
braic m nature. A statement of these relations can be made by 
reference to the schematic diagram of Fig. 7-15. Using £T as an 
abbreviation for “ £ transform,” the symbols in Fig. 7-15 have the 
following meaning; 


Fki. 7-15. Schematic diagnun of a 
ajnrtem having automatic oontnd. 


Di (a) is the ST of the local disturbance di (t) at input end of A, 
C{«) is the ST <rf the correction c(0 at input end of A, 

1(a) is the ST the corrected input disturbance i(t) entering A, 
0(a) is the ST of the resulting output disturbance o(t) leaving A, 
Di (a) is the STtrf the local disturbance di (t) at output end of A, 
A(a) is the ST the total deviation S (t) at output end of A. 


Let 


be the transfer function for A, usually denoted by ju in am plifier 
theray, 

Gm(() be the transfer function for B, sometimes denoted by j3. 

Then (1) the lim (?u(a) < «>, and the lim Guia) < oo, and (2) it 

• ">ep 

h asBuined that the i^ystem has been op^ting without a deviation for 
Buffieient time fmr all effects cS previous deviatioiis to have disappeared, 
the fondammital equaticms for automatic control can be written 


C(«) = <?84(s)A(s), 

[44] 

m = DM+C(a), 

[45] 

0(a) = GMKa), 

[46] 

A(a) = 0(8) + Dsia). 

[47] 


By placing the above leetaii^ioDe the kansfear functions and on the 
openting ooiMiHini, the equations 44 to 47 can be written without con- 
cern tor the initial values of the dkturbanees and their derivatives except 
that they should be finite, and the initial values vritiun the system can 

taken as sero. 

When the problem is swch that the restrictions spedfied above are 
not met, the S transfmrmaticm of the i-d equations of tim amtiolled 
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system and the controller, introducing therewith the necessary initiftl 
conditions, will provide a set of algebraic equations which will serve in 
place of equations 44 to 47. No attempt wiU be made here, however, 
to present a set sufficiently general to cover all possible combinations. 
It is sufficient to remark that the ^-transformation method presents a 
mechanism by means of which the explicit problem can be expresed 
algebraically. 

Substituting from equation 44 in 45, from equation 45 in 46, and 
from 46 in 47 and solving for A(s), there is obtained 

1 - Gi2(s)G34(s) 1 - Gi2(s)(?34(s) 

The common factor [1 — (?i 2 (s)ff 34 (s)]”‘^ can be called the control 
factor for the entire system. Let it be represented bj" (?{s). Then 

A(s) - G(s)[Gi 2 (s)Di(s) + D2 (s)1 [49] 

In the design of a controller for a given system, the transfer function 
Gi 2 (s) is a characteristic of that system and usually cmnot be changed 
unless the Efystem ib changed. If a change in the system is not feasible, 
only (? 34 (») is subject to choice to yield a most favorable control factor 
The locations in the s-plane of the zeros and singularities of G(s) 
are of great importance since they determine the dharacter of the 
response. Evidently the overall system should have no poles in the 
right half-plane, and no multiple-order poles on the aris of imaginaries, 
since these yield terms in the response that grow without boimd [Ro 
2, Ny 1]. Furthermore, there should be no first-order conjugate poles 
on the axis of ims^jnaries since these yield terms in the response that os- 
cillate with constant amplitude. In other words, for automatic control 
the t 3 rpe and distribution of poles should be such as to provide a stedble 
and nonosdllating system. On the other hand, it is ordinarily desirshle 
for G(s) to have a zero at the ori^ of sufficiently high order to cancel 
a pole of ^ven order at this point likely to be iniaroduced by the func- 
tion Th® elimination of a pole at the ori^ in- 

sures the ab^nce of a constant deviation or adeviation that increases as 
a power of t Since the desiga of ocmtroUers is outside the field of thk 
text, these properti^ of G(s) will not be discussed further here. 

lkiuatiion49isof great generality, applying equaUy as well to systems 
with dktributed oemstanis as to i^ystems with hunp^ constants. Shoe 

Taihn in 1937 in an nnpulhshed znemorandum used contmi faeior 
[1 — On(s)Ou(s)lr^ to mimnMBiee the theozy of an atzininali^<contrdi 

carrying over the baaie Idea ffinn deetrlo-agnpBfkar des%& [B& I, Ny 1}. 
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the latter are our ooneem at this point, a lumped-oonstant ^retem wDl 
be used for an illustrative example. 

In fig. 7*16 is shown a simple servo-mechanism [Ha 10], a form of 
automatic-control system in which the disturbance may be considered 

to be at the output end of the controlled 
I system. The servomotor and its shaft 

load have a moment of inertia J. The 
damping is represented by the rotational 
i * ■* re^tance B. It is desired to have tiie 

I j****-^ angular position 4>i(f) of the motor shaft 

*- CenMbr J coincide with the angular position 

' — * of the shaft shown on the right. The 

difference ~ between their 

Fio. 7-16. .4 simile servo-meeh- angular positions is the deviation 4>(t) and 
ankm with proportion^-plue- actuates the controller which in turn ^ves 

mtegntiDg control. to the motor shaft a correction torque Tc(0. 

/ » 60 Fi 12 X 10* Assume that the controller equation is 

B - 4.6 X 10* = 11 X 1(? /• 

re(f) = ~ *2 / [50] 


in which ki and are positive real constants. This equation states 
that the instantaneous correctiou torque is dependent upon both the 
instantaneous deviation and tiie integrated deviation up to that instant. 
Furthermore, the minus ^w that when tiie deviation and its 
time mt^gcal are po^ve, the correction tcaque is a retarding torque. 
When the eoniiol equaticm is the form ^vaa in equation 50 the con- 
tidied system is said to have proportional-iphis-integrating control. 

Assuming that the vahies d tim servo-mechanism constants, in any 
an^ system of units, are as &ven in fig. 7-16, find the resulting devi- 
ation #(t} if the reference-diaft an^ ^(0 suddenly starts to increase 
Hneariy with time. Assume that at the start of t^ distiurbauee the 
time int^ral d the deviation is aero. 

The defviatioD 4(f) and the angle 4}(f) are chosen as the dependent 
variables. The an^ 4s(f) d tim reference shaft has been chosen here 
as fu(f). The difidential and int^ral equations d tim ^^stem are 


^*1 




[51] 


r.(l) = -kij'4>dt, 


in wbich 




[ 63 ] 
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The initial conditions are 


^(0) = 0, ^(0) = 0, = 0. 


Eliminating rdt) from equations 61 and 52, and using the value of 
^(— 1 )( 0 )^ there is obtmed 


J 



+ B 


dt 



[54] 


Let the S. transforms of the functions ^ and of t be denoted by the 
functions # and of s. Then the £ transformation of equations 53 and 
54 yields 

1 

#(s) = $i(s) - ^ , 

/ fc,\ 

{J^ + &)»,(«) (i, + j U(«). 

i 

Solution of equations 55 for$(s) gives 


in which 


#(«) 


g +Oo 

8 * + 628 ^ + hi* 


ao = B/ J = 75 

62 A 5/ j ^ 75 

hi A fcj/j = 2.0 X 10® 
ho = ki/J = 1.83 X 10*. 


156] 


Equatibh 56 is an example of the general relation 49 in whidi 
A(s) = *(«), 

<?34(s) = — , 

rM - (s + qp)*® 

^ + has® + hi« + htt * 

Di(*) = 0, 

Dais) = — s“*. 
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It will be obeerved that it is the presence of fca in the equation for the 
correction torque that pves (?(«) the zero of second order at the origin 
and elinunates the pole that would be there due to D^is). This is seen in 
equation 66. If jfcj were zero, then bo would be zero, and there would be 
a pole at the ori^, which would produce a constant deviation. 

The characteristic equation, 

s® + 62S® + feis + 60 = 0. 

has the roots «i = —21.6, and sa, S3 - -26.7 ±ill.5. 

The transformation of equation 56 gives, by application of the 
methods developed in Sec. 3, Chapter 6, 

H,{t) (=)£-*[- _ , 3 )] 

= [57] 

in whidb 


Ki ^ I(s - Si)*(s)L-„ = 
^ l(* ” *3)^(s)L->«i “ 


''X I '•u 


(81 - 82) (si - 
^2 + ^ 

in - «i)(^ - %) 


= -0.338, 

2 j 



Pto. 7'17. Lag of Mno>driTeBdbaftiiiimaogk of reference shaft increases lineariy. 


The deviation resultii^frciin the linear inomse ^ is thus 

^(<) {=) -OJSSe-" ** - a343e-««8iB (ItS - 101°), 0 g t [68] 


Graphs of this deviation and the (fistnibaiioe tiiat causes it are ^ven in 
Fig. 7-17. Begbuiing at f — 0, ^ falls b(tiiiiui ^ but later catches up 
with it. 



Sec. 9] 


COXDITIOXS FOR STABILITY 


197 


9. Conditions for Stability; Conditions for Undamped Oscil- 
lations 

A more general problem in the theory of automatic control is the 
detennination of limiting relations that must hold among the constants 
of the controller and the controlled system if the overall system is to be 
stable and nonosdllatory in the steady state. On the other hand, if 
sustained oscillations are desired, as for example in an oscillator, there 
is the problem of finding the exact relations among the constants which 
will permit such oscillations to exist [Gi 1, Ma 6], * 

The overall system will be stable and nonosciilatory in the steady 
state if all the roots of the characteristic equation have negative real 
parts [Eo 2]. In fact it will have these properties even if the equation 
has a single zero root. It will be stable but oscillatory if there are con- 
jugate imaginary roots aU different. It will be unstable if there are 
roots with positive real parts, or if there are repeated zero or conjugate 
imaginaiy roots. 

If the characteristic equation has been solved and its roots are known, 
one may easily see whetibier or not tibe system is stable. But equations 
of third and higher degree usually are not solved without considerable 
labor. It is desirable therefore to be able to settie the questbn of 
stability witibout actually solving the characteristic equatkm. There 
is a method due to Routh [Eo 2] by which the number of roots pxesait 
having positive real parts can be determined from the coeffidentB oi 
this equation without actually finding the roots. The method gives also 
the number of roots having zero real parts. This method is an exten- 
sion to complex roots of Sudan’s theorem [Di 1, 83-85] and Descartes’ 
rule of signs. A summary of the method, useful for purposes here, is 
givean bdow without proof. 

Stating thfe method in our notation, let the characteristic equation, 
from which any zero roots have been rmnoved, be represaated by 

+ . . . + fcis +6o - 0, [59] 

in which Ihe Vs are real coefficients, with positive, and n is a positive 
real int^er. Arrange the coefficients m two rows as 

8 ^\ 6«-2 • • * 

hn-3 • • • 

The coeffidents a third row are found by crossmultii^c^Uaon as 
follows: 

1 , 
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Using rows two and three, the coefficients of a fourth row are found by 
cross-multiplying again. New rows are formed in this way xmtii no 
term remains. In the course of thw development the coefficients in any 
row may be multiplied or divided by a positive number without altering 
the result. This simplifies the numerical work of finding the coefficients 
df the succeeding row. If all the terms in the first column are of one 
s^, the equation has no roots with positive real parts; if there are 
changes in sign, the number of changes equals the number of roots with 
positive real parts. 

For example, let the characteristic equation be 
(s + 4)(s - 2 + j3)(s - 2 - i3)(s -b 1 + f2){s + 1 - j2) 

= s® -I- 28* + 2s® -!- 46«® -b 89s -f 260 = 0. [60] 

FoUowing the procedure presented above, the table of coefficients is 

1 2 % 

2 46 260 

1 —1.95 (after dividing fay 21) 

1 6.18 (after dividing fay 42. 1) 

4.23 
6.18 

In the first column there are two changes of sign, indicating that the 
specified characteristic equation has two roots with positive real parte — 
and this is seen to be correct, for there are roots at 2 -f j3 and 2 — j3. 
Note that the method does not actually locate the roots but only indi- 
cates whether there are roots presmxt with positive real parte, and if 
there are, tdb how many. There are two exceptions to this general 
pcooem whkh nesd special oommmt. 

1. An exoeptkm to the ^eral process arises when the first-column 
ienn in any row is zero, but the remaining t^ms in this row are not all 
zero. Any attempt to write the following row fails because its terms 
will be infinite. Three methods of overcoming this difficulty are : 

o. Reidace the aero by an arbitrarily small real number e and proceed 
as usuaL Terms in e® will need to be retained only if there is uncertainty 
as to the rdative magnitades of derived coefficiente. The total number 
of sign changes in tim first column will be the same whether e is considered 
podtive Gt native. 

b. Multiply the equation urulor investigatirm by a factor such as 
{* 4- k), with h a podtive real numb^. This will increase the d^ree 

the equation but wili restore the mksing power of 8. To avoid produc- 
ing a case coming under the seocmd exception, treated bdow, —h should 
not be a root the ori^nal equation. 

c. Form the equation whose roots are the reciprocals of those of the 


t 
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original equation. This can be done by replacing s by u“^ and clearing 
of negative powers of u. The resulting equation in u has the coefficients 
of the ori^al equation in the reverse order. Use is made here of the 
facts that (1) the reciprocal of a root is a number whose real part has 
the same sign as the real part of the root and (2) the reciprocal of an 
imagmaiy root is an ima^nary number. 

2. A second exception to the general process arises if oH tiie coefficients 
in the second or any derived row are zero. If this occurs tiiere are 
present roots of equal order lying radially opposite each other and 
equidistant from the ori^. The process can be continued by writing in 
place of the row of zeros the coefficients of the derivative of an auxiliary' 
polynomial whose coefficients are the numbers in the last nonvanishmg 
row. In this auxiliary polynomial s will appear only in e\'en powers, the 
highest power being that of the s indicated at the left of the last non- 
vanishing row. The roots of the equation formed by equating the 
auxiliary polynomial to zero are all roots of the ori^al equatmn. 
They occur in pairs, the two roots of a pair being equal in magnitude 
and opposite in sign. As before, the variations ci sign in the &st column 
of the coefficient table will give the number of roots having positive 
real parts. The rmmning roots will have negative or zero real parts. 
If there are any roots with zsto real parts they will be fmind among the 
roots of the auxiliary equation. 

To illustrate this special procedure consider the charactemtie 
equation, 

(s + j2)(s -i2)(8 -h l)(s - l)(s + 3) 

= 8® + 3s^ + 3s® -1- 9s® - 4s - 12 = 0. [6ll 

On forming the rows, 

13-4 

8* 1 3 —4 (after dividing 3} 

it is seen that the third row will be composed of zeros. The occurrence 
of two idmtieal rows indicates Hie presence of roots equal in absolute 
ma^Hide but lying radially oppoeite. The auxiliary polynomial 
8* -f 3s® — 4 is ftamed u^g Hie s^nd-row coefficients, rinoe the 
second is the last nimvanfehing row. The ooeffidents of the derivative 
of this pc^ynmnial (aStes: dividing by 4) are taken for the third row, and 
the process continued. Hie third and the remaining rows are thus 

8 * 1 1.6 

8» 1.6 -4 

8* 4.17 

8» -4 
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There is ooe change of sign in the first column, indicating that there Ls 
cme root witib poeative real part. The remaining rcx>ta have either nega- 
tive real parts or lero real parts. If there are any with zero real parts, 
they irill be found among the roots of the auxiliary equation, 

-P 3s* - 4 = 0. [62] 

Ihese four roots are ±1 and ±j2, and all are roots of the ori^al equa- 
tion. They are the pairs of roots that produced the two identical rows. 

Returning now to the general question of stability, it is seen from the 
above discussion that there will be no roots with positive real parts, and 
the system wiU be stable and nonoscillatory in the steady state, if all the 
coeffidents of the characteristic equation, 

6.*" + + 6 - 28 ""^ -H • • • + 6rs + 5o = 0, [59] 

are positive, and 

< 6n_l6n-2f 

h||6^_3 -h < bn — ibn—zbn — 3 "t" bfj}n — ihn— 6, 

for ail tlK derived coefficients that will fall in the first column. 

If sustained undamped oscillations are desired, the coefficients must 
be such as to (1) make all the coefficients of one row of the coefficient 
taUe aero and (2) cause the auxiliary polynomial formed from the 
ooeffidmits <ii the last nonvanishing row to have a pair of conjugate 
imapnaiy texts. like the criteikm for stability above, this criterion 
for Bostdiied oeeOlatkms becomes too complicated for statement ex- 
pBcWy m terns of the coeffidents of the general polynomial. 

The ample semMneehanism which was oonddered in the previous 
8eetk» will be used as an examjie, except that here its constants will be 
taimt as un^sdfied numerically. The characteristic equation for this 
nsdumiaa wts found to be the form 

•* + + 6i« + 6o “ 0* [63] 

The eoeffident taUe is 

1 6i 

ht bt 

hbi — H 

it 

If theiearetobenorootswithpoBitiverealparts, Si, &i, aod&oiuustbe 
positive and 6o < ^2 • bi. In terms of the oonstants of the system, 
this means that ki and ^2 must be positive, and J/B < ki/ka. 
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An undamped oscillation can exfet if the third row in the table 
is zero, i.e., if 6o = fei • & 2 * For this condition, the auxiliary equation is 

62^^ + &o “ 0, [64] 

and its roots are =biv &o/& 2 * In terms of the constants of the 
this oscilla tion will occur if ki/k 2 = J/B, and its angular frequency will 
be Vk 2 fB. 

10. Use of Increments as Dependent Variables 

In solving a problem by means of the £ transformation the initial 
values of the dependent variables and their derivatives are introduced 
into the equations in the process of the transformation. But the deter- 
mination of these initial values may be an irksome task which one would 
gladly avoid if possible. Frequently it can be avoided if a favorable 
choice of variables is made. Such a favorable choice is possible when a 
sysfxm is suddenly modified and only tiie aibeequent changes or incre- 
ments in the system dependent variables are deared. With the differen- 
tial equations of the modified system written with the increments as 
dependent variables, the initial conditions for tibese increments are all 
zero. 

This principle finds wide application in handling problans in automatic 
control where in general only deviations or incremaats are of interest. 
But here it will be presented in more generality in terms of an electric 
network suddenly modified by switching. Here the term “ switching 
includes accidental short-drcuits and open-circuits as well as modifi- 
cations made intentionally. 

Since the networks conadered are linear the principle of superposition 
applies. Each branch current (and voltage) in the network after switch- 
ing may be considered to be composed of two components: (1) The 
branch currait (or voltage) that would result if the network, witih zero 
mergy storage in its el&ximta, were middenly excited by a rin^e source 
located at the pcdnt of switdiing. This ringjie source is equival^t either 
to the voltig© drop annulled by dosing the switdi, or to the current 
aimiillfid by <^)eaing the switdi. (2) The brandi current (or voltage) 
that would exist if no switching took place. 

The first oompcmmt is the increment produced by tibe switching. 
When sMed to ^e second cmnpon^t it ^ves the total brandi current 
(or voltage) existing afta* tite switdbing. 

The Beeo^ compwent m too when the variable sou^t is the current 
in tte switdh that 1^ lust doeed, or is the voltage dre^ aisoss the 
switdi that has just &pmed. For these cases first ocaniiqi^t cmr 
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stitutes tte entire solution. Since the initial conditions used in calcu- 
lating the hrst component are all zero, the formulation of the necessary 
transform equations is especially easj’. These two cases will be discussed 
in more detsul in the following sections. 
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Fio. 7>18. EflhetB of doemg a switch can be attributed to a voltage source inserted 

at point switdung. 


11. Clcsing op a SwrrcH 

• 

In Fig. 7’ 18-0 let A be a linear network two points of which are con- 
nected at f = 0 by cksmg the switch K. In general A will contain 
voltage and currait sources. Let »x(0 be the voltage drop that is 
annulled by clomng the switdh, and let isit) be the current that results 
in the switch. If FxCs) and /jc(s) are Ure £ transforms respectively 
of 9s{t) and and Yxis) is die input-admittance function of A 
after all voltage sources have been short-drcuited and all corrent sources 
have been c^)enretrcuited, and A is viewed frcnn the terminals of K, 
then the rdad(nibetW8ai/jc(8) mid Fs(8)c{ui be shown to be 

/*(») « Fir(s)Fjc(8). [65] 

i^irtheimote, the S, tzansfonns the current and voltage-drop incre- 
ments within A can be found fnnn by the use of transfer fimctions. 

Tbid^ equatkm 65 is valid may be shown by the following reasoning. 
If the opei swHdi (Fig. 7*18-6) were replaced by a voltage source vsii) 
with polarity the CBme as that of the voltc^e drop conditions 
throu^mut A would rranain undbanged. But a second voltage source 
Psit) v&e sow ommected (Fig. 7‘18-ne} in series opposition to the first, 
the vdtage drt^ amss the two sources would be zero, and conditions 
would be the same' as with dosed. There would be a euirent in the 
branch ocameeting the two tmminals of A and incrmnents in the currents 
and vdtage drops within A. All of these could be taken, by the princi- 
ple of superposition, to be the ocmsequence of impressing the second 
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voltage source on the passive part of A (Fig, 748-rf) with all initial 
conditions zero. 

Equation 65 is a transform equation that states a limiting case of a 
generalization of Th^venin’s theorem [He 4, Th 1, Wi 6], When 
written, this theorem pertained to the direct-current steady-state be- 
havior of -networks, but it has been generalized since to alternating 
currents and to transients. In the limiting form the external resistance 
is that of the closed switch, i.e., is zero. 

The total currents and voltage drops in A following the annulment of 
the voltage drop across K can be found by adding to the increments, as 
calculated above, the values that would exist if K had not closed. One 
must be able to determine these second components without too great 
effort if this superposition method is to present any advantage over the 
usual straightforward procedure in which energy storage at the instant 
of switching is considered explicitly. 

The following example is made simple so that the result found by use of 
equation 65 can be verified quickly by inspection. 



(a) (b) 

Fig. 749. The currents and voltage drops found in network b are the same as the 
incrernerUs in the corresponding variables in network a when switch K closes. 


Example J. In the circuit shown in Fig. 7-19-a, switch Ki is closed at time 
t == 0, and h seconds later switch K is closed. Let h be less than the time 
constant UBi + of the circuit, so that the transient is interrupted. The 

current in switch JS[ is to be found. 

Let r = i — fi. For 0 ^ r, the voltage drop that is annulled by closing K 
is 


Denolang S^jeCt)] by Vxis), equation 66 when £ transformed is 


Fjc(s) = 


RtVi 


Si “i" Si 
For this network (Kg. 7-19-^), 


/i _ = 

s -1- a/ 


R^Vi (1 — + a 


Rx “h R 2 s{s "h c) 


[67] 


1 s 4- a 
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Example I. la the circuit shown in Fig. 7*2l-a switch Ki is closed at 
time i « 0, and h seconds later switch K is opened. Let ti be less than the 
time constant Ri€ of the circuit so that the transient is interrupted. The 
voltage drop across switch K after it opens is to be found. 



Fig. 7*21. The cmrents and voltage drops found in network 6 are the same as the 
incremenie in the corresponding vanid>Ies in network a when switch K opens. 


Let r ^ f — ft. For 0^ r, the current that is annulled by opening K is 


ix(T) = 

til 



[73] 


Let the £ transfonn of ixir) be denoted by /jc(s) ; then the tiansfonnation of 
equation 73 gives 


7k(«) 




1 


[74] 


For this network (Fig. 7*21-6), 

Z (t) = yC'e) _ RiRj 8 -f g , ^ 1 

" ^ “ fii + R* + 1/C8 fii + R,’s + 6’ (Ri + Rs)C' 

Letting be the Toitnge drop across the switch after it is opened, and letting 

F'x(<} ^ J^*k(r)], 8q>pliestioa <A equatknt 72 gives 


Vk(») = .^jr{8)/a(s) 

Fifij / * + A / \ 

Ri + jBj \s + 6 / \s + g/ 


FiR, 

Ri + R» 8 + 6 

Ti» £~‘ tKautformation of equation 75 gives 


(=) 


Ri + Ri 


Vi - Fi(l - 

Ri + R* 




0^ r. 


[75] 


[76] 


Since Fi(l - is the voltage across the condwiser at t = 0. it can be seen 
readily that the method has given the correct result. 
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13. Network Kecovery Voltage 

A practical application of the principle presented in Sec. 12 is made in 
the c^cidation of the recovery of voltage [Bo 2, Pa 3] across an oil circuit 
breaker in an arC power network when this breaker interrupts a short- 
circuit current. When the breaker contacts separate, an arc forms which 
prolongs the life of the current beyond the time of physical separation 
of the contacts. This arc is extinguished a few cycles later at a zero 
value of the alternating current. After this interruption of current, the 
rate at which the recovery voltage across the breaker contacts is built up 
by the system is important. If the oil switch is to interrupt the short- 
circuit current successfully, the voltage breakdown strength of the space 
between its rapidly separating contacts must grow at a rate sufi&ciently 
great to withstand the voltage that the network is building up simul- 
taneously across these same contacts. The problem then is to calculate 
this recovery voltage of the network. 

For a simple example, assume that a single line-to-groimd short 
circuit occurs on a three-phase transmission circuit on the line side of, 
but near, the current-limiting reactor (Fig. 7‘22-a): The low-potential 
side of the transformer is connected to an infinite bus,'' i.e., to a source 
whose power capacity is large compared with the power demands made 
by the circuits connected to it, and whose short-circuit impedance is 
small compared with the impedances of stationary apparatus in the 
network. If a circuit breaker located at the point shown is to open the 
faulted phase successfully, what rate of voltage build-up across its 
terminals must it withstand immediately after the current interruption? 

The calculation of short-circuit currents in power networks under 
general unsynunetrical short-circuit conditions requires considerable 
background knowledge of symmetrical-component theory [Lt 1, Wa 3] 
and, in particular, facility in the “use of the impedances to positive-, 
negative-, and zero-sequence currents in stationary and rotating electric 
apparatus and in transmission lines. This background knowledge will 
be assumed here because the calculation of the magnitude of the short- 
circuit current is incidental to the major problem of calculation of the 
recovery voltage. 

Since the resistances in power circuits at the power frequency are small 
compared with the reactances, it is sufScient to consider only reactances 
in the calculation of the short-circuit current. As an aid in calctilating 
the short-circuit current in the circuit breaker of lig. 7*2^a, the circuit 
of Fig. 7-22-6 is used. It consists of a series connection of the zero-, 
positive-, and negative-sequence networks to represent the single liue- 
to-ground fault. For a transformer and a reactor the impedances to the 
three i^uenc^ curr^its are alike, and hence the three sequence networks 
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are alike except for tiie voltage of the infinite bus which is of positive 
sequence only. The transmission line and the load at its far tenninal 
are assumed to have small effect upon the magnitude of the circuit- 
breaker current and are hence neglected. 



(fc) (c) 


Fio. 7*22. (a) One^ioe diagram of a three-phase power circuit. 

(6) InlercoDnectk^ of the three sequence networlos for a single line-to- 
ground fault 

(e) Network x^iesenting eiaments of faulted phase essential for calcu- 
lalaoii of leoovmy voltage across opened contacts of circuit breaker. 

Lt « 0.018 heoxy Ci s* 10“* microfarad F« = 38.1 \/2 kv 

Its 0.01 hie&ij €t — 10^ micrc^arad v ~ 377 radians per second 

Lei Pn(0 = F« coe represent tlie voltage to neutral at the infinite 
bus, Lt the traaefonner leakage inductance per phase, and L 2 the reactor 
inductance per line, then ~ wLi is the tninsformer leakage reactance 
per phase, and Xg = 6 ?L 2 is the reactor reactance per line. If Jo, Ji, and 
I 2 are the magnitudes of the zero-, positive-, and negativensequence 
currents, respectively, the magnitude of the short-circuit current in the 
drcuit breaker is 

r - T 3F^ v¥ X 38.1 X 10^ 

“ 0+1+2 3(a;j, + a.^) 2.8Xl(r®X377 

= 5.1 X 10® amperes. fTT] 

Then the current annulled by the opening of the circuit breaker is 

isit) = /« an tirf. 


[781 
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In the c«Jicnlation of the recovery voltage, interest centers principally 
on developments during the first fifty or so microseconds after the 
current interruption. The shunt capacitances to ground of the network 
elements play an important role in this brief interval and must be con- 
sidered. In the network (Fig. 7-22-c) for the faulted phase, Ci is the 
capacitance to ground of the transformer high-tension winding and 
terminal bushing and is the capacitance to ground of the reactor. 
Since it is the voltage built up by the system that is to be calculated, the 
capacitance to ground of the breaker is not included in the circuit. The 
capacitance to ground of the “ infinite bus ” is great compared with Ci 
and C 2 , and at the characteristic angular frequencies arising, it effectu- 
ally short-circuits the small inductance of this source. The capacitance 
and inductance of this soxirce are accordingly omitted. 

Although the interrupted current, from equation 78, is sinusoidal 
only an interval of fifty or so microseconds after i = 0 is to be considered. 
Since this is an interval exceedingly small in comparison with the 
period, 27r/a) = 16,700 microseconds, of ixit), it is sufficiently exact to 
take for isii) the first term I^fat of its power-series expansion. Hence 
Ix(s) « 

The short-circuit input-impedance fimction as viewed from the circuit 
breaker is found by a series combination of two parallel-impedance func- 
tions and is 


^ Ci(s^ + 1 /LiCi) €2(8^ + IIL2C2) 

Let vj:( 0 be the voltage drop across the open circuit breaker, and let 
VKis) denote its £ tranirform. In accordance with equation 72, 

in which ^ Vl/LiCi = 0.235 X 10« and ^ = 10®. 

By nee of the principles presented in Sec. 5, Chapter 6, the inverse 
txansformation of equation 79 is found to be, for 0 ^ < -C 2ir/c<), 

= Zi + +Ks+ [80] 
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in whidt 


Jfi A 




Kz 


f 1 

LCi(«® + Bi)J, 
r /,o» 1 

LCis(» 

CaCs® + ^i) J(-a 

jT A r ~l 

LC2«(« 


^ - /««Li = 34.6 X 10®, 
Imf^ — _ 

“ -2CiSf " 2 ’ 

/««L2 = 19-2 X 10®, 

/mwLa 


2 * 



Fia. 7>23. Beoovei; vintage aft» intemiption Ol short-dicuit cuncent. 


Upon canning out the operatknis indicated in equation 80, the recovery 
vdtage for 0 ^ t ■<$: 2r/u, with t in microseconds in the second Mne, is 

»x (0 “ -f-wiiU - cos AO -f I„«L2(1 - eos/Sjsi) 

= 34.6(1 - cos 0.235i) + 19.2(1 - cos 0 kv. [81] 

Hie ftam of this recovery voltage is shown in Mg. 7-K. The dope of 
the steepest of the lines tfarou^ the ori^ which are tangent to the curve 
is the maximum rate-dF-reeovety of voltf^ across the circuit breaker 
uzKler the eondifioiis assumed. 


14. Paballel Invekteb 

Ihe £-trandonnatkHi method works best on a problem having one- 
point initial or boundary conditbns. In such a problem the values of 
the unknown functions and a sufSeient number of their derivatives are 
specified at the origin of time or space. When the specified boundary 
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conditions are divided between the origin and later instants in time, or 
other points in space, the transformation does not 3 deld a solution 
with aU constants of integration evaluated. Rather it yields a solution 
containing certain undetermined constants. These are the required 
but missing initial values. These undetermined constants, or combina- 
tions of them, are evaluated by the classical method of substituting .the 
given boundary conditions and solving a set of algebraic equations. 




Fio. 7-24. Paralldi inverter with inductive load; 

R = 10 ohms C = 100 microfarads ij =» 1/120 sec 
L = 0.06 henry / = 30 amperes 

The anal 3 rsis of an inverter network [Mu 1, Os 1, Wa 2] for the wave- 
form of the output current will be taken as an example of a problem 
having two-point boundary ccmdilions. In Kg. 7*24 is diown a shupli- 
fied network of a parallel inverter with an inductive load. By means of 
a grid-controlled mercury-arc tube with two anodes and an assodated 
osdllatory circuit, this inverter dianges constant unidirectional current 
into alternating current. Actu^y tite output in tite st^dy state may 
be conddered to be a repeated trandent; its waveform depends on the 
timing and on the drcuit constants. The grid-control drcuits are not 
shown, but thdr function fa to supply alternating voltages of fixed fre- 
quenqy to tiie grids. The latter serve as switches synchronized to 
operate 180 degree out of phase so as to permit thdr reiqiective anodes 
to alternate in completing the drcuit for the return of the constant 
current to the source. For simplidty it may be assuxned that the 
3-winding transformer has the same number of toms in each winding. 
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and has ne^g^ble losseB, leak^ inductancee, and exciting current. 
In brief, it is an ideal transformer serving as a voltage multiplier. 

In Fig. 7-24 the arrow directions for the loop currents are shown for 
the half-cycle in which anode 1 is conducting. I is the constant uni- 
directiony input current, I'l is an alternating current ccmfined to the loop 
formed by the capacitance and the two primary windings of the trans- 
former, ij is the alternating output current in the load, and v is the volt- 
age drqp across the load. 

As a result ci tibe assumptions r^arding the transformer, the equations 
of the netwmrk written for the branches are 

2ii + i2 - J = 0, 182] 

v^L^ + Rii, [83] 

ii=2c|. [84] 


If V is eliminated from equations 83 and 84, 

U-2iC§+2Scf, 

and if this result is substituted in equation 82 there is obtained 

+ +4C‘»“4C' 


[85] 

[ 86 ] 


Let the grid-ecmtrcd voltages have a period of 2fi seconds. Then the 
load csinmiit and the condenser voltage drop at the beginning and end of a 
half-eyete satisfy the folfewing relations: 

*a(h) — ~is(0), 

2p(ti) = -2 p(0). 

Subetitotion of these conditions in equatkm 83 shows that 

= -4(0), 

vriiidi a bouiuiaiy otmditkm more oonvenimit to n» than that for v. 

lotting IsC*) denote the £ transform ctf the £ transformation of 
equation yields 

(L^+Bi+ = ^ + L*2(0)s + 5*2(0) -I- L4(0). [87] 
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The solution of equation 87 for J 2 (s) is 

T /.\ _ + flo 

in wbidi 02 = ^(0) 

oi ^ (B/LMO) +t^(0) 
do = //4LC 
bi = R/L = 200 
bo = 1/4LO = 5 X 10*. 

ITie roots of the characteristic equation, 

+ biS + io “ 0, 

are si, ss = — 100 ± j200. 

The transformation of equation 88 gives for 0 g i ^ ti, 


in which 


t2(t) (^)Ko +Kie^* + Eie^, 


and Kt and Kt are conjugate complex constants that depend upon tire 
values of ^ 2 ( 0 ) and ^(0). The solution will be shortened if Ki and 
Kt rather than 12 ( 0 ) and ^(0) are chosen as the two constants to be 
determined. 

The expression for 4(0 can be found by differentiating equation 
89. It is 

4(<) = StKie^* + s^i^. [90] 

If the boundary conditions are now inserted in equations 89 and 90, 
and terms collected, there is obtained the set of algebraic equations, 

(1 + e*‘^^)Ki.+ (1 + e^)Ki = -21, 1 

. _ £91] 

81(1 + e*A)^i+ ^(1 + e^)Ki = 0 . J 

The dimination of Kt from this set of equations and solution for 
Kt ©ves 

“ 7 = -31.8e»-<«« *‘-«>^ [92] 

(si - ^)(1 + e*!*!) 

Combining the conjugate-complex functions in equation 89, 
i2(0(=)^+Sl[2Zie“‘l. 
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Inserting values, the expression for 12 ( 1 ) for the half-period 0 g i ^ is 
i3(/) ( = ) 30 + 

» 30 - 63.6c-*“‘ sin (200i + 39.1"). [93] 



Time - seconds X 10** 

Fig. 7*25. Waveform of alternating current in load of parallel inverter dtiown in 

Fig. 7-24 


For the half-period ti ^ t ^ 2tt, 

is(i) = -30 + 63.6e-^“«‘-<^ sin [200(« - ii) -I- 39.1"]. 

The wavdform 4(0 ® shewn in Mg. 7*25. 

PROBLEMS 

7-1. Using the £ tiansfcomatkm, sdve the differ^tial equatkm 

<i*x dx 9 d 
— + 2a-+ff^=>-(l~^)e . 

X is to pass through the <Higin with a positive i^ope of unity. Assume that < /^ 
Use the abbreviati<m jSj * (p — a)* 4- — «*). 

7-2. Use the £ tranafcHmaticm to sc^ve the diSerential equation 

os~c”“*sin^f 

in whidi ai,a3saj» a, azid^ are positive real numbers. The initial value y is — h. 

7-3. Find tlm time functloa for (a) iSnQ vditage a<sros3 elastanoe Si md Q>) the 
vt^tage across dastance S^t if the i-^ equatkai for the drcuit k 
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in which Sn ^ ^1 + ^2 and R == 2 VLS 11 . When f ~ 0 the initiai current in L is 0 , 
the initial voltage across Si is * 4 - 7 , and the initial voltage across S 2 is 0 , 

7*4. K the input voltage of a single section (see diagram) of a s^munetrical-Ty 

low-pass wave filter is a unit step voltage, what is the form of the resulting output 
voltage V 2 (t)? The initial energy stored in the condensers and inductances may be 
taken as aero. 


L = 10 millihenries, C = 1 microfarad, = L/C. 

It 1. 





Fig. 7-P4 



7-5. Three inductance coils are connected in a 2 -loop network as shown in the 
diagram- There is mutual induction between each pair of coils. With the circuit in 
the steady state, switch K is closed. Find the subsequent current in the battery. 


Li = 50 millihenries 
L 2 - 75 millihenries 
Lz = 100 millihenries 
Mi 2 = 30 millihenries 
Miz ^ 40 millihenries 


M 2 Z — 35 milliheuries 
Bi = 5 ohms 
Rz = 15 ohms 
Rz = 20 ohms 
Fi = 27.1 volts 




7-6. The network of a surge generator to produce low surge voltages is illustrated. 
The half-wave rectifier charging circuit may be neglected in calculations of the dis- 
charge of Cl through the gap G. 

(a) Taking the initisJ voltage across Ci as unity, find the waveform of the voltage 
applied to C 3 . 

(5) Calculate the rime to reach the crest and the rime to reach one-half of the 
crest value on the tail of the surge. ^ 

Cl = 1.25 X 1(1“* microfarad Ri = 160 ohms 

€2 — 2.0 X ion® microfarad R2 *= 750 ohms 

€z = 1.0 X 10”^ microfarad 

7-7. A grid-controlled mercury-vapor disdKiige tube k used as a synchronous 
switch m the network shown in diagram a to produce recurr^t 2.8 X 37-micrQseeond 
conges of low voltage for visual oscillc^rc^ tesring of power ai^parariis that may be 
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cxmnected acitiee terminals mn. Here 2.8 X 37 means 2.S microseconds to crest and 
37 microeeocmds to half-crest value. 

Aasume that the grid-controlled tube begins to conduct at each positive maxiinum 
of the arc supply voltage, that the arc drop is constant, and that the voltage drop 
across B remains constant for 100 microseconds after the tube operates. Assume 
also that B is suiOBdently small to make the charge on Ci zero prior to each operation 
of the tube. 


tube 



Vis) 


Fig. 7-P7 


(W 


(o) If Ct/Ci = 5.16, fijCi = 8.00 X 10-® ohm-farad, and RiCt = 4.03 X 10“® 
ohm-farad, the no-load terminal voltage surge v{i) for one cycle. 

(f>) Find the impedance function ^(s) to be inserted in the equivalent transform 
diagnun for use in applying Th^venin^s theorem. Here V(8) = £lt’(01* 

7-8. The equivalent network of one stage of a television amplifier is shown in the 
diagram. Find its response i?a to an input voltage i?o which has the form of a unit step 


■q 

c. sj, <M 


ij 


A 


Fig. 7 P8 


fimetioEi. The behavior of the xespmae during the first few zmcnoseocnuls is of major 
mtmst 


Bp ^9 X 10* ohms 
=*= 10^ ohms 
Bt = 10® ohms 
Z as 8 X 10"^ henry 


Cl « 8 X 10^® microfarad 
C* - 12 X 10“® microfarad 
C* == 0.2 microfarad 

/ 5 - 2000 


7*9. In a oartain raptdHsdector system an elactronic rday is tr^ped by the ampli- 
fied azrreni from a |]hoioceil actuated by a light pulse. The triangular pulse of li^t 
received by tibe i^tocdS is shown in diagram a. The equivalmt network for the 
photoeeli and first stage of the amj^ifier is shown in diagram b. Find » 3 , the input 
vcdtage for the second stage. Frmn a practical standpc^t, features of particular 
inteestare (1) the time dday mtroduced by the stage (rf amplificatk®, and (2) the 
behavior vs sitear cessation of ihe imise. 
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It may be assumed that ( 1 ) the pentode operates on the linear part of its charao- 
teristic, a change of one volt in the grid voltage causing a change of 10 "^ ampere in 
the plate current, ( 2 ) the photocell current ii is proportional to the light fox received 



(o) (b) 


Fig. 7*P9 

by the photocell, a flux of Fi units causing a photocell current of 0.1 X ICT* ampere, 
and (3) there is zero time delay in the photocell. 

Ri = 0.25 X 10® ohms Ci = 0,01 microfarad 
R 2 = 10 ® ohms C 2 - 0.6 X KT® microfarad 

Rz = 10® ohms Cs — 7 X ICT® microfarad 

C 4 = 12 X KT® microfarad 

7 - 10 . A form of seismometer for use in geophysical exploration m shown. The 
base, which rests on the earth, has attached to it a circular coil that connects through 
an amplifler to a zeoordmg oscillogra{^. Ihe coil moves in a radial magnetic fldld c€ 
constant strength supplied by the magnetic core. This core is supported above the 
base by springs and is restrained so that it can move only vertically. Its motion is 
damped mechanically. The coil and its load may be assumed to have a combined 
resistance R and inductance L. The electromechanical coupling constant is^U. 



A sound wave is produced in the earth by the es 5 >losion of a charge of dynamite 
in a hole drilled in the ground. Ihe reflections of this wave from interfaces between 
layers havii^ differ^it propagation properties and lying as far as 20,000 feet b^w 
the surface are of interest. Assume that one of these reflected waves moves the base 
of the seismometer with a vertical sin Xi. Find the form of the coil 

current that this wave produces. 

In a single i^ysten of mats tire constants ate: Jldf = 0.6, JK = 4 X 10^, B = 2.9 X 
10®, R = 370, L 5 * 0.36^ and If = 20. Let A = 10^®; with i in seconds, p = 1 
and X 280, 
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7*11. The eas^tial elements of an arc-welding generator network are shown in 
the diagram. The generator is separately recited and differentially compounded. 
As a good welding machine should be free from serious transients, it is desirable to 
reduce the magnetic coupling between the exciting circuit and the welding circuit. 
For this a tninsfonner is used which partiaiiy neutralises the mutual induction within 
the machine betweei the main and series fields. 

The annatuie g^erated voltage Vg(t) due to rotation is 

»#(0 * Vo -f kiih - lo) - *212, 

in adiich Vo is the nonnal <^3en-drcuit generated voltage and 7o is the corresponding 
nmmal openrciremt main-field current; ki and 1*2 represent the slope of the field 



Fig. 7-Pll 


satmation curve in the working ran^ ki being for the main-fidd currmit and feo 
f<Mr the annature current. Currents ii and it are the actual instantaneous currents 
in main^Seld and armature dreuits, respectively. 

In the mam-field circuit the exciting voltage Vi == 150 volts, the normal current 
io * 1.3 ampmes, and the total inductance and resistance are^ respectively, 

JLi « 14 henries, 115 ohms. 

In the annature dzeuit 
Vo * 90 volts 


and the total eemstants are 

is * 1.5 X 10^ hmuy, Rj = 2.1 X 10“* ohm. 

HiB nmtoal inductance b 9.6 X 10“* henry. 

(а) Fmd the aiMtB in the armature and main field after the arc voltage vtit) is 
suddeidy dxulHarcuited. Just previous to the short circuit the arc voltage is 25 
vdts and the mmmts are oonstant. 

(б) Fiiai the meovmy vefitage acrom the welding dectrodes when the short dreuit 

B OKktoiy opeoed. It may be assumed that the diort-circuit current drops linearly 
to aero at tim rate of 6.30 X 10^ amperes per second. 

7-12. A radio receiver for uitrarhig^b-fpequeney ino^tion may have a fiOiter and an 
^plitude limito between the aerial dmiit and the leodrar to reduce interference 
from static and unwanted statioiffl. Fmr input disturbances bdow a certain ampK- 
tode, howevOT, the output the filtoc will be below the respemse limit of the limiter, 
^ linuter will be inoperative, and h^ee may be disr^aided. For such a coudition[ 


ki = 12 volts per ampere 
ki * 0.42 volt per ampere 
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the equivalent circuit of the network, omitting the limiter but including the first 
fiiter of the receiver, can be drawn as shown. 

A ssu me that an input disturbance in the aerial circuit produce a unit step voltage 
across Ra- Calculate the waveform of the resulting transient voltage vz in the receiver. 
Consider that Ra and Rh are large, that the tube internal capacitances and plate 



conductances are small, and that the effect of all of these upon the network response 
is negli^ble. The tubes have transconductances gi and gz, respectively. Assume 
that Rz < Ri and that the damping constants are very flnnaTI <x)mpared with the 
characteristic undamped angular frequencies. 

7*13. Without actually determining all the roots, answer the following questions 
for each of the equations given below: (1) Number of roots with positive real parts? 
(2) Number of roots with n^ative real parts? (3) Number of roots with zero real 
parts? What are these roots? 

(a) s^+ 58^ + 13s^ + 19s + 10 = 0. 

(5) + 4s2 - 2» - 5 * 0. 

(c) + 7s3 + 8a2-l-6s + 4 =0. 

(d) 5^ + 2s® + s + 2 = 0. 

(c) s^ + s® — s^ + s — 2 = 0. 

(f) s® - 9s® - 22 s 2 - 22s - 8 = 0. 

7*14. In the circuit diagram for a photoelectric potentiometer shown, the unknown 
voltage is balanced against the drop caused by a known current passing through the 



standard resistor R. Any differential in voltage produces a current which ddSects 
the galvanometer. A beam of l^t reflected from the galvanometer mirror is divided 
into two beams by a system of mirrors, each beam falling on a photoelectric c^. 
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With the gaiva&ometer deflected, the light entering one photocell is increased and that 
entaing tl:^ other is decreased. Since this changes the conductivity of the cells there 
is a change in the grid voltage applied to the vacuum tube which in turn causes a 
in the plate current and the necessary correction in the voltage drop across R. 

With certain assumptions r^^rding the photocell characteristics the photocell 
circuit can be represented by a generator having constant internal resistance and a 
graerated volti^e proportional to the galvanometer deflection. For a 1-volt incre- 
ment in the unknown voltage the necessajy correction in plate current can be obtained 
with a galvanometer current of about ampere which is entirely negligible in 
oolnpMrkKm with the plate current. For the vacuum tube the internal plate resist- 
ance is Rp and amj^fication factor is /i. The galvanometer coil has resistance Ri 
and adyr-inductaace Li. Its moment of inertia is /. The rotational resistance is B 
and the rotational stiflness is K, 

(a) Wliat rdations must be satisfied by the system constants if the system is to 
be stable? 

(5) With the system in equilibrium a 1-volt change is made suddenly in the 
unl^wn voltage. If the system is stable and slightly oscillatoiy in the transient 
state, find the expression for the errmr in potentiometer balance in terms of literal 
mote. s 



7*15. A separately exdted d-c generator is to have its load voltage regulated by 
means of triodes in its dreuit, as shown in the diagram. This is to be accom- 
plished by coui^ing the load voltage through an amplifier to the grid voltage of the 
triodes (asBumed to be in paialid, but only me oi which is shown). If, with the 
generator operatix^ in the steady state and Vi equal to the rated voltage, a part Ri 
of the load resistance m suddaily short-circuited, find: (a) the critical values of the 
product, fumkf for whkh the systo just faife to oedllate in the trandent state, and 
(&) the time variidioii of the change in the load voltage when this product has the 
more favorable of the values fmmd in (a). 

It may be assumed that the exdt^ voltage and the speed of the prime mover 
remain constant. The triodes may be assumed to be operating m the linear part 
of their chanuteristics. The magnetiaathm curve of the in the r^on of 

opeat&ikm may be emm&d to be Tlie ampiifiQ- may be considered as a 

simi^ multi|iier witluHit dfetoriaon or time dtelay. The total potoitiai divider 
resistance is very large compared with the oth^ remstances in the armature circuit. 

generator rating k 3.5 kw, 350 volts, 1700 r|an. The dymunie internal plate 
resistance of tl^ combined teiodes k 400 ohms. k the anqplification factor of the 
triodes, jn k the multiplying factor for the and ifc k the fractional part of 
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V 2 supplied to the amplifier. A 0.01-ampere change in field current produces a 5-volt 
change in generated emf . 


Li = 5.2 henries 
L 2 = 0.25 henry 
Lz = 0.15 henry 
Ri ~ 500 ohms 


R 2 = 2.3 ohms 
Rz = 41 ohms 
224 = 29 ohms 


746. An automatic controller is used to control the level of the mass M so that 
the index a attached to M will follow closely the motion of the reference index h 
(see diagram). The mass is elastically supported 
by the springs Ki and K 2 and its motion is damped 
by viscous friction represented by B. The system 
is constrained to move only vertically. 

The spring Kx coimects ilf witii the output 
of the controller. The controller corrects the level 
of by altering the poation of the upper end of 
Ki an amoimt equal to Ci times the deviation of 
a from h plus C2 times the time int^ral of this 
deviation. 

(a) In order that the overrsdl system shall not be unstable and vibrate to destruc- 
tion when slightly disturbed from balance, what limiting general relations must the 
four mechanical-system constants and the two proportionality factors of the controller 
fulfiU? 



Fig. 7-P16 


(5) A ssum in g that the relative values of the constants and proportionality factors 
in any single system of units are as given below, find the resulting deviation of a from 
6 as a function of time if 5 is suddenly displace! downward a unit amount and held 
there continuously thereafter. Consider the system previous to this disturbance to 
have been continuously at a balanced level position, 

M = 0.13 Kx = 4.0 Cl - 2.1 


B - 2.8 25: 2-22 Cl - 32 


7*17. The diagram shows part of a system for the continuous processing of a 
rubberized fabric. Individual d-c motors are used to drive rolls 1 and 2, motor 2 
being the master motor. When the fabric is taken up by roll 2 more rapidly than it 



is ddyivered by roll 1, the regulating roll will rise, producing a deviation y from the 
normal position of this roll. A oorrection of the developed torque of motor 1 is 
pnduced by an autoimdic contrdlar. The «iuation of control is 


To «= -H hz 



in whidr A;i and ^2 are real constants. 
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The BQomeQt oi ioertia motor 1 and roll 1 combined is J. The mass of the 
regulating roll, the mass of the fabric, and the torque transmitted from roll 2 to 
roli 1 through the fabric are negligible. The speed-torque characteristic of the 
load cm motor 1 in the r^on of operation may be considered linear, the increase in 
torque bdng B times the increase in speed, .^ume that all units are taken from a 
aiD^ system. If the position of the regulating roll is taken as the output variable 
to be oontrdled, 

(a) What is the characteristic equation of the system? 

(b) What rdations should hdd among the constants to msure a stable system 
iKmosdllatory in the steady state? 

(c) If r =» 0.15, and it is deared to have the poles of the system lie at —lO and 
—20 db in the complex plane, what values must the ratios J/B, ki/J, and k^/J 
have? 

After the system has been operating without disturbance for a long interval the 
speed of motor 2 increases in accordance with the function A (1 — cos 3000 for one 
cyck and then resumes its former value. 

(d) Usmg the constants found in (c), what is the resulting vertical motion of the 
regulating roll? 



Fig. 7-P18 


7-18. A Snslage JSC'-opupled vaaium-tube amplifier with feedback can be used to 
produce an almost sinusoid oscillation. The slowest ordinary LC oscillations pro- 
dudbie with large L*a and C*s have a praiod of the order of 1 second, whereas an 
osdSator with an equivalent network such as shown in the diagram can be made to 
have a p^od as ^reat as 30 minutes. 

Assume that the system is linear, that C is very much greater than any of the 
mtodectro^ capacitanoes, and that and Here Gp is the 

oemstant plate ccmductanoe oi each tube. Let fi be the amplification factor of each 
tube. 

(а) Give the charaetaisric equation the 63 rstem. 

(б) Give Uie rdathms among the co^cients of this equation if a sustained 
osdllation is to occur. 

(c) Give die angular frequeney of this oscillation in tenns of the constants G 2 
and C, 

7-l§. The network ilhtstmted m m the steady-etate condition when switch K 
closes. Plad the resulting cuiraitmR! in two ways: (1) by the direct method, udng 
the actual initial oemdidons in L and C, and (2) by use oi a substitute source located 
at the switch. The roots of the characteristic equation are real and different. 

7-20. The netwoik illustrated is in die steady-state condition when switch K opens. 
Pind the resulting voltage across in two ways: (1) by the direct method, which 
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depends upon a knowledge of the actud condaiser voltages at the instant of switch 
opening^ and (2) by use of a substitute source located at the switch. 



Fig. 7-P19 


Pig. 7-P20 


7-21. A one-line-to-ground short circuit occurs on a 3-phase 60-qycle transmission 
line 10 miles from the generating station. There is an oil circuit breaker (ocb) 
between the station tralnsformer bank and the line. The transformers are connected 
A-Y with solidly grounded neutral. The primaries are connected to an “ infinite 
bus.” The an^e-line diagram is shown. Ne^ect the arc in the ocb and consider 
that the short-circuit current in the faulted phase is interrupted at a normal zero. 
Find the system recovery voltage across the opened breaker for the first 100 micro- 
seconds after interruption of the current. 


< YV 


bus 




ocb 


Fautt 

-X— 


[ * « ■ — ’10 mBes — »j 


Fig. 7-P21 


The line voltage is 140 kv between conductors, and the line reactance is 0.77 ohm 
per mile. The transformer capacity is 40,000 kva per phase, and the transformer, 
leakage reactance is 8 percent. Neglect the resistances of the transformer, line, 
and fault. Assume that the reactances to positive-sequence and n^ative-sequence 
currents are equal and that the reactance of the line to zero-sequence currents is 
three tunes its reactance to positive-sequence currents. The transmission line con- 
ductor that was grounded may be represeited by its surge impedance of 400 ohms, 
which enters into the calculations as though it were a resistance. The capacitance 
to ground of the transformer winding and bushing in the phase that was grounded is 
0.01 microfarad. The capadtance of the infinite bus may be taken as infinite. 

Note: If the amplitude of the short-circuit current interrupted by the ocb cannot 
be calculated because of insufScient knowledge of symmetrical components, find the 
recovery voltage in terms of /m as a literal constant. 

7*22. In the calculation of network recovery voltage the effect of the drcuit- 
bresdier arc upon the current being interrupted is usually n^ected. If it is to be 
considered, Hie following reasoning may be used. 

The are represaits a time-varying element in the network. The voltage drop 
across this element may be conddered to be a virtual voltage source that acts upon 
the fixed xmrt of the network along with the actual sources. The superpodtion of 
the currents produ<»d by these sources gives the actual current bdng interrupted. 
In general, the arc voltage drop is unknown and an integral equation is needed to 
express this current, but if an assumption is made about the form of the arc drop the 
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current cm be c&icuiated in the usual way. The important feature is the instant in 
the voltage cycle at which the arc is extinguished and the current becomes aero. The 
ensuing buUd-up of voltage across the circuit breaker can be calculated from the 
energy storage at this instant and the actual sources in the network. 

In the circuit shown in diagram a the circuit breaker, in opening, draws an arc 
across whidi the voltage drop increases linearly at the rate of 1.2 X 10^ volts per 
second. This arc begins at a normal zero of current, persists until the current is 



zero again, and does not reetiike. The conducting gases left in the path of the arc 
provide a leakage path dt 10^ ohms. This is represented by R in diagram h. The 
transfonna* leakage inductance L is 0.75 X henry. The transformer capaci- 
tance € to ground Is 1.2 X 10“® farad. Find the circuit recoveiy voltage, assuming 
that the voltage across C at the instant of current interruption is the value the arc 
vdtage drop would have at that instant if it continued to increase linearly. For the 
brid interval of interest, less dian 100 microeeconds, the source voltage v{t) may be 
considered to remain constant at the value it has at the instant of current interrup- 
tlon. r = 0 at the instant of cunent interruption. In part (a) of the figure v(t) ~ 
4000 vs 008 377*. 



Chapter VIII 

CERTAIN PROPERTIES OF THE £ TRANSFORMATION 


In Chapters 4 and 5 there have been presented seven theorems stating 
important properties of the £ transformation and its inverse. Theo- 
rems 1 to 4 were of a general nature covering the basic ideas under- 
lying the £ and £'“^ transformations. Theorems 5 to 7 stated the 
linearity property of these transformations and the effects of transform- 
ing derivatives and integrals of a function of the real variable. These 
theorems were essential to the transformation and subsequent solution 
of linear constant-coefficient i-d equations in one independent variable. 
For the treatment solely of such equations these theorons are sufficient, 
but a better understanding of the £ and £“^ transformations can be 
had, and a more effective use made of its concise mathematical expression 
of complicated physical relations, if certain additional properties of 
these transformations are known and made part of its working principles 
[Ka 1, Pa 1, Po 5, 7, Ti 3]. 

In the present chapter certain additional properties of the £ trans- 
formation will be set forth and for convenience will be stated as theorems. 
Of these, Theorem 8 is useful in simplifying the inverse transformation 
of certain transforms by change of argument. Theorem 9 presents a 
way, different from those so far d^cribed, of carrying out the £“^ 
transformation of a product. Theorem 10 is concerned with the 
translation of functions along the axis in the real domain; it will be 
vital to the treatment later of traveling waves. Theorems 11 and 12 
show additional ways of extending a table of transform pairs and of 
increadng the usefulne^ of such a table without adding to its length. 
Theorems 12 and 13 are the bases upon which the transformation 
method is extended to the solution of equations with two or more 
independent variables. Theorems 14 and 15 enable one to determine 
from an £ transform the behavior of its £“^ transform at infinity and 
at the origin without actually cairying out an £"^ transformation. 
There is, of cour^, an overlapping of the fields of usefulness of these 
various thwrems, and the above characterization of them is not to be 
taken as restrictive. 

Supplemental properties of the £ transformation which are not 
essential to its application in ordinary cases are presented in Theorems 
16 to 20. 
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1. Theobem 8, Scale Change 

If the function f{t) ie £ tramfornuihk and has tiie £ transform F(s), 
and & is a posUive constant, or a second positive varuMe which is inde- 
peTident of t and a, then 

In words, this theorem states that division of the variable by a con- 
stant, or a second vtniable, in the real domain goes over into multipli- 
cation of both the transfonn and its variable by this same constant, or 
second variable, in the complex domain. 

The theorem follows from the int^al definition <d the £ trans- 
formation, 

r f{r)e-^dr = F(w), 

•Tn 

in which u? is a complex variable, if r is first multiplied and divided by 
a and then t is substituted for ar, and a for w/a. Here a is a positive 
constant, or a second positive variable which is independent of r and 
IS. Carrying out these steps, 

vdiidi becomes 

[31 

which is the relaticm 

I [/(0] = «?(«) 

Stated in the theorem. 

The new unit <rf time is 1/a times the or^mal unit. If 1 < o, the 
/-functicm is stretched in the t-direction in the ratio a/1 and the F-func- 
tion is modified in two ways, (1) its argument in the a-plane is shrunk 
radiaUy about the origin in tiw ratio 1/a and (2) its new ordinates are 
then stretclmd in the ratio a/1. If 0 < a < 1 tire words “ stretched ” 
and “ shrunk ” shouM be interchanged in tire above statement. 

Sxamjde 1. Starting with tire transfcamr pair, 

jt-b0.5Q 
(s + 0.50)* + T* 


cos Tt, 0 S t, 
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in which the unit of t is the second, obtain the corresponding pair in which the 
unit of t will be the half-second. 

This can be done by appl3dng Theorem 8, letting a = 2. This gives the 
new pair 


s + 0.25 

(s + 0.25)2 + (7r/2)2 


g-0.25« 

2 


Figure 8-1 shows the longitudinal stretching in the ratio of 2/1 of the curve in 
the real domain which accompanies a radial contraction in the ratio of 1/2 
of the geometric pattern formed by the poles in the complex domain. 





(W 



Fig. 8*1. Radial contraction in the complex domain accompanies longitadinal 
stretching in the real domain. 

The following elementary example shows how this theorem can be 
applied to reduce the labor of carrying out an inverse transformation 
when the transform contains cumbersome factors. Applications of 
this principle will be made frequently when partial diflferential equations 
arc treated. 

- g"' [ (, + (,.(a X + 0^ X lo-)] ' 
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The powens ot 10 can be removed by use of Theorem 8. With a = 10* this 
gjves for 0 ^ f, 


\m L(» 


1 


+ 0.02)(s + 0.8). 


( = ) 


^--0.02# ^ g—O.St 

078 


[4] 


By this step the unit of time for expressing the function in the real domain has 
changed from a second to sec, i.e., to a microeeocmd. This is shown 
by setting f » 1 in the argument of /(i/lO*). 

In terms of the second as the unit of time, the result is 


/(O- 


O^ 


O^t. 


2. Theokem 9, Complex Multiplication 

If the functions h and f 2 of t are £ transformable and have respectively 
the f transfonm Fi and F 2 of s, then 

£ [f*M ~ r)/2Wdr] = Fi(s)Fiis). [5] 

The piocees expressed by the int^al will be called convolution in the 
real domain^ or real comndtUion, and the functions fi(t) and f 2 (t) will 
be said to be convolved. This int^al operation may be abbreviated 
to/i(0*/2(0, and read ^7i(0 star/gCO ” [Do 15]. 

The theorem states that the £ tmnsformation of the convolution of 
two functions of the real variable results in the product of the respective 
transfonns of these two functions. Thus convolution in the real domain 
goes over into multiplication in the complex domain [Appen C, Me 2], 

From tte point of view of the direct transformation, the theorem pro- 
vides another exfkinple of the way in which the £ transformation con- 
verts a complicated operation (convolution) in the real domain into a 
aimi^er operation (multiplication) in the complex domain. Other 
examples of thfa kind were provided by Theorem 6 (real differentiar 
tion) and Theormn 7 (real integration). 

Fnm tte point of view of tibe inverse transfmmation, the theorem 
aSbrtte an additional way for carrying out the £“^ transformation of a 
function F(s) when that function can be resolved into factors whose 
inverse txansfonns can be found readily. Note that for inverse trans- 
formation by this method F(s) is first resolved into a product of factors. 
Furthermore, F(s) need iK>t be an algebraic function. This is in con- 
trast to the previous method of inverse transformation presented in 
Chapter 6 in which F(a) must be fdgebraic and is first resolved into 
a sum of partial fractions. 

As an outline of the proof, let the £ transforms of the functions 



Sec. 21 


THE0RE:M 9, COMPLEX MULTIPLICATION 


229 


fi(t) and/2(0 b® ^i(s) and ^ 2 ( 5 ), respectively. Then in the integral 
definition of the £ transformation. 


let 


= F(s), 

•'0 

/(0= C Slit - T)S2{r)dT. 
^ 0 


[ 6 ] 


The reason for the choice of this special integral for this substitution 
cannot be apparent at this point. For the present it can be said that 
the simplicity of the end result will be found to justify the choice. 
More will be said about this integral later. 

The substitution of integral 6 yields the double integral 



-r)h{r)dr-e'^^dt^Fis). 


m 


Here integration with respect to t is to be carried out first, then inte- 
gration with respect to L 

The upper limit of the inner integral can be changed from i to 00 if 
the integrand of this integral is multiplied by the step function 
•— r), since fiit — r)f 2 ir) u{t — r) is zero for values of r in the 
added range, i.e,, where r exceeds L Equation 7 now becomes 


n 0 < 

I 


Slit - r)f 2 ir)uit - T)dr • = F(s). 


[8] 


Since the functions Slit) and /zCO are £ transformable, the inner 
integral of equation 8 likewise is £ transformable. Hence both of the 
integrals are absolutely convergent and the order of performing the 
two limit processes represented by these two integrations can be reversed. 
Changing the order of integration gives 

f / 2 (t) f flit - T)uit - T)e"**didr = F(s), {9] 

V 0 0 


in which the integration with respect to t is to be carried out first. 

The step function uit — r) makes the value of the new inner integral 
zero if ^ is less than t. The result is the same if the lower limit of this 
int^ral is changed to r, and the function uii — r) omitted. Now let 
the change of variable X = ^ — t be made in this inner integral, 

f”fi(i-T)e—‘dt= f fi(K)e~^+'^dK = e-”f [10] 

*fr *^0 
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Since it vsa prescribed that i5|/i(0] =* the result found in equar- 
tion 10 can be written and this on substitution in equation 

9 gives 

Ft (s) dr = Fis). [llj 

But £[/ 3 ( 0 ] =* ^' 2 ( 8 ). 80 equation 11 reduces to 

Fi(s)F2(s) = F{a). {12] 

item this it is seen that equation 7 yields 

- r)/2(r)dr] = Ft(s)Pi(s), 


as stated in the theorem. 

It is evident that the ailments of the/i and/t fimctbns in equation 
6 could have been interchanged and the result would have b^n the 
same. Consequently 


£[J[ /l(< ~ r)/ 2 (r)dr] = Ft ( 8 )F 2 (s). [13] 


Here the transform Fi(*)Fj(s) is 
1 , 1 


by means of real convolution. 

Take as the two factors 


the functions- 

s •4“ 

(»)«—• and £-* 
Theorem 9 gives 


(« + «)(« + ^)* 

Since by Table 1 , Chapter 4, £“* F — — 1 

L« + «J 

It 1 (=)**“*’*» for 0 g t, application of 

L(s + |3)*J 


if i (=) I e-*(*-»')Te“^dr 



re(“-8)rdr 




+ [(g - g){ - 
(« - iS)* 


OSt [14] 


It may appear from this example that retd convolution is a desirable 
way of carrying out an inverse transformation wherever the inverse 
transforms of the factors can be reot^ised. Usually it is a laborious 
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method and not recommended if the transform is a rational algebraic 
fraction. For transforms of this type the method of partial fractions 
is preferable because of its simplicity and the directness with which 
it 3 rields a solution to transient problems in terms of easily identified 
steady-state and transient parts. The convolution method is useful, 
however, as an important part of the general philosophy of transform 
theory, as will appear in later discussion, and also in the inverse trans- 
formation of certain irrational functions by both anal 3 rtic and machine 
methods. 

Before leaving the general topic of the complex-multiplication 
theorem two points of special interest will be mentioned. 

Theorem 7 (real integration) may be looked upon as a special case of 
Theorem 9. li £f/(/)] = F(s), then by Theorem 9 

Sr^ - r)S{r)dr = [15] 

which is Theorem 7. The step fimdiDn — t) could be dropped 
from the integrand because it is 1 for t < i and zero for t < t . 

For the second point it is evident that if the transform is the prod- 
uct of more than two factors the theorem can be applied to the factors 
grouped in pairs. Thus if F{s) = Fi(s)Fa(s)F 3 (s), and/i(<),/2(0>and 
fsit) are the transforms, respectively, of Fi(s), F 2 (s), and Fsis), 
then 

£-HF(s)] (=)Mt)*h(t)*f3(f), [16] 

Furthermore, the order in which the fimctions are convolved is im- 
material. 

3. Graphical Interpretation of Real Convolution Integral 

A graphical interpretation can be given of the real convolution 
int^al. To have specific functions about which to speak, the integral 
used in the example of Sec. 2 is chosen for illustration. Tto integral is 

[17] 

Tlie two real functions tiiat are convolved here are a*®'* and 
each for 0 ^ L Th^re can be substituted for these the sectioned 
functions and since their behavior in the region of 

interest will be identical with the behavior of the original functtons. 
This substitiition is deshaUe dnce the sectioned functions are easier 
to handle graphically. 
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In Fig. 8*2-0 is shown the function e~“’'u(T), and in Fig. 8*2-6 is 
shown the function Owing to the presence in the ktter 

of the sectioning function w(— t), nonzero values i^pear only for 
T g 0 and the result is a reflection of c“*'’'K(r) in the /-axis. In Fig. 
8-2-c is shown the function — r), ti being a particular 

value i. The presence of the constant ti causes a shift of the reflected 




Tto. 8-2. DhmtntiDK the four steiie in the graj^cal evaluation of the convolution 
integ^. a = 1.1 and p =■ 0.1. 


carve to the ri^t by the amount ti. This shifted curve represents the 
first factor in int^jal 17 for the particular instant To summarize, 
the replaoemmt r by — r first reflects tihe ftmction in the /-axis 
and tlMn shifts this r^wted function to the right by the amoimt h. 

hi 1%. 8*2-^i the second factor re~^u(T) of int^tal 17 appears. 

The int^rand <rf 17, for 0 ^ r ^ f, is the same as the product 
~ r) • Te~^ • «(r). This product for the instant ti is 
shown in Fig. 8-2-e. The int^ral 17 with upper limit , having the par- 
ticular value it reises^its the area under ptxhict curve of F^. 
8*2-^. This particular ar^ becomes one pdcnt on the curve. Kg. 
8*2-/, showing the value of integral 17 liotted against t ZtisthecHdinate 
at if. 

It can be seen fix)m this examine that “ convxdurion ” denotes a 
mathematical process that can be interpreted grafdiically by folding, 
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translating, multipl 3 dng, and integrating. It is the En^h equivalent 
of the German term “ Faltung ” [Do 15] and the French term “ composi- 
tion ” [Vo 2J. 

The graphical evaluation of the ordinates of the int^ral curve 
(Fig. 8-2-f) is a complicated procedure, since for each additional ordi- 
nate there must be a new reflection and shifting of the exponential ftmc- 
tion before a new multiplication of ordinates and integration can be 
made. In Example 1 of Sec. 2 it was possible to evaluate the convolution 
integral analytically. Such a method wfll always be possible when the 
product transform whose inverse is sought is a rational algebraic func- 
tion. Analytic treatment is of ooxase possible also m certain cases in 
which the transform is irrational or even transcendental, but application 
to such functions will be postponed until Volume 2 . Since the graphical 
treatment can be made where an analytic treatment is extremely dMcolt 
or practically impossible, the real convolution integral is an important 
means of effecting the transformation. This will be even more the 
case as further developments are made of machines that can cany out 
the convolution process mechanically [Go 2 , Ge 2 , Ha 11 ]. 

4. Foebtolation of Reai CoNvoLtmoN Integebal bt Reasoning 

PHTSICAUiT 

The real convolution int^ral can be formulated by reasoning phya- 
cally, applying the principle of superposition. 

In Fig. 8'3-o the rectangle A represents a passive linear system 
whose input and output points are 
indicated by the two pairs of termi- 
nals. Although network tenninol- “W — ^ 

(gy appmrs here, the principles are 
of g^eral application provided (o) 

the ^ 3 rstem is linear. The output 
response c(f) when the input has the 
form u(t) will be <»lled the dtasrao- 
tensHc time response to a unit step 
furuMon. tW 

In B%. 8-3-h let A(t) lepresoit the 3.3 

output response c£ A when the input 

has the form /(f). Ifis possible to egress h(t) in terms of fit) and c (0 
and remain entirely in fhe domain of reals. The device for this is the 
real canvolutioa integral [Atpbn 0, Va 1]. 

In fig. 84 an approximation of fit) is made by adding incrementd 
st^ fuEcticHis starting at intervals Ar along tlw time axis. When the 
int^rynl At is wexly aero the inaremmt in / may be approximated by 
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the product of the ^pe at some point in the interval and Ar. The 
response h at any instant t may be considered to be the limit of 
the sum at that instant of all the individual responses initiated by 
the preceding incremental step functions as the length of the 
interval Ar~*0. Befcue pasong to tlm limit, the component due 



Fio. 8-4. /(<) » appn»draated by a^iog step foaciaoia. 


to tile first inoremeat is /{0)c(0, that due to the second incre- 
ment is f (Ar)Arc(t — Ar), that due to the third increment is 
/ (2AT)ATc(t — 2Ar), etc. If there is a limit it is 

hit) =/{0)c(t) + Bm I/(Ar)A«:(i - Ar) +/(2AT)A«j(t - 2Ar) 

&r-K) 

+ • " ' {nAr)ATc(t — nAr) +•••]• [18] 

Let nAr « t. lliat is, as Ar decreases let n incwase in such a way that 
tibdr isroduct is finite and equal to r. Then 

, = /(^)«(0 + Ihn E f{r)Aro{t - r ) 

4r-»0 r«0 

. V ' "= /(0)c(t) + /(r)c(f - r)dT, 0 ^ t. [19] 

The lelatkm expressed in equation 19 fe the basK of the mperpo^tion 
theorem [Apfen C.J The r^ otmvdufhm integral is a cfaaracteristie 
feature of thfe theomm. 

If hit) is known and /(t) is the uidaiown, equation 19 becomes an 
int^ral equation. 

In the domain of reals, equation 19 loovides the means of e^ressing 
the general relation between a disturbance and a respcmse; it may be 
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either an ordinaiy eqtiation or an integral equation. Noteworthy, 
however, is the simplification that results when the statement of input- 
output relations is made in the complex domain. To show this let the 
£ transforms of c(t), and f{t) be respectively C($), H{s), and 
F(s), Then £[/'(0] — sFis) — /(O) by Theorem 6. If equation 19 
is now transformed, applying Theorem 9, it becomes 

H{b) = /(O)C(a) -b ms) -/(0)]C(s) 

= sC(s)F{s). [20] 

Here sC(s) is the system function and it may be designated by the 
symbol G(s) used previously in Secs. 3 and 4, Chapter 7. 

A simple replacement problem will be used as an example. It leads 
to an integral equation whose solution is much simplified by use of an 
£ transformation. 


Example 1. The life expectancy within a group of units of a certain fragile 
device is determined by the following test. A units of this device are put in 
service on the first of the month, and the number remaining in service there- 
after is found to decrease in accordance with the exponential function 
with t in days and continuous variation assumed. 

If it is desired to put Bi units in service on January 1, and have the total 
number in service increase daily thereafter in accordance with the growth 
curve jB — (R — imtil ultimately there are B units m service daily, at 

what rate per day should units be put in service after January 1? 

Here the characteristic time response to unit step change is It is the 

fractional portion of the sample group of A units stiE in operation t days after 
that group was put in service. The output response is the number of units 
desired in service, R — (R — Ri)e“^*. The initial value of the input is Ri. 
The unknown is/'(t), the rate of supply. Based on equation 19, the relation 
among th^ functions is the integral equation 

B-{B- 0 g f. [21] 

Assume that /'(^) is £ transformable. The £ transformation of this 
integral equation ^ves 


R R- Ri 
s s + h 


Bi 

s + a 


+ £[f®]-L. 

s + a 


[ 22 ] 


Solving equation 22 for 

S(S + 0) 

Hie transfonnaticm of equation 23 yields 

f (t) (=) Ko + 0 ^ t, 


123 ] 
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in vhieh 


+ M .a., 

I 8 + 6 j,.o 


Ki^ 


ig> + .«■ !; , -w!‘ + M . (B _ B0(j - 

8 


Ttua the necessary rate of supply of new units per day is 

/'«) = Ba + (S - Bi)(f> - a)e-“, 0 ^ 1 . 


[ 24 ] 


5. Theobem 10, Real Tbanslation 

// the fundUm f(t) is £ transformable and has the £ transform F(s), 
and if tkisa non-negative real nuTtiber, fAen 

(а) £f/(f - a)] = e-“F(8) if /(f - a) = 0, 0 < f < a,] 

(б) £\f(t + a)] = c«i’(8) if /(f + a) = 0, -o < f < O.J 

In general this theorem states that translation in the f-direction in the 
real domain goes over into multiplication by an exponential in the 
complex domain. 

The theorem foUotis from the int^al definition of the £ trans- 
formation, 

f "/We-^dr = F(s) 

*fo 


by a subetiiutitm <rf I — a for r, a being a non-n^ative real number. 
This yidds 


fit - a)e-’<-*^'^dt = F(s). 


[26] 


Multiplying both mdes by e”" gives 


f 


Sit ~ = c-“F(s). 


[27] 


Now if fit — a) — 0 for 0 < f < a, tho lower liznit of the integral in 
equation 27 cm be changed to aero, giving 


fit - a)e-**dt = e-^Fis), 
or 

£If(l-a)}^e-”Fis), if fit- a) ^0, 0<t<a, [28] 

as-stated in part (a) of the theorem. 
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If the original substitution for t is i + o instead oil — a, the result is 

+ a)e-**dl = e“*F(s). [29] 

In case + a) = 0 for —a < i < 0, the lower limit of the integral 
can be changed to zero, yielding 

fit + a)e-‘*dt = e"F(s), 
or 

^\J(f + «)] = e®*F(s) if /(^ + a) = 0, -a<t< 0, [30] 

as stated in part (&) of the theorem. 

If the function /i(0 is £ transformable, then a function f{t) of the 
form /i (0^(0 satisfies the conditions for part (a), and one of the form 
— a) satisfies the conditions for part (&). 

From the point of view of an ’inverse transformation, Theorem 10 
shows that if 

£-HFis)]i^)m, ogt, 

then 


, fo 

0<f<a 



[31] 

m - a). 

a ^t; 

but 

S-Me-’FCs)] (=)/« + a), 

O^i, 

[32] 

only if /(if + a) =0 for —a < ^ < 0. 

Example 1, By use of Theorem 10 find £[(t 

1 

1 


Here f(t — a) = (^ — a^uit — a) and is : 

zero for 0 < i < a. 

Then by 

equation 28, 

£[(« - a)Mt - «)] = 

= e-“*4, 0<<r. 

[33] 


This result can be readily verified by the integral definition of the £ trans- 
formation, i.e., 

^ — e)ht(f — a)€r^*di = ^ (* — J , 0 < o*. [34] 

Example 2, By use of Iheorem 10 find — a)]. 

Here/(i — a) = fuit — a) andiszeroforO <t<a. Then by equation 28, 


— a)] ~ = e~ 




0<<r. [36] 
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Hus result can be readily verified by the integral definition of the £ trans- 
formation, i.e., 

t*u(t - a)€-*<U = = «-“* 0 + ^ + 7) > ^ 

Examj^ 3, Use the principle of real translation to find the transforms 
of the following two functions in which a is a non-negative real number: 

(a) i e'«, 0 < <t; {&) 0 + ^ e-», 0 < <r. 

Apply to (a) the principle expressed in equation 31. Here f (s) ^ s"*, and 
t. Then 

£-1 \1 e—l (=) (t - a)u(t -a), 0 g t. [37] 

This function is shown in Fig. 8-5-o; it is a linear function i translated to the 
right by amount a and sectioned at f ~ a. 



ia) <W 

Feo. 8-5. Id a the function is traoslated and sectioned; in 5 it is only sectioned. 

In (6), ^(8) ^ aa-» + a"* and Sr^as^ + «-*](=) o + f, 0 g f, so by 
equation 31, 

(-) [a + 0 - a)]uii - a) « tu{t - a), 0^ t. [38] 

Hus function m shown in Fig. 8*5-5; it is a linea^r function t sectioned at the 
point Of but not tianskted. 

In these examples the elect of combined translation and sectioning (illus- 
trated by Examjides 1 and 3-a) is (X>ntrast6d with the effect of simply section- 
ing (illustrated by Examples 2 and 3-i). 

If f (t) is a section beginnmg at f = 0 of an £-tratirfonnable pmodic 
function of period a seconds, Theorem 10 can be used to show that its 
£ transform F{s) is Fi(s)/{I - e""), in which Fi(s) is the £ trans- 
form oifi(t), the function in the first period 0 ^ ^ o pvfc 2]. 
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By successive applications of Theorem 10, the following table can 
be developed: 

Transform for first period is Fi(s) 

Transform for second period is Fi(s)e““ 

Transform for third period is Fi{s)e~^ 

Transform for nth period is 


AHding these, the transform for the function is 

F(s) = Fi(s) (1 + e-“* + e-2“* + • ■ • + + • - -) 


This follows by analogy from the series expansion 

l+a: + a:®+®® + **' = (1 — as* < L 


139] 


:AI\i — W 



3 4 5 6 

Tin» - seconds 


I , I 

8 9 


Fig. 8*6. A saccession of ^osoidid pulses. 


As mi ATample of the application of this principle, the £ txansform 
of the succ^on of sinusoidfd pulses shown in Fig. 8*6 wiU be found. 
Here 


m = 


'0. 

2 sin 2si, 

0, 

2 sin 2vj, 


0 < t < 1 
1< < < 3 
3<i<8 
S<f <7 


and the period a cifit) is 4. For brevity, let j3 = 2 t. The funsticm in 
the first period is 

flit) — 2 sin i3(t — l)«(t — 1) — 2 an j3(f — 3)«(t — 3), [40] 
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and its kansform by Theorem 10 is 


Ft(s) 


= — — — (e~* — e~^) 

.2 J. fl2 v® e ;• 


141] 


Then by equation 39, the transform of f{t) is 




e • — e 


2(3 




This result can be verified by use of the int^ra! definition of the £ 
transformation, 



/(t)e“*‘d( “ 2 ^ sin (St • c **dt +2 J' sin jSi • e~’*di + • • • 
28 

*2 + ^2- + («■*• - «-"*) + 

^jS |8 2 

8® + 1 + e“®* ? + /s* V + e"* 


Conader now the converse problem in which 

*■'[(?■+ /)«»hs]' ^ 

is to be found. There ate at least two ways in which this inverse trans- 
formatbn can be carried out. The first way depends upon the use of 
Theeaem lOand repeats in some measure the foregoing relation 43, but it 
» given here to dmw the course of the reasoning. The second way will 
be given in Sec. 6. 

Using the expanrion in exponentials given in equation 43, the ind ic at e d 
inv^se trmisformation is 

^*[(s®+i^)o 08 h 8 ]” +• • •)]• 

The infinite smes is aberfutely oonvetgmt for 0 < <r. Proceeding fon- 
mally, assume that the linearity theorem may be generalized to cover 
this infinite series and carry out tlm £“* transformation term by term, 
using Theorem 10 as expressed in equation 81. By this step the order 
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in which two limit processes are performed is changed. The r^ulting 
infinite series is 

2[sin — 1) * u(t — 1) — sin fi(t — 3) • u(t — 3) 

+ ^ iS(i — 5) • u(t — 5) 

— sin 0(t — 7) • - 7) H ]. [44] 

Since ^ a plot of this series consists of the succession of sinusoidal 
pulses shown in Fig. 8-6 which .was the original function in the tiine 
domain. Thus in this case, at least, the inverse transform of an infinite 
sum of terms is an infinite sum of the inverse transforms of the terms 
taken separately. A change in the order of the two limit processes of 
infinite summation and integration such as that made above always 
requires a check on its validity. 


6. Inveoeise Transformation of a Meromorphic Function 


In the previous section a method was ^ven for the transforma- 
tion of an F{s) of the type cosh sH which depended upon 

expansion in an infinite series of exponential terms in s. A second 
method will be ^ven here which depends upon an expansion in an infinite 
sum of partial fractions in s. The same function with jS = 2br will be 
used as an example. 

First cosh s will be expanded in an infinite product of linear factors. 
Since cosh s = Ofors = ±i(X + §)7rwithX = 0, 1, 2, • • •, 


cosh s s 




“ t* i(i> + i) Jl 

in which the i^ymbol 11 indicates the product of factors [Kn 2]. 


[45] 

Then 


(5 


(s® + coeh s 


+ 


n fi + 

x-o _ 


(X 




[46] 


Thib transform has conjugate first-order poles ou the axis of nm^inaries 
» ' ■ 'TT 3ir 

at d=i/3 and at the eqpially spaced points ±i - , ±i — , etc., there bdng 

^ A 

in all an infinite numbw of poles. 
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A fimctioii whose only singularities (in the finite part of the plane) 
are isolated poles is called a meromorpkic function [Bi 1, En 1]. Thus a 
meromorphic function may hare an infinite number of poles. As a 
consequent it is a generalization of an algebraic rational fimction. As 
an example, function 46 is meromoiphic. 

Since the function 46 is a generalization of a rational function it can 
be expanded in partial fractions, but here there must be an unlimited 
number of these fractions in the expanrion. This follows from the 
Mittag-Leffler partial-fraction expansion theorem [Bi 1, Kn 1], which 
covers tire case of an infinite number of poles. The coefficients in this 
expansio n are found in the same way as those for a finite expansion. 
See Chapter 6, Sec. 5. 

The justification of the term-by-term application of the ST^ trans- 
fcxrmation to an infinite expansion such as an infinite series or partial- 
fraction expansion is based on showing that the order of canying out 
the two limit processes involved can be validly changed. This usually 
requires a special study of the particular expansion. It will be suffici^t 
foe purposes of sdving a physical problem to proceed formally and then 
justify the result by showing that it satisfies the original equations and 
boundary conditions. 

Returning now to function 46, denoting it by F(s), and carryii^ out 
its partial-fraction expansion, there results 


9 — 3P s +JP x_o 

in whidh 
^ * 1(9 


r Kx ' 

Ls - 9 + j(X + i)xj ’ 


[47] 


/3 


cosh (i/5) 2j cos ^ 2i ’ 

Kx ^ {[* -Ji\ + |)»lF(s)}..y(x+i,, = , ^ 

(s® + /3®) — cosh s 
as 






l/s* - (X - 1 - sinhi(X + |)r ' 
But Binhi(X -f- §)t — i sin (X -1- §)» = i{— 1)\ Hence 

(-1)^ ^(-1)V 


Ex^ 
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Substituting these coefficients, and combining terms, 


F(s) = 




f (-1) 


«" + (x+i)V 


, [48] 


with P = 2tc. 

If now it is assumed that the order of inverse transformation and 
summation can be changed and the transformation of both members 
of equation 48 is carried out, the result is 


f(t) (=) sin + “ S - 
^ x=»o ^ 



sin (X + f )x<, 


0 ^ 


[49] 


Since f(t) can be shown to have function 46 for its £ transform and 
to be equal almost everywhere to the section of the original periodic 
function shown in Fig. 8*6, it is seen that the change in order of limit 
processes in this example was allowable. 

It may be noted in passing that here is a way — different from the 
usual way — of iBnding the Fourier series for a periodic function. The 
steps in the procedure are as follows: (1) The periodic function is sec- 
tioned at the origin by multiplying it by u{t). The £ transform of the 
first period to the ri^t of the origin is found, and from this is found the 
£ transform of the sectioned function, using the relation developed in 
equation 39. (2) If this transform of the sectioned function is mero- 

morphic it can be expanded in partial fractions. (3) If the order 
of £”^ transformation and summation can be changed, the £”^ trans- 
form of the expansion can be found as a sum of trigonometric functions 
valid for 0 ^ Since in this non-negative region Ihis sum has the same 
form as the Fourier series for the ori^al periodic function, it is seen 
that by dropping the restriction to non-negative values of t the sum 
becomes the Fourier seri^ for the original periodic function. 

For another example of the method, let a voltage v{t) of the form 
shown in Fig. 8*6 be impressed on a series RL circuit. Assume that the 
initial cmrent in L is zero. The resulting current will now be found. 

Here the applied-voltage transform is 


Vis) 


P 

+ P^) cash s ^ 


with P^2jf. 


Since the input-admittance function for a series BL circuit m 


Yis) 


1 

Hs+a)^ 
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the resulting current transform is 

1 ( 8 ) = 7 («)r(s) 




(s + a)(s® + jS®) cosh s ' 
The partial-fraction expansion of I (s) is 


/(«)= 


. . Kp 


+ Z 


+ a^s — jjS ^ 8+j/S 


.« - j 


and 


i(x + i)'«' 8 +i(x + i) 

m 


-J- 


= l(« + cosh (-«) 


[SO] 


[51] 


L(of® + 4 t*) cosh a ’ 


P/L 


(a +jff)2j^co^j^ 




2jL((^ + 40 *’ 
with 9 = tan“‘ 2T/a. 

Jfx ^ {[« -i(X +|)x]J(8)},.,ft+i), 


^ 

[« +i(X + §)w]{/S® — (X + sinh i(X + f)*- 

^ 

+ (X +i)20* 

witii ^ 4 tan-^ (X + i)T/«. 

Assuming that the order <rf summation and inverse transformation 
can be validly changed, the £~^ trar^ormation of equation 61 ^ves 

*(<) (= ) + ^{2j V'*'] + Z ^[2 jKx 8>‘<^-«)'‘], 0 ^ t [52] 

^»»0 
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Substituting for the K’a, there results 


i(t) (=) 


27re 


-at 


sin (2Tt — B) 

L{p? + 47r^) cosh a ^ L{p? -1- 

(-l)^sm[(X +|)gi - 




'[i - l«" + O' + ’ 


0 ^ t [53] 


The first term is the transient, and the remaining terms are the steady 
state. For values of <>■ oT^ the transient term is negligible, and i{t) 
is expressed by an infinite series of sinusoidal functions. 

That equation 53 is the correct solution for i{t) and that the change 
in order of limit processes is legitimate in this case can be substantiated 
by showing that i(f) satisfies the problem’s differential equation, 

Ly +J2i = »(0, 

at 


and satisfies the initial condition that i(0) = 0. In verifying equation 
53 by substitution in the differential equation, the result ^ven in equa- 
tion 49 can be used for v{{). In showing that i(0) = 0, function 46 and 
equation 48 with a replaced by a will be found useful. 

7. Theorem 11, Complex Translation 
If the fuTiction f(t) is £ transformable and has the S. transform F(s), 
and if a, is a complex number with non-negaMve real part, then 

(а) £[c--“!f(0] = F(s + a), | 

(б) £[e<“/(<)] = F{s - a). ] 

This theorem states that multiplication by an exponential in the real 
domain goes over into the complex domain as a translation of the func- 
tion, and in particular its singulariti^ and zeros. 

The theorem foHows from the integral definition of the £ transfor- 
mation, 

r me^^d& - F{w), 

in which ta is a complex variable, by replacing ta by s + a to obtain 

Cme’^^^^dt = r lf(t)e^1e-^'dl = F(a + a). [55] 

VO ^0 

That is, from equation 65, 

£mt)e-^ = Fi8 + a), 

as stated in part (a) of tiie theorem. 


[ 66 ] 
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Part (&) of the theorem follows immediately if in the ori^al equa- 
tion V) is replaced by s — a instead of s -f a. 

Forms of this theorem useful for inverse transfonnation are 

£-MF(s + a)] (= ) c-'£-HF(«)], 0 g «, [57-a] 

£“MF(» - a)] (= ) e“‘£-MF(s)], 0 ^ f, I57-&] 

or their equivalrats, 

£-*[F(«)] (= ) e“‘£-HF(s + a)], 0 g t, [58^] 

£-HF(8)] ( = ) e-*'£-HF(s - o)], O^t. [58-6] 

Example 1. Find £[«~®‘co8 fit] from£[cosj3t] by application of Theorem 11. 
a is a non-nc^tive real number. 

Since £[eoe jSf] = «/(«* + jS*), 0 < h, application of the theorem ^ves 

£[*-' cos , -a < [59] 

(« + a)* + iS* 

which agrees with pair 7, Table 1, Chapter 4. Note that the poles, the zeros, 
and the have aU been translated to the left by amount a, 

Bxamj^ B. Find the Sr^ transform of s^/is + in which n is a non- 
negative integer and a is a non-negative real number. 

Tbsi transform sV{« + has a pole of order n + 1 at —a. From the 
discussion in Sec. 1, Chapter 6, it is to be expected that the transform will 
contain the exponential as a factor. Theorem 11 provides a rule whereby 
this factor can be written immediately and the transform for the remaining 
factors formulated directly from the original transform. Thus applying this 
theoxm as exi^eaBed in equation 58-d, 


"S'- 

Expaading (» — a)" by the binomial theorem and dividing each term by 
ffves 

(a - g)* 1 »(-«) n(n — l)(-g)* n!(— a)* 

« a* 21«» ■ ■ 


T «»€-«)* J_ 


[ 61 ] 


The £'^ transfonnation di botii sides equation 61 p-ves, usng pair 10, 
Table 1, Chapter 4, 
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£-1 







Og L 


[es] 


The ease with which this process has worked in this example may 
invite one to use it frequently. Since it depends upon a translation of 
the singularities in the complex plane, the most favorable case for its 
application occurs when the singularities of the function to be 
transformed all have the same real coordinate and by one translation 
can all be moved to the axis of imaginaries. This is not a common case, 
however, and the method is not in general an advantageous one to use. 

For example, suppose this method were applied m the following case 
in which a 9 ^ p. Use is made of the result ^ven in equation 61. 


.(s +/5 - 


«)" 1 

• a)s»+U 


The problem now becomes one of finding — r T x ? 1> 

L(« + ^ J 


fc “ 0, 1, 2, • • •, n. It is seen that no appreciable simplification in the 
problem has resulted from the translation of the poles and the zero to 
the ri^t by amoimt a because e""®* is not a factor of every term of the 
function of t If Theorem 11 is to be used it should be applied only after 
the original function, which will be denoted by F(s), has been simplified 
by removal of the pole at — i3. This pole is removed by subtracting from 
F(s) the term Ki/(s + iS) in which Ki == [{s + ff) 


8. Envelope and Angle Functions oe a Response 

It is customary to express the response of a system to a driving force 
as the sum of two components, one a steady-state or a forc^ component 
and the other a transient component. In this section a way of expressing 
the response in terms of an envelope function and an an^e function will 
be ^ven. The method applies whm the dominant feature of the 
response is an oscillation whose i)eriod is short compared with the 
important time constants of the system. It is useful, in particular, when 
the driving force is a sinusoidal wave whose envelope is varied, Le., 
modulated, in a prescribed way. For example, the wave may bemodu- 
lated by a step function, a rectangular pulse, or a succession of equally 
spaced rectangular pufe®. The response of the systen to such a 
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driving force may be expressed in terms of an envelope function and an 
angle function. In the development of this method complex translation 
can be used advantageously, as shown below. 

Let the driving force be 

/(<) = »j(/) sin wof, [65] 


in which Ta(f) is the “ amplitude "-modulating function, and wo is the 
“ carrier ” angular frequency. If f(t) and m(i) are £ transformable and 
their transforms are F(«) and M{s), respectively, then the S. trans- 
formation of equation 65 gves, by use of Theorem 11, 

F(s) = £[ffi(<) sin €ao<] 




2j 

Mjs — jwo) — M(s +iwo) 
2j 


] 


[ 66 ] 


If this driving force is impressed on a linear system whose transfer 
function is G{s), the response transform is 


H(s) = G{s)Fis). [67] 


Substituting for F{s) from equation 66, there is obtained 

«/ % G{8)M(8 - jwo) - G(s)M(s + jwo) 

- - 


[ 68 ] 


Representing the inverse transform of H(s) by k(t), the trans- 
f<Hmatioa of equation 68 ^ves, with the aid of Theorem 11, 

Ht) (= ) - i^) - 

= +Jwo)Af(s)p"o‘ - Sr^Gjs - jwo)M(s)]e-^‘‘<f 

2i 

= +iwo)Jtf («)]«»■"•*}, O^t, [69] 

in which the op^aticm of taking the ima^nary part is indicated by 3. 

In genaral the coefiSciait of tite exponmtial will be a complex 
function of a real vatial^. Let it be indicated by 

S-HGis + jwo)3f(8)] = p(0 +jqit) 

= 0 g *, [70] 

in ^riiieh p(t) and g(t) arc the real and imaginary parts, respectively, 
of the “amplitude”; o(0=^ [p*(<) + g®(0]*, is the aivelope fune- 
tion; and t^(i) = tan~* [?(0/p(01 is tibe phase functimu 
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In tenns of the functions given in equation 70, the response 69 can 
be written 

h{t) ( = ) 

== a{t) sin [«o^ + 0 g L [71] 

Based on expression 71, the response can be represented as the pro- 
jection on the A-axis of a rotating vector whose magnitude varies as a{t) 
and whose angle with the reference axis varies as This 

vector can be resolved into two component vectors. The first of these 
is of constant magnitude and rotates uniformly with angular velocity oq. 
The second is of varying magnitude and rotates or swings about the 
tip of the first vector. This second vector may itself be resolved into 
several i5omponent vectors and may rotate with variable angular velocity, 
but it will be sufficient here to consider it as one vector, ^(t) is the phase 
angle between the resultant vector and a reference axis rotating uni- 
formly with angular velocity o>o- This rotating reference axis coincides 
with the stationary reference axis at i = 0. 

The angular velocity cor(t) of the resultant vector can be found by 
taking the time derivative of the angle + (p(i)J measured with 
respect to the stationary axis. That is, 


= Wo + <l>^ (t) 


d , q(t) 

«o + tan — ^ 

dt p(t) 


= Wo 

= Wo 

== «o 


. 1 d [qm 

1 + lq(t)/pit)? dt\jp{t)} 

p^jt) V{t)q'{t) - q{t)v\t) 

(0 

, p(t)q'(t) - qit)pit) ^ 


[72] 


If the modulating function m(t) is a step function, the component 
vector rotating with angular velocity wq represents the steady-state 
component of ihe response, the other vector represents the tranaent 
cmnponent, and as oo the angular velocity Wr(0 of the resultant 
vector approaches the angular velocity wo of the steadynstate vector. 
The response has a clearly discernible envelope function a(t) if wo is 
equal to a characteristic angular frequency of the system and the 
tinite constant associated with this characteristic angular frequency is 
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lai^ compared with the period 2 t/wo. The following example will 
illustrate this case. 

In the network of Fig, 8-7 the driving voltage is vi(t) = u(t) sin «o^. 
The resulting volti^ v^ii) across the condenser is to be found, express- 



Fia. 8-7. = tt(t) eau (3.38 X 1(A) volts 

B »> 10* dims <7 = 3 X 10^ microfarad 

L » 30 mkst^ienria ^ 1.014 


ing it in the form a(f) sin The initial energy conditions 

are those of rest. 

Hoe for simplification tire modulating function has been tak^ as a 
unit step functk>n, so Mijs) — l/s. in accordance with equation 66 
the transform c& the driving function is 


Fi(«) 


1/ 1 1 \ _ OQ 

2j\s— j«o s +j<oo/ + 0 ^ 


which is simply the transform of the sine wave. 

For this system the transfer function &ving the condenser voltage is 
(htained by substituting a parallel soiuce and treating the network on 
the node hosts, let the transform cS. the condenser volta^ be 
FaCs). The transfer functirm is 


in which 


G(6) = 


208 

is + af+f* 


o ^ l/2fiC = 1.67 X 10*, iS ^ VjSg - o? « |8o. 
/So ^ l/y/LC = 3.33 X 10®, 


173] 


Althmi^ the amplitude and ^hase functmns can be found directly 
from rdation 70, it is earner to solve first for the re^nse in the usual 
way. Thus 

Fa(«) = <?(«)Vi(8) 


2auos 


m] 
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The transfoim of equation 74 ^ves, for 0 ^ t, 


251 


[75] 


in wMdi 


A ^ 


B 4 


2aci)n 


[(^ ~ + 4a*(<^* 


2acoo5o 


M - «o)" + P 


= 0.328 


Po 

= « 0.328 


0 4 I _ tan-i j^ 2 = -70.9° 

* Po — *>o 


= tan ^ — — tan ' 


-2aP 


: = 109.1°. 


V2it) ( = ) ^ 


— iS* + <«| 

Factoring the exponential e’V from the two terms of equation 75 gives 

1^.4 je’* + 

= ait) sin [«o« + 0 ^ f, 


[76] 


in which 


Pit) 4 4 {, 

qit) = 4 l |! 


iSo 


COS e + y cos [(/5 - «o)« +^]|» 
sin + y e““‘ sin [03 — «o)i + 1 ^-]! » 


The equation of the envelope is 
ait) ^ mt) + iit)f 


= A 


1 + p + 2 ^ e-^ cos [03 - «o)f + ^ - «]}* 


= 0.328[1 + e-" "®*®* - 2e-®ow« oos (0.0483<)]*, 


[77] 
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with t in microeeconds. The fraetional or relative deviation of the 
resultant angular frequency from «o is, from relation 72, 

<^(t) - ^ 1 P(t)q'(t)-g(t)p'it) 

«0 «0 0^(0 


= 0.0143e-®°^®” 


1 - cos (0.04830 + 0.345 sin (0.04830 
J ^ g-O.0333( _ 2f-o.oi67i (0,04830 ' 


[78] 


with t in noicroaeconds. Note that as t — + * , a(0 aiid “r(0 «o> 

the values respectively of the amplitude and angular frequency of the 
steady state. Cun es of the envelope function a(0 and the fractional 
deviation of Wr(0 front «o are shown in Fig. 8-8. 



Fk 3. Envelope function the condenser voltage in the network of Fig. 8-7; 
also the fractional deviation of its resultant angular velocity from ( oq . 


A vector interpretation of the result shown in equation 76 is given in 
Kg. 8*9. To reanove the constant component of the angular velocity, 
the coordinate axes MM and NN are considered to rotate clockwise 
with an angular velocity ojo- The P and Q axes and the steady-etate 
vector remain stationary. The transient vector rotates clockwise 
about the tip of the steady-state vector with angular velocity (ojo — fiX 
Its tip follows the logarithmic spiral The resultant vector has 

the varying amplitude a(t) and the varying phase angle 4>(t) with respect 
to the P and Q axes. The instantan^us value of ^2(0 is the projection 
qS the resultant vector m. the rotating imaginary axis NN, 


9. Theobem 12, Second Indepbnbent Vabubde 

Let a be a second v&riaMe independent of t and s. If thefurtcHon f (t,a) 
is £ tremsformable wiffi respect to t and has the Si irartsferm F(s,a), and 
Urn f(t,a) and Urn F(s,a) exi^, feen 

Si[ lim /(^,a)] = lim F(s,a), 

. a—^tto a— ^ 


[ 79 ] 
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This theorem states that the limit process with respect to a is invariant 
under the transformation from the t domain to the s domain. Stated 
in other words, the £ transformation with respect to t and the limit 
process with respect to a second independent variable are commutative. 



Fig. 8*9. Vector diagram for the instantaneous condenser volt^e in the network of 
Fig. 8’7. Drawn for the instant h ~ 50.3 microseconds. 


The theorem follows from the integral definition of the £ transfor- 
mation, 


r f{t,a)e = F(s,a), 

^0 


and the fact that a is independent of t and s, by taking the limit in both 
members of the equation as the second independent variable a approaches 
oo since by the hypothesis both limits exist. Thus 


lim 

a—^oo 


/ 

VO 


f(t,a)e = lim 

a — >00 


[80] 


givmg 


J lim/(j5,a)e = lim F(6^a), 

0 a — > 0 ® a — >O 0 


[ 81 ] 
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or 

£4 /ft®)] = lin® 182] 

a- 4 a« «— Hie 

as slated m the theorem. 

By allowing certain independent variables other than the one under- 
going transformation to take on limiting values, the property stated in 
this theorem makes possible the derivation of several particular pairs 
from more general pairs called key pairs. With this theorem available, 
tables of transform pairs can be kept brief by listing only a few of these 
more general pmrs. 


Exam^pie L In the foUowmg transform pair, 

1 + l(a - fi)t - 

(s + aKa + py 


[83] 


which was dbrived in Sec. 2, Example 1, a and jS can be taken as variables inde- 
pendent of t and s. By use of Theorem 12 find the pairs that result from this 
pair by letting: 

(a) a — >0; (6) /5— ♦O; (c) both a and jS — >*0; and (d) OL^-^p, 

(a) If 0, the pair 83 becomes 


l-{pt+ 


ib)JiP^ 


«(s + P)* 

► 0, the pair 83 becomes 


«*(« -i- a) 




' + cd-l 


OSI. 


0 ^ t 


[84] 


[851 


ie) li CE-^O in the pair 85, /(O t^es the form 0/0 and must be evaluated 
by isie of FHoeptal’s rule. The result is 


e-*' + at-l 

Ijjji jjjjj - 

tt >0 ^ 


<* 

2* 


t86] 


so the derived pair is 


«* 


2 ’ 


Og 4. 


[871 


(d) If a—*ff in &e pair S3, /(f) takes the form 0/0 but bas the value 


Kto 

< r— 


+ [(« -Pit- 




s lim 

ar- yB 


The <kiived pair is thus 


(* + |8)* 


^g-0t 




0 g f. 


[ 88 ] 


[89] 
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Another application of Theorem 12 can be made in the derivation of 
the £ transform of an impulse from the £ transform of a pulse. 

A rectangular pulse of duration a and amplitude is shown in 

Fig. 8*10. "Foi this pulse f{t) = ^ and its £ transform is 

a 

1 “ . . 

y givmg the pair 



Fio. 8*10. A rectangular pulse which becomes in the limit a unit as a 0. 


If a — > 0 both members of the pair become indeterminate. The 
1 — 

lim == lime-^ = L 

a—K) a—K) 

Let the 


^i(^) — u{t — a) 

lITTl 

o— >0 Oi 


= «i(0. 


[91] 

[92] 


even thou^ strictly speaking this limit does not east. Of couxse the 
limit is also physically unrealizable. In a rigorous sense tti(0 may be 
considered to be one of the approrimating functions for which a has a 
very small value. It is common practice to call Uiit) a singular func- 
tion and treat it as though it were a unique function. Differentiable 
[Ca 2, 3] rather than rectangular functions are sometimes used for 
defining «i(t). 

The function ui (i) will be called a unit imptdse in view of its amilarity 
to tire daatieal time integral ^pulse) <ff a force in medranics CLh 3, 
6i 5, Lb 7, Sc 3] and tiie fact that its int^ral is the unit step func- 
tion, i.e., I Ui (t)dt = u(t). This singular function will be used oo- 
Jo 

earionally in dkcustions that fdJow. Wherever it is used; however, it 
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will be undeiatood that the above reservations apply. Thus there has 
been derived at least formally a new pair, 

1 1 «i(0- 193] 

When a unit impulse is multiplied by a constant, this coefficient will be 
conffldered to be the magnitude of the impulse. 



Fia. S-ll. A doubte rectangular pulse which becotnes m the limit a unit doublet 

impulse as o -♦ 0. 


The £ transform of a doublet impulse can be found from the £ trans- 
form of a double pulse such as shown in Mg. 8*11 by letting a—* 0 . The 
pair for this double imlse is 


1 - 2e-" 4- 
0*8 


«(<) — 2 u(t — o) + u(t — 2 a) 


{94J 


Letting a — » 0 leads to indeterminate forms. The 

1 - 2e-** + 

Imi -5 = 8. 

crs 


As whh tlK unit imimlse let 


»(<) — 2 u(t — a) + u(t — 2o) ^ 


lim 

•-HJ 


= « 2 ( 0 . 


[95] 

[96] 


Tb« singular functkai Ui{t) will be called a unii douJM vnvpidse. Its 

integral is the unit impulse tti(<), i.e., I «2(0<K * «i( 0 - Thus there 

«/o 

has been dacived formally a new pair 

8 1 «a(0- [97] 

In Sec. 2-0, Chapter 6, it was pointed wife that any attonpt to find tte 
£“^ transform of an impKqier rational fractkm raises the difficulty of 
finding the £“* transforms of 1, s, s®, etc. The treatm^t which had to 
be postponed there can now be completed, at least formally, by the 
addition of the impulse terms in aceordmoe with tire transform pmrs 
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given in pairs 93 and 97. Thus the transform of an improper ra- 
tional fraction must include singular terms such as the impulse, the 
doublet impulse, and higher-order impulses [Ca 2, 3, Gi 5, Me 3]. 

10. Use of Space Impulses in Calculation op Beam Deflections 

In mechanics the study of beam and column deflections includes many 
cases in which impulse functions can be used to advantage. Althou^ 
the calculation of deflections caused by static loading does not present 
a problem in transients, it illustrate in a simple way the usefulness of 
the concept of space impulses, and certain elementary cases are included 
here for that reason. When the loadmg is dynamic, i.e., changing with 
time, transient vibrations do occur, but the problem then is multi- 
dimensional and does not come within the scope of the present discussion. 

In the calculation of beam deflections it is customary to express the 
equation of static equilibrium for a transverse section in terms of the 
bending moment at this section. For small displacements the approxi- 
mate equation is a second-order differential equation of the form 

in which y is the deflection of the beam at x, m{x) is the bending-moment 
function, E is the modulus of elasticity, and I is the moment of inertia 
of the transverse cross section. It will be assumed here that the beam 
has uniform elastic properties and uniform cross section over its length, 
in which case E and I are constants. 

From elementary theory of the strength of materials it is known that 
the derivative of the bending-moment function is the shear function 
v(x), and the derivative of the shear function is the force function /(a?). 
Differentiating equation 98 twice with respect to x ^ves the force 
equation 

[99] 

Since it is particularly easy to form the force function and the £ trans- 
formation of a fourth-order equation presents no difficulties, equation 99 
is a beti;^ equation to work with than 98 for the calculation of deflection 
curves by the method under consideration here. 

The origin of the a:-coordinate can be taken at any section of the beam, 
but u^ally it is most convenient to take it at the left end or, in the case 
of a cantilever beam, at tire fixed end. 

The ori^ of the coordinate is taken on a line representing the 
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neutral axis of the unbent beam. An upward deflection from this 
reference line at any x is considered positive. 

In the formation of the force function, continuous loads are represent- 
able by space step functions, whereas concentrated loads and concen- 
trated support reactions are representable by space impulse functions. 
Forces directed upward are taken as positive. If the beam has a 
length i, the force function is formed for the region 0 ^ x i.e., con- 
centrated loads or support reactions occurring at r = 0, or a; = Z are 
included in this function. It will be found, however, that those occur- 
ring at 2 == Z may as well be omitted from the force function. Beyond 
their use in the preliminary calculation of the support reactions they do 
not affect the solution for 0 ^ a; ^ Z. 

The vertical shear v(x) at a section is positive if the resultant of the 
vertical forces acting on the portion of the beam to the left of the section 
is upward. The bending moment m(x) at a section is positive if the 
(»nter of curvature of the deflection curve in that region lies above the 
curve. 

Let the £ transforms of y(x) and/(aj) be Y{s) and F(s), respectively, 
then the £ traosfonnation of equation 99 ^ves 

jB2[s^F(s) - vioy - /(0)s® - y"{0)s - y"\0)] - F(s). [100] 


Solving for 


EJYis) = 



+ EI 



+ 


J/"(0) . /(O) . 3,(0) 



In ttuB equatKm 

Ely’" (0) = »(0) is the diear at ® = 0, 

EI^'{0) — m(0) is the biding moment at ® = 0, 
y'iQ) is the slope at x = 0, 

1 ,( 0 ) is the deflection at x = 0. 


W, 


TTTmumrr 


Wjperimitleiigth 

nni 





4 


( I > , I i I 1 1 1 1 




w 


1 1 


Fig, 8*12. Overhangjug with 
uted aud conceaitrated loads. 


This transform equation can 
be taken as the starting point 
for the calculation of beam 
deflections. 

Examfde 1, (a) Form the 

force function for the overhang- 
beam having the distributed 
and concentrated loads shown in 
8’ 12. (5) Formulate the 
boundary conditions. 
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(o) As a preliminary step, the support reactions Ri and are found in the 
usual way by taking statical moments about the right and left supports. 

The origin is taken at the left end of the beam and deflections are measured 
from the line through the points of support. Then, for 0 ^ a; ^ a?, the force 
function is 

f(x) = — u{x — fls)] — w%uix — oa) + RiUi{x — oi) — — os) 

- Wmix — 04) + Riui{x — fit) - Wzui{x - 06 ). [ 102 ] 

(5) Four boundary conditions must be found and preferably they should be 
the shear, bending moment, slope, and deflection at the origin. In this exam- 
ple the shear and bending moment at the origin are easily established but the 
slope and deflection there cannot be determined before the deflection function 
y{x) is known. The remaining two boundary conditions are obtained, there- 
fore, from the known deflections at the points of ^ 

support. Thus the boundary conditions are 

»(0) = 0, y{ai) = 0, 

m(0) = 0, y{c^ = 0. 

Taking the origin at the left end of the beam 
makes the problem a three-point boundary g .23 

problem. 

Example Find the equation of deflection of a uniform beam (Fig. 8*13) 
support^ at the ends and carrying a uniformly distributed load and a con- 
centrated load. 

By taking moments about the right support, Ri is found to be ^ -1- ^ • 

V A 

nhnnsitig the origin at the left support, the boundary conditions are 

t;(0) = 0, y(0) = 0, 

m(0) = 0 , y(f) = 0 . 

Hie force function is, for 0 ^ x ^ 1, 

/(x) =■ iSiUi(x) — ««t(x) — Wtiiix — a). [103] 

The £ transform of /(x) is 

F(s) - 12, - - - We-”, [104] 

s 

in which the third term has been found by application of Theorem 10 to the 
transform pair 93- 

Letting Y{s) be the £ transform of y(x)j the transform equation for the 


1 i rt ’i' i-i mrr i 

w per unit length 


1 


L 
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beam is taken from equation 101 and is 

EiY{t) ^ 4. + E/ 

** »* L « J 

S, tc We—‘ , Elym 

a* a* 


[1051 


Here Ely^(0) is used as an undetermined coefficient to be evaluated later. 
The tranaformaticni of equation 105 gives 


Elyix) 


WX^ 

3! 4! 


u(x - a) + W(0)®. 

o ! 


O^x^l. 

[1061 


Using the boundary condition at a; = f in equation 106, replacing Bi by its 
value, and solving for Ely'(0), the result is 


W(0) 


lol* IF6(&* - P) 
4! 3H 


[107] 


Substitution from equation 107 in 106 gives the final result 


EIy(x) (=) 


usx^ 

1 




m 

i 


a;* rif6(6* - P) 



W(x - a)» 
3! 


u(x - a), 


O^xgL 


[108] 


The use of space impulse functions has made it possible to express this 
proUem in one differential equation. Two equations would be used in the 
usual method of analytic solution since the concentrated load divides the 
beam into two r^ons having separate differential equations whose solutions 
must be matched at the boundary between the regions. The more complex 
the fcn^ fuBctlcm the greater is ih& advantage in using the £-transformation 
method. 

Example $* Find the defl^^tion curve of a continuous beam having two 
unequal spans and bearing a uniformly distributed load, Mg. 8>14. 

A relation between Ri and h obtained by taldng moments about the 
right support. It is 

fill + = y . [109] 


Taking tile ori^ at the Mt support, the boundary conditions are 
»(0) = 0, yia) = 0, 

i«(0) =0, ff(l) = 0. 

y(0) = 0 , 

The force function for 0 ^ x ^ { is 

fix) = Rmix) — wuix) + fijift(® — o), 


[ 110 ] 
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and its £ transform is 


F(«) 

8 


[ 111 ] 


If y(s) is the S. transfonn of the transform equation for the beam, 
by use of equation 101, is 

W(0) 


F/F(s) = |-^ + ^e- 


+ 


8* 


{1121 


rTTTTTT 

IV per unit length 

1. 1 I 


R. 




Fio. 814. 


in which Si, Ri, and Ely'(0) are undetermined constants. The £“' trans- 
formation of equation 112 gives 


EIy(x) (=) ^ - ^ + Ely'(0)x + u(.x -a), O^x^l. 

3! 4! 3! 

Using the boundary conditions at a? = a and at a; = Z, the following two 
algebraic equations are obtained: 

° “ "If ~ 

0 = ^-^-l- W(0)i + ^. 1115] 


Equations 109, 114, and 115 are now solved by algebra for Bi, and Ely'iO), 
These are 


Sab 

B2=^Al* + a*-2la^ 


^ [1161 


W(0) =^(“2’ + a« + 2Z6* + 2a®5), 


The substitutimi <£ expressions 116 m equaMcm 113 gives the 6qiia^<m 
Elyix). Since tbe niter^ here m in the method soiution rather ^lan in 
be^ diction, the eomple^ equation lor Elyix) wift sc^ be writtei out. 
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paitiM check upon the r^ult may be obtained by assuming that the spans 
are equal so that a » 6 = i/2. F^or this case and Ea in expressions 116 
reduce respectivdy to 3irf/16 and Std/S, which can be shown to be correct 
by other reasoning. 

11. Use of Impulses in Intebpbetjition or Real Convolution 
Integral 

For a linear phyacd system with lumped constants, the general 
solution for any lespmise ta^maform is an algebraic equation of the form 

m » G(s)F(s), [117] 

in which H(s) is the response transform, G(,s) is the system function, 
and F(s) is the excitation function. Let the transforms of S(s), 
G(s), and F(a) be respectively h(t), g{i), and f{t), 0 g t. Then using 
Theorem 9 for the transformation of equation 117, 

h(t) = J*g{t - T)f{r)dr, 0 g i. [118] 

With the initial conditions of the system all zero and the driving 
function a imit impulse the response will be represented by 

ci(0 and called the charactmstic time response to unit impulse. Letting 
equation 117 becomes €%{$) = G{s) • 1 and it is seen 
that ci(0 = g{t). Thus the inverse transform of the system function 
is the characteristic time response to unit impulse. 

This r^ult follows also from equation 118 since 

^l(0 = f 9 r)tti(r)dr 
Jo 

“ So ® 

The int^rand git — t)«i(t) is zero except at r = 0 and there it is 
g(t)ui(r). The int^ration is with respect to t and the integral of the 
unit impulse is the unit step function. 

Taking the point of view that git) is the characteristic time response 
to unit impulse, the convolution integral in equation 118 can be inter- 
preted physically as follows. Let the driving function fit) be appros- 
mated by a succession of elementary rectangular pulses applied at 
intervals At along the time axis (Fig. 8'15). Ea<^ of these pulses 
when applied to the S3?stem produces an elementary response, these 
responses being superimposed. The approximate total response at 
time t ie tiie sum at this instant of all the elementary responses started 
previous to this instant. If the interval At is nearly zero the response 
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produced by aa elementary pulse may be approximated by that pro- 
duced by an impulse of magnitude equal to the area of the pulse it 
replaces. Since it vras shown in equation 119 that the response to a 
unit impulse is g{i) the component due to the first impulse is/(0)ATp(f), 
that due to the second impulse is f(AT)ATg{t — At), and that due to the 



(n + l)st impulse is f(nAr)Arg(t — nAr). To simplify the notation 
let nAr = T, that is, as At decreases let n increase in such a way that 
their product is equal to r. Finally the response h at any instant t may 
be ccxnsidered to be the limit of the sum at t of all the elementary re- 
sponses initiated by impulses applied between 0 and t as the length of 
the interval At — v 0. Thxis 

h(f) = lim X f(T)ATg(t — t) 

At— K) T=0 

= f(r)g{t — r)dr. [120] 

Equation 120 is a second form of the superposition theorem (see 
Sec. 4). It describes the response of the system to an arbitrary driving 
force in terms of the response of this system to a unit impulse. The 
form ^ven in ^Sec. 4 expressed the same result in terms of the response 
of the system to a unit step function. The form given in equation 120 
is somewhat more compact and is easier to use analytically since it is 
not n^sessary to differentiate the driving function. On the other hand, 
if a characteristic time response of tiie system is to be obtained expoi- 
mentally it may be simple* to obtain it with a step change than wi& an 
impulse. Fm: the latter a pulse must be used whose time duration is 
OTTfiftH compared with the time constants of the 
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12. TBBOssm 13, Diffebentution with Respect to Seconh Inde- 

PEHDENT VaBUBLE 

Let &bea eecond varvMe independent of t and s. If die function f (t,a) 
is £ Iramformable wUh respect to t and has the S. transform F(s,a), and if 

— f(t,a) earisis, then 

This theorem states that differentiation with respect to a second inde- 
pendent variable is invariant under transfoimation from one domain to 
the other; or stated otherwise, £ transformation with respect to t and 
differentiation with respect to a second independent variable are com- 
mutative operations. 

Since differentiation is a limit process this theorem follows from Theo- 
rem 12. In the int^ral definition of the £ transformarion, 

r f{t,a)e~‘^di - F(s,a), 

differentiate both members with respect to the second variable a, i.e., 

r r /('.«)«■"* = -z 

dd U Q dd 

Since a h independent of i and s, 

r^f(t,a)e-‘*dt = ^ F(s,o). 1123] 

V Q dd dd 

Thai^ 

£*[£/(*,«)] = £f(s,o), [124] 

as stated in the theoian. 

Ihe property of the £ transformation stated in this theorem makes 
possible the sohitron by £ transformation of differential equations with 
more than one independent variable, and it will be applied frequently 
in the solution of partial differentud equations in Volume 2. Another 
application, and one which will be illustrated here, is its use in extmdmg 
a table of functiim transforms. 

Exampie 1. Find the transform pair that results from differentiation with 
respect to of the pair 

0 


sin 0 ^ f. 
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Here 

3 <g 

ai8s* + /S* (s* + /ss)*’ 

and 

— sin < COS 0L 

dp 

By Theorem 13 these results form the new pair 

e cos pt, O^L [126] 

Example 2* Find the transform pair that results from differentiation with 
respect to a of the pair 

a + €g 

(s + + ^ 

Here 

a 8 + a is + 

da is + a)* + [is + ot)* + 

and 

— e~“‘ eos0t = — COB pt. 

da 


e~** cos ]3t, 0 g t 


(s* + /S®)® 


By Theorem 13 these results form the new pair 


(8 + «)^ - /3» 
[(s + «)* + |8*]* 


fe-“* cos j9«, 




[126] 


13. Thbobk&i 14, Final Valtjb 

Xf ike function f(t) and its first derwaiwe care S. transformable and ike 
£ iran^orm of f(t) is F(s), and the function sF(s) is analytic on the axis 
of imaginaries and in ike right half-plane, then 

lim&FCs) = lim/(<). [127] 

«— H) 

This ilie(»em states that the b^vior of sFCs) in the nd^borhood 
of the oii^ of the complex {Jane corresponds to the behavior of /(t) 
as t becomes infinite [Pi 10]. 

This thieorem differs from the theorems whidi have preceded in that it 
does not erpr^ the result of an £ transformation but states an equality 
between two particular values — the value of /(f) at » and fiie value 
of sF{s') at tihe ori^. 

The theorem follows frmn the integral definitimi of the £ transfor- 
mation, 

£sit)e-*m “ F(s), 



266 


PROPERTIES OF THE £ TRANSFORMATION [Chap. VIH 


by mtegrating by parts as in the outline of proof of Theorem 6, Sec. 2, 
Chapter 5, to obtain 



e-**dt * sF(8) -/(0+). 


[128] 


Now let s approach 0, 

lim r f{t)e-*di = lim [«F(s) - /(0+)]. [129] 

VO 


Since s is independent of t the order of the limit processes in the left 
member can be changed giviag 



Iim[aF(s)-/(0+)], 

»-»o 


[130] 


provided each member in equation 130 has a value. The enstence of 
both members of this equation is discussed below. Its left member 
can be written 

lim r V(r)dr = lim [/(«) - /(0+)]. j [131] 


Substitution of result 131 in equation 130 pves 

lim/(t) = lim &P(s). [132] 

<-4-00 #— K) 


From the (hscussion in Sec. 1, Chapter 6, associatang the form of a 
function of the real variable with the position of the singularities of its 
transform, it is known that f{f) will decrease exponentially if all the 
sir^ularities of its transform [sF(s) — /(0+)] lie to the left of the axis 
ima^aries. The condition on aF(8) in the theorem assures this 
behavior <rf f{t). This ocmdition tc®ether with the requirement that 
/(O he £ transformable assures the existence of tire limit in equation 131. 
Ihe oonditi(His on sF(8) idso assures the existence of the limit in the 
rij^t monbor ci equation 180. 

The theorem k usdul mamly in detennining from F(s) the behavior 
of f(i), as i becomes large, without the necessity of actually canying 
out tiie £“* transfomudlon of F(s). 


Fxampie 1. To Qlufitrate Theorem 14, use tiie following trajiafnim pairs 


that have appeared pieviousiy: 





1 - (1 + 

|8* 

o^t. 

[84] 


“‘ + erf - 1 , 

0? ' 

0^1. 

[85] 
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( 0 ) 

id) 


0 


+ 

(8 + a)^ - 0^ 

[{a + a)* + 

In these pairs a and p are positive real numbers. 

A 1 


sin Pt, 

fe"’®* GOB pt, 


0^1 

[126] 


lies in the left half-plane and the theorem 


(o) The pole of 8F(s) ^ ^ . 

= ^ , showing that the value approached 

i» + Py r 

1 - (1 -L 1 

by /(f) is jS~2. This is checked by lim ^ . 


is applicable. The lim 


(5) One pole of sFis) = 


s(8 4- ol ) 


lies on the axis of imaginaries and the 
' + af — 1 


theorem does not apply. This is checked by lim 

i->oo ^ 

Ps 

(c) Both poles of sF{s) = ^ — lie on the axis of imagmaries and the 

+ pr 

theorem does not apply. This is chedced by the fact that lim sin jSf does not 


have a definite value. 

•[/« 4. ^ ffn 

(d) Both poles of sFis) = - ~ lie in the left half-plane and , 

[(s + a)^ 4- pT 
sffs I — P^\ 

the theorem appHes. The lim 7 ^ = 0- TI™ “ cheeked by 

lim fe-“‘ cos /St = 0. 


14. Thbokem 15, iNmAL Valtjb 

Jf the functim, f (t) and Us first derwaMve are S. tram^orrruMe and f (t) 
has ffie £ tran^orm F(s), and Uie lim sF(s) cicists, Uim 

»— WO 

lim sF(s) = lim/(0. [133] 

r“>00 t — 

This theorem states that the behavior of sF (s) in the na^borhood 
of the point at infinity in the complex domain corresponds to the behavior 
of y(0 in the ne^borhood of 0+ in the real domain [Pi 10]. The half 
arrow with its barb on top signifies that the Imnt is approached from 
above, i.e., from the ri^t, pasang throng poative values of f. 

Proof of this theorran proceeds in the same way as that of Theorran 
14 to the equation 

nf(t)e-**dt = sFis) -/( 0 +). 

«/o 


[ 128 ] 
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In equation 128 let a approach « , 

lim r f{t)e-‘dt = lim [aF(s) - /(0+)]. [134] 

4r-»x */o «— 

The existence of the left member is assured by the hypothesis on the 
derivative, and when the order of the limit processes is changed the 
result is zero. The existence of the right member follows from the 
hypothecs on the limit. Consequently 

0«limlsF(s)-/(0+)I, [135] 

or, since/(0+) « lim/(0; equation 136 can be written 
<— *0 

lim eF(s) = Iim/(0, 

*0 

as stated in the theorem. 

Like Theorem 14 this theorem expresses an equality which holds 
between two particular values — the value of f(t) as the origin is ap- 
proached from the right and the value of aF(s) at the point at infinity. 
It enables one to establish the initial value of f(t) at 0+ from F{s) 
without actually carrying out the transformation of F(s). Further- 

more, if applied to the transform of the right-hand derivatives of various 
orders as found by Theorem 6, it gives the initial values of these deriva- 
tives at 0 +. Unlike Theorem 14, this property of the £ transforma- 
tion holds generally, no restriction on the domain of analyticity of sF(s) 
bdng necessary for its application. 


Smmfie 1. To iUiistrate Theorem 15, use the following transform pairs: 


(«) 

«(«+«* 

OS!. 

[84] 



* + a» 

(s + af+fF 

^cos pt + — — — sin P^ , 

0 ^ i. [136] 


Pair (5) is obtained by adding and subtracting a in the numerator of F(s) 
and using pairs 7 and 6 in Table 1, Chapter 4. 

(а) lim sF(g) - lim - — = 0, showing that the initial value of f(t) 

is 0. Thk Is dtecked by lim — ^ = 0. 

*-*0 P * 

(б) lim aF{a) = Ilm — 1» showing that the initial value of 

(s + a)* + ^ 

/(t) is 1. This is cheeked by 

lim (cos /S + sin /St] « 1. 

\ p J 
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Example 2, If the £ transform of J{t) is (oia + ao)/«(«® + 6iS + ho), 
the values of and its first two derivatives at i = 0+. 

Here 

ais + oo 


£[/(«)! = Fi?) 


«(** + &is + 6 o) ’ 


and by Theorem 16, 




For the first derivative, using Theorem 6, 

£[/'(«)] = sF(s) - /(0+) = — - 0. 

"t" OiS "p Oq 

Application of Theorem 15 to equation 139 gives 
no+l - Um ,^g a + S 

r-^00 s + hia + Oo 

For the second derivative, by Theorem 6, 

£\f"(f)] = s^Fia) -/(0+)s -f(0+) 


[137] 


[138] 


[139] 


[140] 


fllS* + OqS 


— 0 — ai 


8 ^ + biS + ho 
Application of Theorem 15 to equation 141 gives 


(oo — aibj)$ — diho 
-f- biS + ho 


g[(qo gihi)g - aihol 


/"(0+) = lim 


+ bis + ho 


= 00 — oihi. 


[141] 


[142] 


The correctness of these values of fit), /'(i), and f'it) at i = 04- can be 
readily verified. For convenience assume that ho < (hi/2)^; then the poles 


of F(s) HeatOand - - ± ( - 


'oj = si. 


Its first two derivatives are 




szisi — 82 ) 


82 and the function is 

0 S f. [143] 


fit) = 0^4. 


/"(«) 


Si — 52 
Sl(gl5i + Op) 
Si — 52 


g«l< — 


Si — S2 

S2(aiS2 + Oo) 


Si- 82 




[144] 

0 ^ t [145] 


At * = 0+ equations 143, 144, and 145 reduce respectivdy to /(0+) = 0, 
^^(0+) = at, and /”(0+) = flo — oi&i. The initial values found by apjdica- 
tion of Theorem 15 and given in equations 138, 140, and 142 are in agreement 
vdth these results. 
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15. MtTLTimCATION OR DIVISION OF F(3) BT 8 

The theoremsrof real differentiation and real int^atiion as introduced 
in Chapter 5, Secs. 2 and 3, were expressed in a way particularly favor- 
able for use in transforming from the real domain to the complex domain. 
There aie occasions, however, when they must be used in the reverse 
direction, and it is convenient to have them stated in a different form. 
Presentation of these alternative forms has been postponed until a 
knowledge oT impulses and the initial-value theorem were available. 

Thsoeeu 6 - 0 . If f(t) and f'(t) are £ tans/ormable and f(0-|-) = 0 , 
and F(s) is the £ iran^orm of f(t), then 

aF{s) = £1/(01. [146] 

Theorem 6-0 states that multiplication by 8 in the complex domain 
corresponds in the real domain to differentiation. Here, as in Theorem 
6, the indicated derivative is a right-hand derivative. 

Substantiation of equation 146 depends upon Theorem 6, 

£[/(0] = sF( 8)-/(O-1-), [147] 

and the condition 

/(0+) = 0. [148] 

It will be reddled from the initial-value theorem that 

lim sF’(s) = /(O -h). [149] 

WO 

From this it follows that if aP(8) is a rational fraction having a numerator 
(rf lower d^ree than the denominator, /(O -f ) will be zero ; if the numera- 
tor and denominator are of equal d^ree, /(0-1-) will be finite and 
different from aero. 


Mxemple 1. Starting with the trmisform pairs 


(a) 

1 

(s + «)* 


O^t, 

[160] 

m 

8 

«*+d* 

GOB fit. 

ogt. 

[161] 


jBnd the pairs leenlting from multiplicaticm of Fis) by & 

A « 


(a) Here *P(«) « 


{s + «)* 

spondin^y, /(O-f-) * 0. The ri^thand deiivative fit) 
by Theorem 6-o the derived pair is 


which m a proper rational fraction. Gorre- 

(1 — af)e~*'* and 


(s -b a)* 


(1 - Ogt. 


[162] 



SBC. 15] 


MULTIPLICATION OR DIVISION BY « 


271 


(6) Here sF(8) ^ 


which is an improper fraction. 


It zeduces 


on di^dsion to 1 
does not apply. 


jg 2 • Correspondingly, /(0+) 9 ^ 0, hence Theorem 6-a 
Formally, £“^1] could be interpreted as 


Ui(f) 


A u{t — g) 


o—^O 


in which case the derived pair is 


s2 + ^2 


+ 1 


— jS sin fit 4- Ui(t), 


O^t 


Theorem 7-a. 
F(s), then 


If f(t) is £ iramfcrmable and has iihe £ tran^orm 


m 

s 




[153J 


The theorem states that division by 5 in the complex domain corre- 
sponds to an integration from 0 to ^ in the real domain. 

Substantiation of equation 163 follows from Theorem 7. That is, 
since 

/-”(<) = / fm = fjm +/‘-«(o+) 

and 

it is seen directly that 

Example 1 . Starting with the transform pair 

e-“* ^cos jSt + sin , 0 g «, 1136] 

find the pair resulting from division of F(s) by s. 

Here = — — — — — ; the definite integral is 
8 s{(8 + a)* + /S*] 

f «r“‘^oosj8t + ^^p-^8in)K^<ft = ^^^-^^saniSt — a«oos^^+ 


s 4* flo 

(s + a)*+i3* 
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in wUch 00^ + P*. By Theorem 7-a the derived pair is 


* + o« 

s[(* + «)* + /S*l 


^ gin _ oj cos + ^» 

A «* + /?*, O^t. 


P54! 


16. ThBOBBII 16, COMPIEX Diffebentutioii 
If f (t) is £ iransfomuMe aand ImiJieS iran^orm F(8), ihen 

mo] = -|w 11551 


This theorem states that within a change of sign multiplication by the 
real variable in the real domain goes over into the complex domain as 
differentiation with respect to the complex variable. Note that this 
theorem is analc^us to the real differentiation theorem (Theorems 6 
and fr-a). 

The theorem may be proved from the integral definition of the 
direct transfonnalion 

r = F{b) 

■/o 

by differentiating both members with respect to 5, this being allowable 
because the hypothesis implies that F{s) is analytic. 

[1B6I 

Differaitiating under the integral sign, 

_£* /«) I .-d< - ff [1571 

or £[^(01 == —T F(«) as stated in llie theorem. 

08 


Example 1. Appfy Tbeoran 16 to the pair 


Here 


d 0 

ds^ + /S* 


0 

^ + /S* 


-20s 

(s* + /S*)*’ 


20s 

(s* + |8*)* 


an /», 0 St. 

and the daived pair is 
t sin /St, 0 ^ t. 


[ 158 ] 
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17. ThBOSEM 17, CoMWiEX Integbation 
7/ f (t) and f (t)/t are ^-transformable and the transform of f (t) is F(s), 
and if I F(s)ds exists^ then 

m-r 


£ 


F(s)ds. 


[159] 


Division by the variable in the real domain corresponds to int^ation 
with respect to the variable in the complex domain along a path from s 
to the point at infinity. This theorem is analogous to the real inte- 
gration theorem (Theorems 7 and 7-a). 

To substantiate this theorem, the integral definition of the direct 
transformation 

rme-*^dt = F(s) 

Jo 

is int^rated with respect to s between the limits s and «», Le., 


r r me-'^^dtds ^ rF{8)ds. 

J 9 Jo J* 


[1601 


A change in the order of carrying out the two limit processes indicated 
in the left member of equation 160 may be made because f{f) is an 
£-transformable function. This ©ves 


or £ 


r Sit) f”e-**dsdt^ r^-^€-^dt= f“F(s)d8, [161] 

Jo Ja Jo ^ Ja 

F(B)ds as stated in the theorem. 


Exam^ Apply Theorem 17 to the pair 


2ps 

{6* + i3¥ 


t sin ptf 




[158] 



208 




ds 


^T^a 


Thus the derived pair is 

jg 

+ 


0 


and 


tmn.0t 


— sin 0L 


dn 0 ^ 


which is known to be correct. 
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Exampk 2. Use Theorem 17 to find the £ transform of (e“®* — 
with a and h non-n^ative real numbers and a < 6. 

This may be derived fay starting with the pair 


1 1 
$ + a s + d 




o ^ 


since appUeation of the theorem gives the specified time function 
(c*** — aiid gives for its transform 

rh)* *■)]" - [i" 




0-ln 


8 + 0 
8 + 6 


-In 


8 + 6 
8 + o' 


— O < O. 


{162] 


Tbe draived pair, ^vith a < 6 is 


s “1“ 6 
+ a 



0 ^ 


(1631 


18 . Thborku 18 , Intbqbation with Respect to Second Independent 
Vabiabee 


Jf&isa second variable independent of t and s, and f (t,a) is £ transformf 
dbU with respect to t and has the £ transform F(s,a), and if the integrals 
appearing exidt, dten 

£« |^^/(«,o)daj = J' F(s,a)da. [164] 


This theorem states that integration with respect to a second inde- 
pendent v^ariable is invariant under transformation from one domain to 
the other; or stated otherwise, £ transformation with respect to t and 
integration with respect to a are commutative operations. 

Since integration is a limit process this theorem follows from 
Theorem 12. Start with the int^ral definition of tbe direct transfor- 
rmikm 



= F(8,a) 


and int^rate both n3CTabers with respect to a. Thus 

n f(iya}e^^dida - FIs, a)da. [165] 

Since a is independent of t and s, the order of integration may be changed 
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aad, if the iategraJs exist, 

f f fit,a)da-e~**dt=‘ f" F(s,a)da, [166] 

vO «/ao Joa 


or 


^ [«£[ PMda 


as stated in the theorem. 

Example 1. Use Theorem 18 to find the iS transform of (sin pt)/t starting 
with the pair 

. 1 

cos jSi, 0 ^ 




Here the second independent variable is j8. Applying Theorem 18 by inte- 
grating with respect to between the limits 0 and ft the result is 

fsinft’P %mPt 

cos ptdp = I “T” Jo "" ^ 


and 

+ ^ 

Thus there is derived the pair 
rii 


f =[rtan~^-l =taii-*-, 0 <ff. 

Jo s* + j8® L sJo « 


tan' 


sin/^ 


O^t. 


1168] 


[169] 


19. Thbobem 19, Rbai/ Mm/mpucATiON 

If fi (t) o-vd f 2 (t) are £.4ransformdble funcHons hoeing the £ transforms 
Fi(s) and F 2 (s), respectiody, iiien 

1 i^cj-hfoo 

£lfi(0/2(«)] = 5-- / ^i(s - w)F2(w)dw, 

2iij Jcx-s» [170] 

I!aax(<r<^, <r<^, (Toi + < o, ff., < C2 < ff — «r<^, 

in which e^isa real constant, <r = 9l[s], and o-», avd are ike cAsdssas 
of aihsolwte convergence of fundums fi(t) and f 2 (t), respeduidy. 

The process expressed by the iategral ’will be called convolution in the 
complex domain, or more briefly complex convaltiiion, and the functioiis 
Fi(s) and F^is) will be said to be convolved. The integral may be 
abbreviated to Fi(s) ® Fi(s). 

The tbpnT Am states that lie £ transform of the product of two func- 
tions of the real variable is foimd by convolving the £ transforms 
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thpqA two functions. Thus multiplication in the teal donuum goes over 
into complex convolution in the complex domain [Appein C, Pi 4, Me 4]. 

This theorem is analogous to Theorem 9, complex multiplication. 
Cknnidiex convolution has many features in common with real convolu- 
tion describ«l in Sec. 2. The most important of th^ will be pointed 
(Hit here. 

In the line intepai, 

I Fi(s- V3)F2{w)da, 

«'ci— ioo 

folding, translation, multiplication, and integration are indicated. In 
the complex w-plane the function Fi (w) and hence the geometric pattern 
of its singularities and zeros is first folded about the axis of imaginaries 
and thai translated by the complex variable a. Since the translations 
are limited to those which keep < C 2 < v — the path of inte- 
gratiim from Ct— j» toca+i* l^inan anal 3 rtie strip. 

If Fit) is the £ traosfonn (tf then the theory fcdlows from 

the int^ral definition of the direct transformation 

F(s) “ f max(<r«j, cr,^ < «r, 

«/o 

by substituting for /aft) its integral representation in terms of Fais) 
^ven in Theorem 2, Sec. 14, Chapter 4. 

[ Fa(w)e‘^dwe-**di, 

0 [171] 

maxfff,^, (T^, + ff,^) < V, (to^< ca. 

As indicated, the intepaticm is to be carried out first with respect to the 
c(Hn{dex variable to and thm with respect to the real variable t. 

^oe the functions are £ transformable it is permissible to cbany . the 
order in which the two int^rations are performed, witii tire result that 

F{s) = r-. / Fa{w) t [172] 

with the same rastrictkms as in ecjuaticm 171. But 

f fl(i)e-i^^^*dt^F^is-v,), [173] 

[or 9c[to] <<r — ffar 


Sinee 


F(3) = 


[174] 
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lliea 

s.mt)sm = 5-. / Fi(8 - w)F^{w)iv>, 

2*3 [176] 

»’<«i + ffo, < C2 < ff — 

as stated in the theorem. 

Since the aim in the present volume is to keep the treatment as simple 
as possible, a discussion of the integration in the complex plane indicated 
in equation 175 will be postponed until Volume 2. This does not pre- 
vent, however, the use of the theorem in certain special but very useful 
forms which do not require this complex integration. Two of these 
fonns are given below. The iSrst, Theorem 19-a, appKes if at least one 
transform factor has first-order poles only. The second, Theorem 19-6, 
applies if at least one transform factor has multiple-order poles. 

Theorem 19-a. If fi(t) and hit) are £-4ramformabh furidwm hath 
ing the £ transforms Fi(s) and F 2 (s), reopectwelyy and if Fi(s) ^ 

Bi(s) 

is a rational algebraic fraction having q first-order poles and no oOiers^ then 

^ - St). [176] 

lids particularly simple form can be derived from p^ 1, Table 1, 
Chapter 6, 

by multiplying the left member by/ 2 (i) and finding the £ transform ol 
the product. Thus 

mcmm = s [i «**%(«)] 

= i 

jfe«i -oiCsjb) 

= 1178] 

*-1 


Ibe flbftTig e in order of summation and £ tiansformation is justi^d by 
the linearity theorem (Theorem 5); the replacement <rf £[e**V2(0] by 
— ^k) is made mth tiie complex translatioa thecnmn (Iheormn 11). 
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ExamjAe 1. Find the £ transform of sin ai • sin jSf. 

If SiU) ^ sin orf and /s(f) ^ sin /St, then Fi(s) = and Fs(s) = 

8 ” 1 “ CC 


»* + /s» 


. The poles of Fi(«) are at dbi«. Then by equation 176, 


£[sin at • sin fit] = — 1 ^ . 

‘ 2Ucc) («-;•«)* + fi* ^ 2(-y«) (*+y«)* + fi* 

— 2afis 

[8* + (a + fi)»][«’ + (a - fi)*] ■ 

That tins is eorrect can be verified readily by recalling that sin at • sin fit s 
|(co8 (« — fi)t - cos (a + fi)t] and its £ transformation gives 

£[sin at ■ sin /St] = ^ 

‘ 2 8* + (a - fi)* 2 8* + (a + fi)* 

. [180] 

{s* + (a-fi)»][s*+(«+fi)*] ^ 

Example S. Find F{s) * F(s) if Ffs) is a rational algebraic fraction having 
g poles all of first order. 

Let F(s) = d(s)/J5(8), then it follows from equation 178 that 

Note that by this process the £ trai^fonn of the square of one type of time 
fimcfticm has been detennined directly from the transform of the function. 

THiK>Bin( 19-6, Lei fi(t)a?wi i 2 it)he£- 4 ransform 4 iblefun€li^ 
the£ fyim^forms Fi(s) and F 2 (s), respeetivelyy and let Fi(s) be a m- 
Hami c^dmxic fraction having n di^nct poles Si, with 

Si of multiplicity mi 
82 of multiplicity m 2 

Sq of multiplicUy m^ 

sud^ed to &e restriction mi -f- m 2 *1 1- m^ = q. Then 


in wkieh 
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This special form is based upon the partial-fraction expansion of a 
rational algebraic transform having multiple-order pol^ (see pair 2 , 
Table 1, Chapter 6 ). Since Fi(s) has multiple-order pol^, its £ trans- 
form is 

in which is defined in equation 183. If equation 184 is multiplied 
by / 2(0 the product is £ transformed, 

tm-am - 

= Z 2 7 — [186] 

The change in order of double summation and £ transformation is 
justified by the linearity theorem. From the complex differentiation 
theorem (Theorem 16), 

= (- 1 )“*-'^^-F 2 (s). [186] 

From the complex translation theorem (Theorem 11), 

1187] 

Substituting from equation 187 in 185, 

as stated in equation 182. 

Example L If the £ transform of f{t) is find the £ trans- 

(s -f t)(s + ay 

form of f(t) directly by complex convolution. 

Here w — 2. Let si = —7 and ^ —a; then mi = 1 and m 2 = 2, and 



in which 
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FiiuJIy, by equation 182, 

Ki , Ku 


+ "x^l 

L« + 7 (» + <*)* » + aj 


(« + r)(» + «)* 


Ki 


[(« + 7)(« + a)’_ t* (« + t)(s + «)*].=..+« 


L(« + 7)(« + a)’ 


^ri(« + 7) 


: + 


J?a[2(« + a)* + 7s] 


(* + 27)(* + a + 7)* (* + a + 7 )*(« + 2a)* 

+ a) 


{» + a + 7 )(s + 2a)* 


[190] 


It is seen that despite the rather formidable appearance of equation 182 the 
procedure that it prescribes is not di£Bcult to understand or to carry out. 

20. Theobeh 20, CoionjTATmTT of £ with 91 and ^ Tbansfor- 

HATIONS 

1/ He complex fundion f(t) is £ transformable and has the £ tran^orm 
F(s}, then 

(а) £{9ir/(f)]} = St{£[/-(0]} = 

(б) £{^l/(0]} = ^{£!/(0]} = 9[F{s)1 


[191] 


Hiis theorem states that the £ transformation is commutative with 
the 0L and 3 traDsfmmafaons. The d^onstration of this follows directly 
frcan the Hsear inopraty of the int^ral defining the £ transformation. 
Let p(t) and q(t) be £-traiisfonnable real functions with £ transforms 
P(s) and Q(s), respectively. In tiie int^ral definition of the direct 
transfonnatkm, 

r me-^ds ^ F(s), 

<'0 

Iet/(1) = p(t) +jg(t). Hiffli by the linearity theorem, 

f [p(0 +i2(<)r*‘*= f p(f)e-^*di+3 r g(f)e-*dt 

*'0 Jo VQ 

= p(s) +ie(s) = p(s), [1^] 

Hiat is, 

+i£{ w)]} = +i^{£[y(0]}, m 
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and since in a complex equation the real parts must be equal and the 
imaginary parts must be equal separately, 


(a) 

(b) £{mt)]} = ^(w)]}, 


7 

9 


as stated in the theorem. 


Example 1. The complex function = cos + j an jSi. Then 
= £[cos pt] + i£[sin pt] 


^ + ^ s^ + P^ 8-jP 


and it is seen that 


(,) £iss[.'»n - - a [^-^] - 


(6) = 


+ 






PROBLEMS 

8*1. The £ transfonn of the cunent that results from api^catkn a unit st^ 
voltage in a certain network has the form 

+ ai8 4" ao 

If the time constant of the network is to be taken as the unit of time, use Theorem 8 
to hnd the time function for the current. Let X » 2r (time constant/period}. 

8*2. Apply Theorem 9 in finding the Sr^ transform of 
1 

8*3. A system whose initial energy storage is zero is subjected to a unit step 
driving force. Its response is 

Ae--«*sm (^-1-^), O^t. 

Find the response of this astern, under the same initial conditionB, to a driving force 
of the form 

8*4, Solve the oonvolutbn-lype int^ral equaticm 

= 0 S i, 

for the unknown functimi x(t) by use the £ taransfanmdion. 

8*5. Using the £ transfoimaticm, sdve the <xinvoliitkm-type equatimi 

io(0 */(o *m] - m) *m] + c(o = a o ^ ^ 
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invhidi 

ait) ^ cm fit, bit) ^eia fit, and eit) = - cos /K). 

8-8. Sbotr that if £[/(<)] ^ F(«), then 

Slfmit - «)] - Fi») - Sit)e-*dt. 

8-7. If £l/(0] ^ Fit), pve the £ transforms <rf the follomngfunciaans: 

(o) /(0[«(« - «) - «(i - &)J- 
Q>) SimQ> - 0 - «(a - *)]• 

(c) /(t)u(a - 1). 


(d) /(t)tt(t - a)u(5 - t). 


Assome thataaadharepasitiTereBlnumberBanda < b. 

8*8. Use Hiecxem 10 to find the tran^onn <A the section between t = a and 
( s hofaeoeute curve, i.e., find the transform of 

COB fit • [«(t — a) — tt(t — 6)1 o < 6. 


8-9. Scetdi the £~‘ transforms of the foDowing functions: 


(«) 





S-IO. Fisod the £“* tiansf(»m <£ ^ ■ • by means of an espansion (o) in 

< (1 + 6 ) 

IMitial fiacfioos, and in a series (tf exp on en ti als. Stetch the time function 
nqmeented. 


8-11. Using IheiHem 10|, show that if A{s}/B(s} is a rational algebraic fraction 
having 9 pdGS,aoiia at the origin and all of tiie first order, and if a is a poritivereal 
number, then 




(=) 


^(0) 

5(0) 


, f am 

'^^ittB'isi) 


ent. 


i A(8s)(l-e-T) 
A s*B'(«t) 




0 ^ t ^ (if 


a 


Note: This shorn that (1 — €r") in the numerator of the transform may be 
treated as ae algebraic factor in finding the transform for a < t. 

8*12. If the £ trai^orm of the seetum betweai a and h a function is 0(s), 
what is the traiiffiform oi the new function jnoduced by turning this section end for 
&id on the Ume axis bat sMU keei^ it betwe^ a and b? 

8*13. Udng Theorem 11, find the transform of 

(s+ a)^ + X^ 
l(e + ^+fi^(e + a)^ 
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8*14. Use Theorem 11 to find the £ transform of a sine wave which is ‘'ampli- 
tude ” modulated by a sawtooth wave, i.e., find the transform of 

in which k and X/2x are positive int^ers. 

8*15. If the response of a system, initially without stored energy, to a unit 
impulse disturbance is 

-A-e-^^an OJrt + e), 0 ^ t, 

sm 6 

in which 6 = tan“ and ^ is a real constant, find the response of the system, under 
the same initial conditions, to a disturbance (1/X) sin Xf. 

8*16. Show that the response of a system to a rectangular pulse whose duration is 
short compared with the smallest time constant of the system approximates the 
response of this system to an impiilse. The area under the pulse and the magnitude 
of the impulse are to be taken equal. 

8*17. Starting with the pair 
1 

use Theorem 12 to find the £*“^ transform of (a -f a)”*®. 

8*18. Apply Theorem IS to [(a -j- 4* and its £’"^ transform to find 

the £'“^ transforms of the following fimctions: 

, a 4- « 1 

[(a4-«)^4-i8¥' f(«4-a)*4-/5*]*’ 

8*19. Since the inverse<transformation process pre^nts the major difficulty in the 
use of the £-transformation method, it is worth while to know how to gain certain 
useful information about the inverse transform from inspection of the transform. For 
example, the transform for the output voltage v^it) of a certain 2-6ection lattice-type 
network is 

4- 4~ ais + uq 

in which ua, 02 , <ii, do, ^ A 8iid y are positive real numbers assumed to be known. 
Without actually carrying out an Sr^ transformation, give: 

(a) The form of each term in v^it). 

(h) The initial value »2(0). 

(c) The initial value of the first derivative t4(0). 

(d) The value which v^it) will approach for large values of t 

8*20. A certain system has a driving-i)oint function in the form of a iati<»Qfil alge- 
braic fraction with poles and s^os as follows: 

First-order poles at — « iyft 
Second-order pole at —6, 

Krat-order zeros at —7, — ^ 


—^e “*(1 - COB pt). 


O^t, 
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Hie oo^ckat of tiie fiactioa is A. Here a, fi, i, y, it, and A are positive real num- 
bezBi all different. 

(1) If a driving force in the form of a unit step function is applied to this system, 
give, for the driving-point response (a) the milial value, (5) the initial slope, (c) the 
finjd value, and (d) the general form the functions present. 

(2) If a driving force in the form of a unit sine wave of angular frequency «i 
is applied to ^lis system, give the st^y-state part of the driving-point response. 
Here ai ^ p. 

8-21. If the transform of/(0 is {oi« -f ao)/ («* + + his &o), ^ Theorems 14 

and 15 to find (a) the value of fit) as f and (6) the values of fit) and its first 
three derivatives at t ~ 0+. It may be assumed that all poles lie to the left of the 
axis of imaginaries. 

S'22. Starting with tI»B pair stated in problem 8-17, use Theorems 6-a and 7-o to 
find the transfonns, respectively, of 


(a) 


ib) 


I(s + «)* -h 0^\is + a)' slis Hr + P^is + «) 

8'23. Starting with the function cos® pt and its £ transform, find the £ trans- 
form of cos* ^ by vseci Theorem 16. 

8*24, Using TbeorKO 17, find £ J . 


8*25. Evaluate the integral 


f- 

Jo (“ • 


da 


; by use of Theorem 18. 


H" »)* + P^ 

8-26. (a) Fmi the £ tran^onn of the product • sin by use of Theorem 
18-a. 

(b) Repeat^ using Therein 19-6. 

8-27. Bind the £ transfoim of tl» product of the functions (i + l)®e”®* and sin pt 
by ccmvolving their respective transforms. 

8*28. In a certain automatie-control system the £ transform for the error follow- 

ing a disturibaime has the form ^ . From this transform find directly 

the tramribrm the square the error. 

8*29. (a) Usiiig Tl^rem 10 find ike £ transform of the vacuum-tube plate 
current described in |Ht}blem 5*6. 

(6) Blzd the fundamental and first harmonic of the steady-state voltage that tins 
currant produces across the tuned circuit, basing the calcu- 
latkms upaa £ transfonn of this voltage. 

8*30. If it ib assumed that the rdbtive approach ” 
(feitt^ing) of a sphere when pressed against a plane is 
{Si(^)orti(»al to the first power cff the contact compressive 
force ({m>baldy it is more nearly proportional to the H 
power) the f<^owing int^ral equation can be written 
fir this foiee f(i) whoa the sphere of mass m (see diagram) 
strikes with velocity a mass M whose dispUw^ment is elasricafly constrained by 
a spring sriShess K: 


Fo 


K 

Mm 


Fra. 8-P30 


4f(0 = 
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Here a is the relative approach per unit force, y K/M, and ti is the total timn 
of contact. 

In the right member of the integral equation the first term is the forward displace- 
ment that m would experience if it were a free body. The second term is the back- 
ward displacement of m caused by the compressive force. The difference between 
these two terms is the net displacement of the center of m while in contact with M. 
The third term is the displacement forward of M caused by the compressive force 
while m and M are in contact. The difference between the net displac'^ent cl the 
center of m and the displacement of M is the relative approach. 

(o) Derive each of the three terms in the right member of the integral equation. 

By means of the £ transformation find the compressive force during the 
interval of contact. 

8*31. In geophysical prospecting by means of electric transients it is derired to 
obtain the transient voltage between two probes stuck in the earth when a unit 
impulse of current ui{t) is applied between two contacts or grounds in the neighbor- 
ho^ of the probes. Since physically only an approximation to a current impulse 
can be produced, there arises the problem of deriving from the response to this 
approximate impulse the response to the mathemarical impulse 

If the approximate curr^t impulse is produced by a portable surge generator 
which, when coimected to the contacts, gives a surge of ^e form i{t) ~ and 

if the recorded response between the potential probes is v(0» how would you correct 
this experimentally determined v{i) to obtain the response of the system to a mathe- 
matical unit impulse? For systems of this type t^(0) — 0. 


|W,=5 


It 


1 per unM length i 

1 ■ ^ 

] 

R. 1 

Oft J 

1^2 

.-eJ 

30— ^ — 

— 4*— 


Fig. 8 P32 

8*^. Find the static defiection curve of the beam shown In the diagram. T!^ 
beam overhangs its supports and bears a uniformly distaibuted load over a porriion 
of its length and concentrated loads at its two enc^ The dimenjrions and weights, 
in a irin^e system units, have magnitudes as indicated. The of the beam 
may be n^ected. 
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THE SOLUTION OF LINEAR DIFFERENCE EQUATIONS 
WITH CONSTANT COEFFICIENTS 

In the previous chapters the application of the iu-transformation 
method to the solution of linear constant-coefficient integrodifferential 
^nations has been treated. In the present chapter^ it will be shown 
how this transfonnation method can be used to solve linear constant- 
coefficient difference equations and also combined integrodifferential 
and difference equations, i.e., i-d difference equations P3e 3, Jo 2, Ne 1]. 
It will serve in the completed treatment as a logical transition chapter 
between one-dimensional problems, expressible by integrodifferential 
equations, and multi-dimensional problems, expressible by partial 
int^rodifferential equations (Volume 2). 

Difference equations arise in systems in which the variables change 
by finite amoimts as in statistics and in interpolation theory, or by quanta 
as in atomic physics. They also find application in physical systems 
in which there is a recunenoe of structure and in systems in which cyclic 
switching takes place. For example, in finance they are applicable to 
proMems ocmcerning interest, sinking funds, amortization, annuities, 
mort^iges, and l«an retiremmts. In electric ^tems they are applicable 
to arti&ifd lines, wave filters, lump-loaded telephone lines, network 
representations ci ia^BX^ormer and machine windings, multi-stage 
amplifieis, generators, suspension insulator strings, and potential 
dividers. They are applicable also in networks in which there is cyclic 
switching produced for example by mechanical commutators or by 
electronic switching devices. In mechanical ^sterns they are applicable 
to periodically loaded strmgs, mechanical filters, continuous beams 
witii equidistant pdnts of support, lattice trus^, and crankshafts of 
multicylmder en^es. In all of these example it will be noted that 
there is a repetitimi either of equal intervals of time such as interest 
perio^ or switching cycles or of equal units of structure such as sections 
in artificial lines. 

^ Certam of the points presented in this chapter were devdoped in the Master's 
thesB of D. F. Tuttle, Jr., written uiwier the guidance of one of the authors at the 
Mass. Inst, of Tech, in 1938. 
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Difference equations can be recognized by the presence of finite differ- 
ences in the successive values of the independent variable. Their solu- 
tions involve discontinuities, i.e., jumps, at equally spaced values of the 
independent variable. 

Because of the essential discontinuity of these solutions, it is necessary 
to present first certain elements basic to the £ transformation of func- 
tions having regularly spaced discontinuities. These elements are 
then applied to find the direct transforms of a number of discontinuous 
functions, thereby building up a table of useful transform pairs. Follow- 
ing this the transformation is presented as the inverse of the direct 
transformation. Finally, in a few examples, difference equations are 
set up for physical systems and solved by means of the £-transfonna- 
tion method, attention being directed mainly to problems in which there 
is a transient. 


A. BASIC THEORY 


1. Jump Functions 


A special type of step fimction which changes value only at integral 
values of x and hence remains constant in the interval between steps 
will be called a jump function. It will be denoted by a symbol J in 
front of the usual fimction symbol such as y(x). Thus jump yix) is 
denoted by Jyix). Of course the jumps may be either increases or 
decreases in the function. In using a jump function the value at a dis- 
continuity will be taken as the value 
of the function as the argument 
approaches the point of disconti- 
nuity from the right. Thus if Jy (x) 
has a discontinuity at x = a, the 
value of fy(a) = fy(a+). The 
+ sign win usually be omitted for 
brevity. 

A function that will be found to 
be basic in the representation of 
jump functions is the unit pulse, 

p(x) ^ u(x) — u(x — 1) = u(x)u(l — x). If r is an integer, the 
shifted unit pulse is p(x — r) = u(x — r) — u{x — r — 1). 

In terms of pulses, lyix) with steps at intervals <rf unity can be 
expressed as 

00 

Jy{x) = X y(r)p(.x - r). 



[ 1 ] 
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For emnple, if Jy(x) ^ Jz, for 0 ^ i, then 

Jz == p{x — 1) + 2p(® — 2) ^ + rp(x — r) + • • • 

= S rp(a; - r). [2] 

r-l 

This jump function (Fig. 9-1) has the form of a staircase with unit t^rs 
at the integral points. It is the jump function that interpolates the 
points of an infinite arithmetic series of numbers. 

2. Genebal Fobms op the Linear Second-Okdeb Dipfebbnce 
Equation with Constant Coefficients 

A general form of linear second-order difference equation with con- 
stant ooeffidents [Bo 4, Mi 1, No 1] is 

aoIy(x) + aiTy(x -f- 1) H- a 2 Sy(x + 2) = Jf(x). [3] 

In this equatbn fy(x) is the unknown function, J y being the dependent 
variable and x the independent variable. The constant eoefficimts Or 
and the driving function J/(z) are known. The equation states fhe 
relation holding among values of Sy(x) for values of x separated by unity 
over a range of 2 units. There is no loss of geno-ality by this chdce of 
unit length, because an equation in which the increments of x axe of 
length k can be converted into an equation in which the in(a%ments axe 
of unit length by making the change of variable x= hx. 

The form of the difiference equation 3 is espedaJly ccmvenient for 
application to physical problenos. Howev^ the equation can be put 
in another form wUdi displays more deariy its analc^ to the differential 
equation. 

Let thejhrsf difference be 

^ Iy(x -HI) - Ty(x), [4] 

Successive api^cations of this definition ^ve hi^er-order differences 
[Hu 4). For example, the second- and third-order differences are 

= A[Ar»(®)] = A[/y(® -HI) - Jp(*)l 
= Sy(x + 2) - 2Jy(® -H 1) -H Iy(x), 

A®/y(af) = A[A2jy(®)J = A[Jy(* -H 2) - 2Jy{z -H 1) -H Jy(®)] ^ 

= Sy(x -H 3) - 3Jy(* -H 2) -H 3jy(® -Hi) - Jyix). 

From equation 4 


Iy(x -f 1) « (1 -H A)Jy(»). 


[ 6 ] 
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Similarly, equations 5 yield 

Jy(x + 2) = (1 + A)Jy(» + 1) = (1 + AY^Mx), 1 
Jy(x + 3) = (1 + A)Jy(x + 2) = (1 + A)®Jj/(x). J 
If results 6 aad 7 are substituted in equation 3, it takes the form 

+ biAJy(x) + hoIy(x) = J/(x). [8] 

In terms of the coefiScients, the bf coeflBicients are 
bo ^ Oq + ai + a2, 

61 = fli + 2^2, ^ [9] 

62 ^ j 

The analogy between equation 8 and the second-order linear dififeren- 
tial equation with constant coeflScients is readily apparent, A** being 

dr 

analogous to — . The basic dissimilarity between a difference equation 

and a differential equation resides in the lengths of the increments of the 
independent variable. These increments for the general difference 
equation are of length A, whereas those for the differential equation have 
approached length zero. Thus a differential equation is obtained from 
a difference equation by dividing each term by the same power of A as 
the order of its difference and then letting A approach zero. 

As a preliminary to the discussion that follows, it will be convenient 
to introduce a simple ^mbol for the £ transform of the unit pulse: 

£[©(»)] = f pix)e-^dx = f e~^dx = ^ ~ — = P(s). [10] 

Jq t/o S 

Then for tihe shifted unit pulse, 

£[p(x-r)]= ~ ^ e-^«P(8). [11] 

Jr S 

3. Theorem 21, Traiisi.a.tion oe Jtnup Fdnctionb 

If difference equations are to be solved by the £ transformation it is 
necessary to know the form taken by + 1)] and £[AJy(x)] in 

terms of £Lr?/(»)I. As a basis for this the following theorem is 
developed; it is a modification of Theorem 10 (Sec. 5, CSiapter 8). 

jf jy(x)is mS.4ran^ormal>Uj%mpfunc£mv}Uh&e£irtm^ormY{8) 

then 


{121 
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in wMdi P(8) denotes the £ transform of the unU pulse p(x) = 
u(x) — u(x — 1). 

Tlus theorem states that the £ transform of a jump function after its 
translation to the left by unity can be found from the £ transform of the 
original fimction by (1) subtracting the transform of that part of the 
original function in the range 0 to 1, and (2) multiplying the remainder 
by e*. The part subtracted will be called the partial transform of the 
function. It is seen that a knowledge of Jy{a:)o^’ertherangeO g a; ^ 1 
is required. Since fy{x) is a jump function its partial transform is 
the transform of a pulse. 

The theorem follows from the integral definition of the £ transfor- 
mation, 

riy(x)e-^dx = Y(s), 

Jo 

by first dividing the range of integration as follows, 

“jy(x)e-"'daj= 7(8). [13] 

If in the second int^ral of equation 13 the change of variable » = ^ -b 1 
a made, 13 becomes 

Mx)e-^dx + e- Jy(| + l)e-**dj = F(s). [14] 

Since | is only a variable of integration it may be replaced by x and 
equation 14 can be put in the form 

y(s) - £ Jy(x)e-“& j . [15] 

But the partial transform 

i pi 

fy(®)«-“dx = y(0) I e-^dx ^ y(p)P(s). [16] 

«/o 

Thus equation 15 becomes 

nivix + 1)1 - 6*[F(s) - y(0)P(8)l 

as stated in tiie theorem. 

By repeated applicaticms of this theorem^ 

niy(x + 2)] = e**{7(s) - y(0)P(s) - y(l)e-*P(s)], 

^lly(x + 3)] ► [17] 

= e®*[7(s) - y(0)P(s) - y(l)e-*P(s) - y(2)e-*»P(s)], 

and the procedure is similar for jump functions translated a greater 
number of units. 



Iy(x + l}e-^dx = 


Iy(x)e‘ 


r*^dx + 
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4. TRANSFOR3M© OP DiPPEEENCBS 

With the aid of Theorem 21 the £ transforms of differences can now 
be written. Because of the nature of Iy{x) it can be written as a 
sequence of shifted pulses as 

= y(0)p(a:) + y(X)p{x - 1) + 3 /( 2 )p(i - 2) H . [18] 

If = Y{s), the transform of the first difference is 

£[AJp(a:)] = £[J2/(a; + 1) - Jj/(a:)] 

= e^[Y(s) - y(0)P(s)] - F(s) 

= (e* - l)y(s) - y(0)e*P(s). [19] 

Thus the transform of the first difference of a jump function is formed 
by (1) multiplying the transform of the function by (e* — 1) and (2) 
subtracting the product of 6* and the transform of the first pulse in the 
pulse sequence 18 composing the ftmction. 

Using the result given in equation 19, the transform of the second 
difference is 

£[A*Jj/(a:)] = (e* - l)£[AJp(tc)] - Ayioypis) 

= (e« - l)[(e* - l)7(s) - yiOyPis)] - Ay(0)<fP(s) 

= (e* - 1)2F(8) - y(0)(e* - lyPis) - Ay(0)e»P(s), [20] 

in which Ay(0) = p(l) — j/(0). Similarly, using the re^t giv^ in 
equation 20, the transform of the iMrd difference is 

£[A«Jy(a:)] = (e* - l)&[A^Ty(x)] - AV(0)e*P(s) 

= (e* - l)3F(s) - y(0)(e« - l)VP(s) 

— Ay(0)(e* — l)e*P(s) 

- A2y(0)e*P(s), [21] 

in which A®p(0) = p(2) — 2y(l) + y{0). 

5. Analogy Between Transfobms of Differences and of Dbrita- 

TTVES 

A comparison of the transforms of the differences of the jump function 
y(x) and the transforms of the derivatives of the differentiable function 
yaix) shows the close analogy that holds between them. Reading ^ as 
analogous to,'^ 

e® — 1 

y(0yp(s) '^yd(0) 

Ay(0)e*P(s) ~ 

Ah(0)e*P(s) 9^/(0). 
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Based on the correspondence displayed in these analogies it can be 
anticipated that in the solution of dijcrence equations the factor (e* — 1) 
will play the same role as s does in differeniial equations. Similarly in 
difference equations, the products of c* and transforms of differences pre- 
scribed in the boundary region 0 to 1 will play the same roles as initial 
values of derivatives do in differential equations. 

Since, from equations 4 and 5, the differences in the first interval are 


&iy(0) = y{l) - y{0) 

= y(2) - 2y(l) + y(0) 

A®y(0) = y(3) - 3y(2) + 3y(l) - y(0), ^ 


[23] 


it is seen that the boundary conditions for a ith-order difference equation 
can be given in either of two ways: (1) as the values of fy(x) at the 
origia and at the succeeding 1; — 1 integral points or (2) as the values 
<rf the function and its first fc — 1 differences in the interval 0 ^ a; ^ 1, 
Ihe boimdary conditions of a Ith-order difference equation should be 
compared with those of a Ith-order differential equation having for 
its boundary conditions the values at the ori^ of yd(x) and its first 
it — 1 derivatives. 


6. GmnBAL PsocBnxmE fob Solving Diffebbnce EaTTAinoNs by £ 
Teansfobmation 

The general procedure for solving a linear constant-coefiSicient differ- 
ence equation by use of the £ transformation can now be formulated. 
(1) The equation Is transformed, introdudng thereby the known boimd- 
aiy conditions as magnitudes of pulses. (2) The r^ultii^ equation is 
solved algebraically for tire transform of the unknown function. (3) The 
inverse transformation is performed to obtain the desired solution. 

Since a difference equation can be expressed in either of two wa 3 rs, 
making the sibsequent equations in the solution somewhat different, 
both {Hooedures will be illustrated. Each will be applied to a second- 
order difference equation. Extensions to the kth-order equation will be 
evident. 

(a) Starting with tire difference equation in the ordinate form 

aoJy(®) + OiJffC® + 1) -t Os/yC® -h 2) = J/(a;), {3] 

and letting 7(s) ^ £Lrif(»)I and F(s) = the £ traDsforma- 

tion gives 

aoF(s) -I- ai^[Y(s) - y(0)P(s)] 

+ a^e^’irCs) - y(0)P(s) - »(l)«-^P(s)} = P(e). [24] 
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Collecting tenns and solving for Y (s), 

vf ^ - 'P’(s) +y( 0 )(ai +a2C*)e*P(s) + y(l)a2e*P(s) 

a2^>+ai^+ao ' ‘ ^ 

rhe transformation of equation 25 gives the indicated solution 
Jy(x)(=)£-TO)], O^x. 

(6) Starting with the equation in the difference form, 

bz^^Iyix) + hiASyix) + h>Iy{x) = //(a:), [8] 

the £ transformation ^ves 

M(e* - l)=*y(8) - y(0)(e* - l)fi*P(s) - A2/(0)e*P(s)] 

+ 6il(e» - 1)7(5) - y(0)e*P(s)] + 6o7(s) = P(s). [26] 

Collecting terms and solving for 7 («), 

. F(s) + y(0)[6i + &2(e* - l)]e*P(s) + Ly{0)h^P{s) 


F(s) = 


Note that equation 27 reduces to equation 25 if the relations between 
the 5’s and a’s given in equations 9 are used, and Aj/(0) is replaced by its 
equivalent, y(l) — y(0), from 23. As with equation tiie ST^ 
transformation of 27 gives the indicated solution 

Iy(x)(^)Sr-HY(s)l o^x. 


Of the two procedures, that given in (a) is the easier to use, but that 
^ven in (6) discloses more clearly the analogy between the solution of 
difference equations and the solution of differential equations. Of 
course, with either procedure the solution obtained satisfies not only 
the given difference equation but also the prescribed boundary condi- 
tions. There are no arbitrary constants or undetermined periodic 
functions in the solution as with the classical method of solving difference 
equations. For a ftth-order equation procedure (a) uses as boundary 
conditions the values that the unknown function is to have at k equally 
spaced points in the range 0 ^ a; ^ — 1, Procedure (b) uses the 

valu^ that the unknown function and its first ft — 1 differences are to 
have in the interval 0 ^ ic ^ 1. 

In effecting the solutions indicated m (a) and (6) it is seen that it will 
be necessary to find the £ transform of the driving functmn Jf(x) and 
the Sr~^ transform of the response function Y (s). Just as it was <x>nT 
veni^t with differential equations to obtain tiie £ iaransfoims <rf a 
number of elementary but key functions 4) and later use 

these to obtain Sr^ transforms, so it will be oonvoaimt wifib difference 
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(quations to build up a table of elementary-function transforms. Atten- 
tion is turned to this in the following sections. 

B. TRANSFORMS OF CERT.UN JUMP FUNCTIONS 

In deriving the transforms of jump functions the approach will be 
made throu^ the first difference, 

^Iy{x) = Svix - 1 - 1 ) - Sv(x), [ 4 ] 

and its traaarform given in equation 19, 

= (e* ~ imMx)] - y(Q)e^P(s), 

Althougji Jf(x) has been indicated as the driving function in the 
preceding difference equations, e.g., in 3 and 8, because the driving 
functions usually are jump functions, still it is possible to have driving 
functions that are not jump functions. Simplification will result if the 
transforms of such functions are expressed in the same form as that used 
for the transforms of jump functions. Consequently a preliminary 
example will show the transformation of a constant. 

Example i. Find £[c], with c a real number. Here /(») ^ c, and Ac == 
c — c = 0. Then 

£[Ac] = 0, 

(e* — l)£[cl — ce*F(s) = 0, 

therefore 

= 0<«r. [28] 


7. Power Functions J** 

Sy{x) = J® the graph of which is shown in Fig. 9*1. Then 
AJ« = JC® -f 1) — Jaf = 1, and 

£[AJa:] = £[1], 

(e* - - 0 = 

in which use is made of equation 28 with c *= 1. Finally, 

£[J®] ° 0<<^- [29] 

If Sy{x) ^ Ja?, then LJa? = J(® + 1)® - » J2a: -F 1, and 

igfAJirSl = £[12® -1-1] = 2 £Lr®]-l- £[l], 
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Tbfirefoie 

(«• + 1). 0 < [301 

By repetKaon of this process, 

= (73^ (s“* + 4c* + 1), 0 < ,r, 131] 

£[IA = + lie* + 1). 0 < ff. [32] 


8. Factobuii Functions 
The factorial 

A r — l)(x — 2) • • • (* — n + 1) 


ni 


n! 


133] 


has a rimple transfom which may be derived by induction, starring 
from the case » = 2. 



- ®(® ~ 1) » (x + l)x , x(x — 1) _ 

Fig. 9-2. Then AJ - - = J - J ^ ^ ^ = Ja^ ano 


2 




2 

SLT®], 


‘nierefoie 


(e* 

_aJ2l 




1 


e*P(^) 

(«*-l)®’ 


0<<r- 


134] 
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For n » 3, Iy(®) * / — — then 

l)(x - 2) ^ (a: + l)x(x - 1) , x(x - 1)(® - 2) 

AJ gj J 3i J 3j 

^ 2! 


and the £ transformation ^ves 


CJonsequently 



By iteration of this process, 



e^P(s) 

ie’-l)*’ 


e*P(s) 

(e* - 1)"+^ ’ 


0 < 0 -. 


0 < <r, 


[35] 

[36] 


in which n is a non-native integer. 



9. SzFOKENTL&L FdKCTIONS /c* 

Let J|?(ar) ^ /c*, in which c is a real number. If c = 0, JO® is 
defined here to be the unit pulse p(x). As Heaviade said, “ there are 
zeros and zeros.” The form of Jc* is shown in Fig. 9*3. Then 

AJc* = - Jc* = (c - l)Jc». 

Note that with jiunp functions of this type the difference has the same 
form as the original fvmction. There is an analogy here to the deriva- 
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tive of the continuous exponential function. Proceeding to the trans- 
formation, 

£[AJc*] = (c - l)£{Jc»1, 

(6* ~ ~ e*P(s) = (c - l)£[j(fl. 

Combining terms, 

(s* - c)£[Je*] = e*P(s). 

Therefore £[Jc®] == -7 , In c < <r. [37] 

c* — c 

With c = e“, the base-e exponential jump functions are covered by 
equation 37. Thus 

138 ] 

10. FACTORIAIi-ExPONENTIAL PRODUCTS J z 

n! 

Let Jy{x) = Jajc®; then 

AJic“ = S(x + l)c*+^ - Jx(f = (c - 1) Jaaf + cjc*, 
£[AJa«f] = (c - l)£[J®c^ + cie[Jc*], 

(e* - l)£[Ja^ - 0 = (c - l)£{J*<f] + • 

““ c 


In c < a; [39] 


In c < <r. [40] 

The function Jascr^^ is e~^ times the product of functions of the IjFpe 
diown in Kgs. 94 and 9'3. 

If Jy{x) = Ja^c*, tiien AJa^<f = (e — 1) + 2eJ®c* + cj<f, 
and its £ transform is 

(e* - l)£[J®*c>1 = (c - + 2^ ■- 


Combining terms and solving for £[J®c®], 

e*P(s) 


£[J®c®] = c 


(e* - c) 


2 ’ 


or collecting the c’s, 





298 


UNEAK DIFFERENCE EQUATIONS 


[Chap. IX 


Combining tenns and solving for 

bc<.; [411 

or sutetituting from equation 39 for the last term and reanan^g, 


A graph of Jx(x — is shown in Kg. 94. 


c < <r. 


<U W I 
0.4 20 


,y0c)£,5<i^' 


Fig. 9*4 


By iteration of this process, 


r e»P(s) 

U »! J (c*-c)"+^ 

in whidi » is a n<HHa^tive integer. 


In c < «T, 


11. SiKUSOiDii, FoNCfnoss Jsin px 

The trmisfonns of smnsoidal jump functions can be found from the 
pair difformice equations, 

AJsin /Sat = Jan <S(® + 1) — Jan px 

= (oos/3 — l)JaniSa; +sinj3Joos/3a;, 

AJooe Px « Joos p{x + 1) — Joos [S» 

* (coB^ — l)Joos/S 2 ; — ^PStmPx. 
Transformation of these equadcms pves 

(e* — cos p)£[f^ Px] » sin^£[Joos Px], 

(e* - cos j8)£[Jcos iS»] = e*P(«) - an iS£{Jsm /tej. 
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Solving this set of equations. 



™ e*‘-2(co» ««■+!’ 

0<ff, 

144] 

£[/«»«- if , 

J e2» _ 2(cos ^)e* + 1 

0 < <r. 

£45] 


The function Jsin px is shown in F^. 9*5. 



Note that if ^ = 2x the panod is iinity, and equations 44 and 45 
d^enerateto 

£[Jffln 2wx] = £[0] = 0, 

£Lrco8 2«E] = £[1] = 

C. INVERSE TRANSFORMATION OF FUNCJTIONS OF «• 

Review of the transforms of jump functions which have been developed 
in the previous sections shows ihat they are all functions of e*. This is 
in fact a characteristic of the transforms of all jump functions and for 
al^braic treatment of these transforms e* rather than s may con- 
veniently be taken as the variable. 11 the inverse transforms of func- 
tions of this type are not directly recognizable, they usually become so 
when the functions are expanded in a sum of ampler ftinctions. Two 
types of expanaons are helpful to this end: (1) espanmons in partial 
fractions with c* as the variable, and (2) expansions in smes <rf powers 
of c*. 
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12. Expansion m Partial Fractions with e * as the Variable 

In view of the discussion of partial-fraction expansions in Chapter 6, 
it will be sufficient here if the use of this method in the transfor- 
mation of functions of e* is illustrated by two examples. In the first, 
the zeros of the denominator are different; in the second, one zero is 
repeated. 

e*Pis) 


Example 1. Find the inverse transform of the function 

in which c and d are real numbers. 

Letting p ^ c* and making a partial-fraction expansion, 


Based on this, 


Then 


(e* - c)(e* - d) ' 


1 

1/1^^ M 

(p - c)(p - 

c — d\p — c p — d) 

e*P(*) 

e*P(s)/ 1 1 \ 

(e» - c)(<* - d) 

e-d\^~c 

r «*P(s) 1 

_ 1 e‘P(s)l 

L(«* - c)(e* ~ ‘Oj 

e- d ie‘ -e e» - dj 


c — d 




[46] 


using the pair given in equation 37. A plot of this jump function is shown in 
Fig. 9*6. Since both c and d have been chosen less than 1 it is analogous to 



the suxge ccunposed tte difference pf two continuous exponentials having 
negative exponents. 

Example 2. Find the inv^tse tranrform of the funcfion — ^ 

. .. . . , ^ (s^-DV-o)’ 

in wnicn c is a real number. 

A partial-fraction expansion will be made, the form of the expansion being 
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3o: 


determined by that of 


Kii _j_ Kit Kt 


in which 


Thus 


(p - l)*(p - c) (p - D* p - 1 ^ p - c’ 

£-1 r 1 , ©-1 r_J_ _ - 1 e'Pjs) 

|_(e* — l)®(e* — c) J J_1 — c (e* — 1)* (1 — c)* e* — 1 


(c 

(=)J 


J e‘P(s)' 

- l)*e*-c. 


^ +1: 


1 - c (1 - c)* (c - 1)» 


= J 


c*- 1 
(C - D* 



O^X, 


[47] 


using pairs given in equations 29, 28, and 37. A plot di this jump function 
is shown in Fig. 9-7. 



13. Expansion in S]ERrBS op Powebs op e* 

The use of a series expao^n of a tran^orm as an isad to det«rminin| 
its inverse transform raises qu^ions of the type dted in Sec. 5, Qhap- 
ter 8. In particular, a change m the order of eaiiying tart two limi-l 
processes must be justified. The method and reasoning can best be 
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made evident by canying out the inveise transformation of a particular 

e*P(8) 

function, e.g., the function ■ 


Since 


(e»-c)(e*-l) 


, in which c is a real number. 


^ = 1 + e-* + c-** + • • • « r 

C* — 1 r-O 


[48] 


then 


e*F(«) 


mie- 

(e* — c)(c* — 1) e* — Cf'to 


= P(s) (e-’ + ce“®* + c®e“®* + •••)£ e“”. [49] 

r-O 


This may be written 

P(s)(e“* + ce“®* + + • • • 

+ + ce”®* + • • • 

+ e“®* + • • • 

+ •••)> 

in which the first line corresponds to r = 0, the second line to r = 1, 
the third line to r = 2, etc. Collecting terms by columns, the result is 

P(s)[e-* + (1 + c)e-®* + (1 + c + + •••!. [50] 

The next step is to find the inverse transform of the infinite series in 
equation 50. Asaiming that the order oi summation and inverse trans- 
fonnatkm can be changed, the result of this change is 

p(* -!) + (!+ c)p{x - 2) + (1+ c + - 3) + • ■ • . [51] 

This jump function will be dedgnated Jy(x). The coefficient of 
p{x — r) is 

l+c+c® + -- -+<r-* = Ec^ = r = 1, 2, 3, • - •, [52] 

j_0 c — 1 

since this is a finite geometric series. Consequently, as in equation 2, 

Iy(^) (=) £ - — - r) = J — — ^ , O^x. [53] 

Finally it is necessary to jrxstify the formal interchan^ of limit proc- 
esses made above. This will be done here by showing r^orotudy that 
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/," ^ - 7^1 [X" ~ £ 

= 1 re*P(s) _ ^ e»P(e) 

c - 1 Lc* - c e* - ij (e* - c){e* - 1) ’ 

max (0, In c) < <r. [54] 


Use has been made of pairs ^ven in equations 37 and 28. Since an 
s^reement is obtained, the result in equation 53 is correct, i.e., 




[55] 


A plot of J(<r' — l)/(c — 1) is sho\m in Fig. 9*8. 

Althou^ the series in equation 51 k a solution of the original prob- 
lem, its sum in dosed form given in equation 53 is more useful. Com- 



ment should be noade, however, on the connecting step indicated in 
equation 52. 

The summatkm of a finite series to obtdn a typical coefficient as in 
equation 52 can occadonally be done dmpl^; more fcequ^tfy it k a 
step of condderahle difficulty. Ihe problem of summing a fi^te series 
is equivalent to the problem of finding another fimcticm whose first 
diSermce k the tyincal summand. The analogous statem^t fm: diffeiv 
^tiable functions would be: The problem d int^ratang a function k 
equivalent to the problem of finding aiMstiKr fonctarm whose first derivar 
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tive is the int^and. Thus the problem of summing the finite series 

Zcf [56] 

y-o 

^ven in equation 52 is equivalent to the problem of finding a function 
f(j) whose first difference, 

/{i + l)-/C;)- A/{i), [57] 

is equal to the typical summand c^. In other words, it is necessary to 
solve the difference equation 

A/0‘) = [58] 

Since the solution of difference equations is the general topic of this 

chapter, it would appear that the sum, if not readily recognized, might 
be carried out by solving the equivalent difference equation as a side 
problem. The substitution of a difference problem for a summation 
problem is entirely logical and analogous to the substitution of a deriva- 
th^e problem for an integral problem, but this substitution is not helpful 
in a problem such as the one arising in this example because the trans- 
form of f(j) in equation 58 is identical with the function with which the 
example started if /(O) - 0. Here then, another method of obtaining 
the sum is necessary. Fortunately in this particular example a method 
was available which was not dependent on a partial-fraction expansion. 
The sum could be obtained by the usual procedure for summing a finite 
geometric series using its ratio and first and last terms. 

14. Effjbct of Multiplting ob DmniNO by e* or (c* — 1) 

The principles expressed in Theorem 10 should be kept in mind when 
treating the transforms of jump functions since they provide checks and 
shortcuts in £r^ transformations. 

There is a limit to the amount of trai^lation of Jy(x) to the left 
which can be effected by multiplication of £[Jy(x)] by a power of c*. 
After such a multiplication the degree of e* in the numerator must not 
exceed the d^ree cff a* in the denominator. Expressed in another way, 
the functicm bdfore translation to the left must be zero to the 
right of the ongbi fear an interval at least equal to the amount of the 
translation. 

For example, with a a nsm-n^tive int^r, 


[ 59 ] 
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= e« + 4c* + 1) = £[J(x + a)^] [60] 

for a = 1 only. 

Although in contrast with this there is no finite limit to the amount of 
translation of fy(x) to the right by multiplication of S[Ty(x)] by a 
power of e”’, the function after translation must be zero to the right of 
the ori^ for an interval equal to the amount of the translation. 

For example, with a a non-negative integer, 

and 

e^*£[Sx^] = £[Jix - a)M^ - a)]. [62] 

The factor t4(a; — a) is an essential part of the translated function. 

The principles expressed in Theorems 6-^ and 7-a have their analogies 
in the transform theory of jump functions. If Iy(x) is a jump function 
and Vdi^) is a differentiable function, multiplication of £[j 2 ^(a;)] by 
(e* — 1) corresponds to differencing ” (the operation represented by 
A) provided Jy(x) is zero for the unit interval banning with a: = 0, 
just as multiplication of £[yd:(3J)] by s corresponds to differentiation 
provided yd{^) Is zero at a: = 0. Thus for jump functions, 

(«• - mMx)] = &[AMx)h if yiO) = 0. [63] 

For this to hold, the degree of (c* — 1) in the numerator of 
(e* — l)£[Jy(a:)] must not exceed tiie degree of (e* — 1) in the 
denominator. 

Division of £[J y(a;)] by (c* ~ 1) corresponds to finite summation 

r 

(the operation represented by S) as division of £[yd(^)] by s 

i-o 

corresponds to integration from 0 to a;. The result after summing is 
always zero for the unit interval be^nning with a; = 0, just as the 
result of integrating is zero at a; = 0. 

D. EXAMPLES 
15. FniST-OKDER Equations 

Example 1, Find the jump function which satisfies the (Merenee equation 
Iy(x + 1) - ajy{x) = c, [64] 

with ^(0) = jti; a, c, and y, are real numbers. 
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Assume that Jy(a;) is £ transformable with £[Jy(j:)] ^ F(s), and trans- 
form equation 64. 

&lTv(.x + 1)1 - 

Using the pairs ^ven in equations 12 and 28, 

ts-Pii) 


^Y(t) - y(Q)P(s)] - oF(s) = c 


c»-l 


or 


(e* - 0)7(8) = c5^+ Me’Pis). 


Sdvingfor 7(8), 


7(8) 


e*- 1 
e*P(s) 


Thea 


£■^(7(8)1 = 


(e* - l)(e* - o) 
e‘P(s) 




e‘P(s) 
e* — a 


+ M^1- 

(e* - l)(e* - o) e* - o. 


/»(*) (=) of ^ f + m/o*, 
a — 1 


O^x. 


[651 


In cfUTTiDg out the inverse transformation use has been made of pairs given 
in equations 55 and 37. 

The result given in equation 65 is a solution of 64^ since 
Ju(x + 1) - ajyix} = cj + paja* - ocj — — J - /toja* = c. 


0—1 


0—1 


Furtiienncae it satisfies the boundary condition, since 2 ^( 0 ) = p. 
Excmpk B. Solve the difference equation, 

AJy(®) = Ja^, 

irith g(0) = n; ^ is a real constant. 

Let £[Jir(z)] ^ 7(8), and tranMorm equation 66. 

£[AJff(*)] = £[Jir*I. 

With the aid pairs pvm in equations 19 and 30, this can be written 


[ 66 ] 


(e* - 1)7(8) - y{0)e*P(8) = (e* + 1). 


Then 




(e*-l)»' 
e*P(8) 


(«•-!)* 


e* - 1 


, c»P(8) e»P(s) 

* t\.A * f* m -m 


(«• - 1)* (C* - 1)* 




[ 67 ] 
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using paiis given in equations 35 and 28. The £~* transfonnation gives 

Mz) (») J + -T ^ 0^*- 168] 

In finding the first term of equation 68 use has been made of equatimi 59. 


16. Sbcond-Obdbb Equation 
Examjie 1. Sdve the second-order difference equati<m 

/y(* + 2) - 5Iy{x -f- 1) + 6Jy(x) = Jx, [69] 


with »(0) = Hd and j/(l) = mi- 

Assume that /y(x) is £ transformable with £lJy(x)] = Y(s) and trans- 
form equation 69, applying pairs given in equations 17, 12, and 29, 

«**[r(8) - j/(0)P{s) - j/(l)e-P(8)] 

- 5e*[P(s) - »(0)P(8)] + 67(8) = e*P(8) 

Then transposmg and collecting terms, 

(t^-5e’ + 6)7(8) = + «.e*(e« - 6)P(8) + Mie*P(8). [70] 

(e* - 1)* 

With p ^ e* the charactotistic equation is 


p? — 6p -j- 6 = 0, 

the roots of which are 2 and 3. In terms of these roots. 


7(s) = 


e*P(8) e*(e*-5)P(s) «*P(8) 

(e* - 2)(«* - 3)(e« - 1)* ^ (e* - 2)(e‘ - 3) - 2)(e* - 3) 


An expansion of Y (js) will be made based on the forms 


(p-2)(p-3) p-3 p-2’ 

p - 5 ^ ^ ^ 

(p-2)(p-3) p-2 p-3‘ 


The expansion is 
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The transfonnatioD of Y (*) pves, using pairs stated in equations 47 and 37, 

Ivix) (=) -fj- J(2- - 1 - X) +juoJ(3 • 2* - 2- 3*) 

= AJ3* + Br2* + 5 Jx + f, Og*. [71] 

2 4 

in which A ^ J — 2/zo + and B ^ — 1 + Sjxo — w. 

17. Sawtooth-Voltage Generator 

It has been pointed out in Sec. 14, Chapter 7, that in general the 
£-transformation method loses part of its advantage over the classical 
method of solving problems when the boundary conditions are divided 
between two points. In that section it was shown how a two-point 
boundary-value problem can be solved by the introduction of literal 
boundary values. In the present section another procedure for handling 
two-point boundary-value problems will be presented. It consists in 
introducing a jump function in an auxiliary variable. This jump func- 
tion enters because time is divided into a succession of equal internals 
and the boundary values at the succesave points of division can be 
interpolated by a jump function. The jump function is found by solv- 
ing a difference equation. This auxiliary difference equation can be 
solved by the £-transformation method presented in this chapter. 
This procedure for handling a two-point boundary-value problem neces- 
sitate £ transformations with respect to 
both the principle and the auxiliary independ- 
ent variables. A simple example follows. 

An elementary generator of a sawtooth- 
voltage drop consists of a parallel circuit of 
capacitance C and conductance 62 which is 
connected cyclically to a parallel combina- 
tion of a coiistant>-current source Iq and a 
conductance Go- (See Pig. 9-9.) For sim- 
plicity the ^ctronic control that does this is represented by the switch 
K which in each cycle is first closed for seconds and is then held 
open for seconds. The problem is to calculate (1) the build-up 
of voltage across C, banning with C uncharged, and (2) the approxi- 
mate number of cydes necess^ to reach a steady state, i.e., a repeated- 
transient state. 

In the Tith cycle, let vi (f) be the condenser voltage while K is closed 
and let V2(t) be the condenser voltage while K k open. For simplicity, 
t will be measured from the begiuumg of the nth ^cle. 



Fig. 9-9. The <yelic doB- 
mg and openmg ^ pro- 
daoes a sawtooth-volta^ 
drop aeroBS C. 
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The differential equations are 
.doi 


C-^+GtVi = Io, 


C^+<?aP2 = 0, 




172] 


in which — Go + Gs- value of »i at k is the initial value of oz 
because the magnitude of the condense voltage is continuous. Since 
these are simple differential equations only their solutions will be given. 
If the equations were more complicated it would be necessary to use the 
direct and inverse transformations to obtain the form of the solutions. 
The solutions of equations 72 are 


ai(0 = ^ (1 - 0 g t ^ 




k^t^k- 


m 


Here ai = Gi/C, « 2 = G 2 /C, and y(n) is the initial value of the con- 
denser voltage for the nth cycle. 

The final value of the condenser voltage for the nth cycle is e 2 (fe). 
Since the magnitude of the condenser voltage is continuous, » 2 (fe) is the 
initial value yin + 1 ) of the condenser voltage for the (n + l)st cycle. 
Thus 

yin + 1) = V2fe) 

= [^(1 - e -“ A ) + 


This simplifies to 
in which 


y(n + 1 ) — 07 ( 11 ) = 6 , 
a 4 


[74] 


6 4 ^ (1 _ 

Coil 


The function y(n) has so far been defined only for int^ral values cS n. 
Its definition can be extended to non-int^al values of n by intepolating 
the original point function by a jump function which passes thnn;^ these 
points. This jump function wifi be designated by J 7 (»). BIqaation 74 
then becomes 


Jy(n + 1) - oj 7 (») = b. 


[76] 
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7 ( 0 } k zero aaoe eondenser is unchained at the start. The solution 
of equation 75 can be taken from Example 1 , Sec. 15. It is 

J 7 (n)(-) 6 J^^^ O^n. [76] 

Substitution of result 76 in the solutions of equations 73 gives the con- 
denser voltage in the nth cycle. It should be recalled that t was chosen 
sesro at the start of the nth cycle. 

vt(t} = (1 - Ogt^h 

Cai a 1 

» 2 (i) = (1 - e-^A) + b ^ 

Since n is a second independmit variable, this expression gives the volt* 
age for cycles during the transient build-up as well as for cycles during 
the steady state. During the transient build-up the voltage waveform 
may be described as a transient sawtooth, and during the steady state 
as a steady-state sawtooth. 

Solution for the transient build-up without the use of a difference 
equation would have been a laborious step-by-step procedma. The 
introduction of a difference equation shortened the procedure and 
caused little difficulty ance the ^-transformation method solves differ- 
ence equations by the same sequence of steps that are already fttmiKnr 
for the solution of i-d equations. 

Wbsa n k large, a* -» 0 , and equations 77 become those for the steady 
state, 

» i (<) = ^(1 - 

n h I 

Mi) = (1 - ^ e-“Aj 

Note that now MM = "iCO). The approrimate numbar of cycles 
needed before the steady state k reached can be calculated from the 
requirement that n must be great enou^ to Ttmlfft a” -C 1 . 

18 . Tbansfobu Equahonb of a Gbnkbal TiATO^TRH i Nsttwoek 

In the problem of the previous section a differmice equation arose 
because time was divided into successive equal intervals by switching. 

In the problem of the present section a systam of difference equations 
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arises because the physical i^stem consists of a chain of identical sec- 
tions [Ca 8, Al 1, Ma 4, Wh 1], 

Consider a ladder-type network composed of a succession of identical 
T sections, one of widch is represented dia^ammatically in Pig. 940. 
This might be taken to represent, 
for example, a section of an artifi- 
cial transmission line [Ca 8, Ku 2] 
or an electric filter [Ca 7]. 

The instantaneous terminal volt- 
age drops and the loop currents of 
the section are indicated on the 
diagram. Note that there is a 
second independent variable — the 
ordinal number of the section terminal — which is indicated along with 
time in the function notation. Let 

ai be the i-d operator for the 2-terminal series branches indicated by 1, 
02 be the i-d operator for the 2-terminal shunt branch indicated by 2. 
The i-d difference equations for the T section are 
(oi + 02)i(^,n) - 021(1, n + 1) = 

—a 2 i(t,n) + (oi + a 2 )i 2 (^,n + 1) = —v(t,n + 1). 

Assiune that the energy stored in the network is zero initially. 

Since there are two independent variables there will be a need for two 
direct transformations, one £* with respect to t and the other £» 
with respect to n. It is immaterial which of these transformations is 
carried out first since t and n are independent variables. In the 
transformation the initial conditions are introduced into the equations; 
in the £» transformation the terminal conditions are introduced. 

If £i[i(i,n)] = I(s,n) and Sibfen)] = V(s,n), the transformation 
of equations 79 yields — since the initial conditions are aU specified as 
zero — 

(zi + Z 2 )I(s,n) - Z 2 l(s,n + 1) = V($,n), 

-zj[(s,n) + (zi 4* Z 2 )I( 8 ,n + 1) = ~7(s,n + 1). 

Here 

zt is the impedance function for each of the 2-terminaI series branches, 

Z 2 is the impedance function for the 2-termnMd fihunt branch. 

Equations 80 are now difference equations in n and algebraic equations 
in s. To make these difference equations suceptible <rf £ transformar 




1 — ^ 




Fig. 9*10. The n + 1 st section of a 


ladder-type network composed of 
identical T sections. 
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tion with respect to n the definition of I(s,n) and V (s,n) as functions of n 
wdll be extended so that n can take on aU real non-negative values rather 
than just int^al values. This will be done by interpolating the points 
of I(s,n) and F(s,n) by jump functions starting at re = 0. These new 
functions will be denoted by J/ (s,n) and J V (s,re), respectively. Equa- 
tions SO then become 

(«i + za)J^(s.n) - Z2j-f(s.» + 1) =* 

—ZiJl(s,n) + (zi + 22 )J/(s,re + 1) = -XF(s,re -i- 1). 



These equations will now be transformed with respect to re. 

Let £nlJ-f(s,n)] = Bis,w) and i2„[/F(s,re)] ^ ’Qis,w), the script 
ctqrital letters now indicating a transform with respect to n. The com- 
plex variable to will correspond to re, just as s corresponds to t. The 
£n transformation of equations 81 gives 


(zi +es) 3 (a,w) — Zafi'‘[B(s,w) — 7(s,0)P(«>)] = °D(s,w), 


-22^(«,w) + (zi + Zi)e'°[B(s,w) ~ l(s,0)P(w)] 


? [82] 


== -e“[D(s,«>) - F(s,0)P(w)I. J 


The tranitform equations 82 incorporate all the information contained 
oii^aJly in the i-d difference equations and the statement of initial 
conditions; they provide for the specification of terminal conditions. 
They can be solved algebrtaeally for °(9(s,«;) and B(s,w), which are next 
transformed with respect to w, and then transformed with 
respect to «. This does more tiian simply “ unwind " what has previ- 
ously been done — it yields the solution to the boundary-value problem 
specified. 

Greeting terms in equations 82, 

(zi + 8* - 82e«')^(8,w) - °Q(s,w) = -/(s, 0 )z 2 e“P(w), 

I(zi + Us)?* - 22 ]^(s,w) + e“T?(s,to) = /(s,0)(zi + Z 2 )e"P(w) ^ [83] 

-1- F(s,0)e«P(w). 


Solving equatmns 83, 

in which \= (zi+ zz)/z%. 


[ 84 ] 
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With p — e®, the characteristic equation is 

p2 - 2Xp + 1 = 0. 

Its roots are pi = X + v^X® — 1 and ps = X — x/x* — 1 = 1/pi- The 
fractions in equations 84 can be expanded in partial fractions having 
the form 



P-X 

1 / 

'pi -X 

P 2 — X\ 

(p 

— Pl)(p — P2) P1 — P2' 

».P — Pi 

•0 

1 

1 


1 

1 / 

r 1 

1 ^ 

(p 

— Pl)(p — P2) PI ■“ P2 

^p — Pi 

P ~ P 2 / 


> “ P2/ 


1 f ^ ?_y 

2V\^ — 1 \P — Pi P ~ P2/ 
Based on these expantions, equations 84 become 


2 

V(s,0) 


2^2 Vx' 

Since, by the pair ^ven in equation 37, 

the transformation <rf equations 86 yields for 0 ^ n, 

_* j_ ^ 

.Pi + P2 


> [85] 


Pi - P2 


jF(s,n) (=) T(s,0)J - ZI (s,0) J ^ 


(=) ims 


Pi + Pa -rTTr/. P? Pa 


y7(s,0)ji 


[ 86 ] 


in which Z = ag^X® - 1 = V(zi + zg)® - ^ and 5" = 2is the 
iieraiwe impedance funcdon and F is tiie iterative admitixmce furuMon, 
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Recalling that p = pi would be written c®* and since Pa = 1/pi it 
is seen that pa would be e"®*. If these values were substituted in 
equations 86 the combinations of pi and pz would be hyperbolic cosine 
and ane of ntoj. Replacing wi by the more con ventio nal symbol /3 it 
will be observed that cosh d = X and sinh — "n/x®— 1. 

Upon substitution of hyperbolic functions in equations 86 and con- 
adering only int^ral values of n, the jump notation may be dropped and 
these equations become 

F(8,n) = F(8,0) cosh njS - ZI(s,0) sinh n/S, [87] 

1(8, n) = l(s,0) cosh HjS - FF(s,0) sinh nj8. [88] 

Equations 87 and 88 are the general transform equations for the 
ladder-type network of T sections in which the initial distribution of 
current and voltage is zero. If desired, these equations may be taken as 
the starting point for the solution of any particular terminal-condition 
problem on a network of the ladder type with T sections having zero 
initial energy storage. It may be added in passing that if the initial 
energy storage had not been zero, its only effect would have been to add 
two terms ^h to equations 87 and 88 and to add complication to their 
subsequent solution. 

Unally the £r^ transformation of equations 87 and 88 ^ves for 0 £ t, 
p(f,n)(=)£/[F(s,n)], 1 

*fen) (=)>£rV(s,n)]- 1 

Hus is an indicated solution of the ^stem of two i-d difference equations 
79, assuming zero initial conditions. Until Zi, Zz, and two terminal 
conditions are spedfied the solution cannot be evaluated explicitly. 


19. TaaNSFOBU Equations fob ShorivCircuited Ladder Network 

As a simple example to show how the terminal conditions are inserted 
in the gonaRl transform equations of the ladder network, a^me that 
the network is drort-cirmiited at the Nth termination. 

For this boundary ocmditlon v(t,N) = 0, consequently V(s,N) = 0, 
and equation 87 beecHues 


from which 


0 = F(s,0) cosh Np — ZI(8ft) sinh Nfi, 


7(8,0) - 


F(8,0)oo6hNg 
Z anh Np' 


[90] 
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Substitution from equation 90 in equations 87 and 88 pves 


V (s,n) = V (s,0) cosh nfi — V (s,0) 


cosh Nfi • sinh n0 
sinh iVjS 


= vm 


sinh (N — n)fi 
sinh Np 


[91] 


F (s,0) cosh N0 ’ cosh n/3 

IM - — 


FF(s,0) sinh nfi 


‘“1 

Equations 91 and 92 are now in form for transformation. Rather 
than cany this further they will be used to show how the current and 
voltage are established in a long ladder network when the network is 
subjected suddenly to a constant voltage at terminal n = 0, the initial 
currents and voltages of the network being zero. For this it will be 
desirable to work with a semi-infinite ” line, i.e,, one extending from 
the origin to infinity in one direction. Such a line is a mathematical 
abstraction but it is useful because it eliminates the complication of 
reflections from the far end. 


20. Response op Semi-Infinite Laduer Network to Unit Step 
Voltage 


Writing equation 91 in exponential form and letting N 
F(s,w)= lim F(s,0) 


= lim F( 9 , 0 ) 
= V(sfi)e-^, 


_ g-(2W-n)(5 
1 - 

if 0 < 9m- 


^milady from equation 92, 

J(s,n) = rF(s,0)e-^. 


[93] 

[94] 


Equations ^ and 94 are the transform equations for Tolti^ and current, 
respectively, in a semi-infinite ladder net^rork. The results would have 
been the same if an open-tircuit^ line had been used. 

Since, from equations 93 and 94, 


V(«,n + 1 ) _ 

F(«,n) 


I(s,n + 1) ^ . 

!(«,«) 
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it can be seen that the new viuiable jS that was introduced in equations 87 
and 88 is tbe function of « that governs the progress of the disturbance 

along the network. /S is called the 

+ propagation function. 

j” It is necessaiy now, if the analysis 
v(f,n+i) is to be carried further, to specify 

[_ the structure of the network and 

the form of the applied voltage or 
Fio. 9-11. The n 4* 1 st section of an current at terminal n = Q, 
artihciaJ transmission line, n^lecting 

losses. Example 1 . Assume that each T sec- 

tion of an artificial transmission line, 
neglecting losses, is composed as shown in Fig. 9*11 and that a unit step volt- 
age is applied at terminal n = 0. 

Here »(1,0) = u(t), zi = Ls/2, 22 = l/Cs] 





Hie transfcsTmaticm ci equations 95 and 95 presents a problem which 
has not heretofore been d&<niased — the inv^fse transformation of irrational 
functions. Although eadi seetioa of the network is composed only of lumped 
constants, the ladderlike connection of an infinite number of these sections 
gives rise to an infinite system of sinular inequations which are summarized 
by two t-d difference equations 79. These in turn pve ifae to current and 
volt^e transforms that are irrational functioiB. Hie transforms of these 
particular irrational functions involve Bessel funcfioim and will be derived in 
the following section. The results foimd th^e will be i^ed here to complete 
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the present example. Thus the instantaneous voltage and current at any 
section are 


»(«,«)(=)£-» 

(=)2n 


s( 




<->U’ 


(Vs2 + y 4- s)2nj 

/^£ 2 nW) Q ^ n ?£ 0, 
t/o ^ 

2y<‘<‘ "I 


Z/S V 8* + 7® (Vs* + -yS 4- *)*“J 

J2n(yt)dtf 0 ^ t. 


[971 


[98] 


For a discussion of transients in ladder-lype networks the reader is 
referred to [Ca 6, 7, 8, Al 1, Ba 1, Bo 7]. 


21. Transfohms of Integbal-Obdee Bessel Functions 


The irrational functions for £[c(f,n)] and £[i(f,n)I of a semi-in£nite 
ladder network which were derived in the previous section are too com- 
plicated to investigate directly. It will be necessary first to find 
the £~^ transform of a simple irrational function of s. The result will 
be used to form a key pair from which other more complicated pairs, 
including those of immediate concern, will be derived. 

The £”^ transform of the simple irrationd function (s^ -f 
a real, will be found by first expanding the function in a series of descend- 
ing powers of s, using the binomial expantion. 


£-^ 


[v?T^] 


£-^ 


= £~^ 


[-;{-5)T 

ri 0^ Sa* 


=£-^r--^ 

Ls 2s® 


3.5«® 
^ 2®2!s^ ~~ ^Sls® 

3a* 3.5o® 


2^!s* 2»3!s’^ 


•■•)] 

]• 


[99J 


Now assuming tiiat the order of summation and £~^ trantfcemation can 
be changed, there is obtained the series 



if. ^ 

2.21 2®2!4! 


3.5«¥ 

2®3!6! 


(at)^ (op* (cdf 
2® ^ 2®4® 2®4®6® 


[ 100 ] 
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This caa be identified as the series for the Bessel function [Gb 1, Me 1, 
Wa 8] of the first kind and zero order, which is denoted by Jo(od). 
That Jo(ai) is the inverse transform of (s® + can be verified by 
showing that the direct transform of Joiod) is (s* + The de- 

sired relation, 

f Jo{cd)e-*dt ^ ~== 0<a, UOl] 

•/o Vs^+a* 

is known [Wa 8]. 

The series expansion is an effective method of finding the trans- 
form an a-function when other simpler methods fml. If the resulting 
series in t can be identified as one whose properties are known and whose 
values have been tabulated or charted, the series expansion method is 
especially useful. Li case the series cannot be identified but can be 
demonstrated to possess useful convergent or asymptotic properties, it 
can be used for numerical computation, although this is often a tedious 
procedure. Fortunately, series treatments are usually not needed for 
finite lumped-constant systems. Expantion in a series mi^t be neces- 
sary to effect the transformation of the driving function. It also might 
be nece^ary in carrying out the inverse transformation that provides the 
forced solution. 

Having obtained the key pair, 

£l«^o(af)] = ;;-^====, [1021 

additional pairs can be deveteped by application to it of (1) the theorems 
foe £-tiank'ormable functions and (2) the recursion formulas which 
relate the timple zero-order to hi^r-order Bessel functions. 

Applying Theorem 6 (real differentiation) to equation 102 and using 
tte fcHmuIa giving the derivative of a zero-order Bessd function, and 
using Jo(0) = h 

£ [I - Jo(0j, 


£[-aJi(<)i)3 



Eationalizing the numeratenr, this yields tire transform of the firstorder 
Bessel fimction Jiicd), 



0 < v. [103] 
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With n a non-negative integer, the ?ith-order Bessel function Jn^od) 
satisfies the difference-differential equation, 

- Juried) = 

the conventional subscript notation being used here in place of I3ie 
function notation, Le., Jn(od) ^J(cd,n). Although this differ^ce- 
differential equation can be solved for St[Jn(<xt)] by the transformation 
method presented above, it is simpler here to use the equation as a 
recursion formula. This equation, after the order is stepped down by 
unity, is 

Med) = M2(cd) - 2 • [104] 

The £ transfomoalion of equation 104, with n — 2, ^ves 
£[Mcd,)] = £[/o(««)] - I £ - 


Applying the real differentiation theorem to the last term and using (he 
fact that Ji(0) = 0, 

£[/2(a0] = - 7==2 - - + 0 

Vs® + «® a 


1 2s 

Vs® + Vs® + a® (Vs® + a® + s) 


v?i:i?(V?T^ + s)®’ 


By an iteration of this process, there is obtained 


£[/»(««)] = 


Vs® + a®(Vs® + «® + s)» ’ 


0 <<r, 

n = 0, 1,^3, 


[105] 


[106] 


To obtain the pair that was used in equation 98 for the build-up of 
current in a ladder network, apply Theorem 7-o (divition by s) to 
equation 106. 


£ 




sV s® -b a®(Vs® o!® -1- s)* * 

0 < <r. 


n = 0, 1, 2, 3, 


im 
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A second difference equation for Bessel functions of int^al order is 

^ [108] 
at 2n 

Afi with equation 104, this will be used as a recursion formula. The 
£ transformation of equation 108, with n = 1, gives 

£ [^] = i + £[/2(«f)]} 

1 _ a® 1 

2 LVs* + a* V?T?(\/?+^ + s)^ 


a 

v^s® + a® + s 


0 < »•. 


[109] 


By an iteration of this process there is derived 


^ r ^ 0 < <r, 

L t J (Vs® + a® + s)* ’ » = 1, 2, 3, • • • . 


[ 110 ] 


The pair that was applied in equation 97 for the build-up of voltage 
in a ladder network is obtained from equation 110 by application of 
Theorem 7-a (divismn by s). 


£ 



nJnjed) 

i 



s(Vs® + a® + s)” 


0 < <r, 

n = 1, 2, 3, • • • . 


[Ill] 


Ahhoc^ several other transform pairs for Bessel functions mi^t be 
obtah^ 1^ proceeding in this way, their development will be deferred 
until they are needed in Yohone 2. 


22. T&AssmsT Yoltaobs m ItAnniiB-NzrrwoBE Bepkesentatiok of 
A Trahsfokusb WnroiNG 

As a hiuil example of the use of difference equations, the traneent 
voltage distribution in a ladder-network representation of a trmisformer 
winding will be developed. The example is chosen to iltostrate several 
troublesome points that may arise In using a partial-fraction expansion 
as an aid to invese transformatiei. 

The winding of a transformer or a machine ib actually a distributed- 
constant i^ystem, but if an approximate ana^reas of the winding’s behavior 
when subjected suddenly to changes oi terminal voltage is to be made it 
is conveiieat to use in place of Ihe dktributed-eextstaat S 3 rstem an 
approximate equivalent network having lumped omstmits and a finite 
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number of loops. When the number of loops taken is large, however, 
analysis by ordinary procedure becomes too cumbersome to cany out. 
Even with the method shown in Sec. 9, Chapter 6, for obtaining the 
roots of the characteristic equation from the system determinant, the 
labor is still great and practically prohibitive when the number of loops 
is ten or more. This problem yields easily, however, if attacked by use 
of difference equations. With its aid the magnitude of each space 
harmonic, and such functions as the space distribution at any instant, 
and the time variation at any point of the voltage to ground can be 
computed readily. 



In Fig. 9-12, L represents the inductance of a coil, Cx represents the 
capacitance between adjacent coik, and C 2 rep^sents the capacitance 
of a coil to groimd. All coils are assumed to be alike. 

Since the ladder network of Sec. 18 was analyzed on the loop basis, 
this network will be analyzed on the node basis. The dependent vari- 
ables will be the node voltages, a typical one of which is 
Let = ^( 5 , 71 ), n == 0, 1, 2, • • -, iV. The self-admittance 

function for node n is yo = [(2Ci 4- + 2/Ls]; the mutual-admit- 

tance function for two adjacent nodes is yi = (CiS + 1 /Ls). 

The transform equation for the (n + l)st node is 

-ViV(s,n +2) + voViSyU + 1) - yiV(8,n) = 0. [112] 

This simplifies to 

V(s^n + 2) — 2KVis,n + 1) + = 0, [113] 

in which 

V A _ f! . ^ 

2yi 7^ V + ’ 

•witibi 7 ® = 2/L(2Ct + C 2 ) and < 7 ® = 1/LCi. Tbis is a second-order 
difference equation and is the result of the £{ transformation ci the id 
difference equation for a typical node, the initial conditions all being zero. 

To make the difference equation 113 susceptible of £ temsformation 
with respect to n tihe definition of V (s,n) as a functicm of n will be 
extaaded so that n can take on aU r^ non-native values rather than 
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just integral values. This vrill be done by interpolating the points of 
y(s,») by a jump function starting at ra = 0. This new function will 
be denoted by XF(s,n). Equation 113 then becomes 

J7{s,n + 2) - 2XjF(s,n + 1) + J7(s,n) = 0. [114] 


This equation will now be transformed with respect to n. 

Let £»lJ7(s,n)} = T3(s,«»); then the £„ transformation of equation 
114 pves 

- 7(s,0)P(w) - y(s,l)e""i’(w)] 

-2XcT0(«,w) - 7(s,0)P(w)] + °Q(s,v>) = 0. [115] 


Solving for 

"0(«,to) = 


7(s,l)+7(s,0)(c“-2X) 
^-2)^ + 1 ‘ 


[116] 


Letting p « c*®, tbe characteristic equation is 


p2 ~ 2Xp + 1 = 0. 


Its roots are Pi = ^ x + v — 1 and P2 “ X — Vx^ — 1 = 
Replacing Wi by t he more conventional i^ymbol jS it will be observed that 
X = cosh p and Vx^ — 1 = sinh p. 

The form for the partial-fraction expansion of equation 116 depends 
upon 

' L_y 

- 1 \p - PI P — Pz/’ 


ip 


Pi)(p-P2) 2V^ 

p - 2X 


Pi Pi \ 

^ - IVP — Pi P- Pi/' 


ip — Pi)(p — Pa) 2VX^ 
Tface equatkm 116 can be wrtttm 

Since, for pt, a constant, 




)M, 


the tranrfbrmation of equation 117 yMds 




I’m 

2 


[117] 


O gn. [118] 
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Recalling that pi = and P 2 = e~^, in which has replaced Wi, the 
combinations of pi and P 2 in equation 118 can be written as sinh nfi and 
sinh (n — l)/3. Upon substitution of these expressions in equation 118 
and considering only integral values of n, the jump notation may be 
dropped, and the equation becomes 

r(c ;i) ^ sinh ng - y (s,0) sinh (n - l)/3 

’ sinh p 


To represent a winding grounded at one end, let the network be 
grounded at the iVth node. Then v(t^) - 0, making F(«,1V) = 0. 
Using this boimdaiy condition in equation 119, 

0 = F(s,l) sinh JViS - F(s,0) sinh {N - l)ft 


or 


F(s,l) 




sinh (JV — 1)0 
sinh NP 


[ 120 ] 


Substituting from equation 120 in 119, 

, Binh (N — 1)8 • ainb nP • 
7(s,n) = y(s,0) ^ 


sinh Np • sinh (n — 1)0 


sinh 0 ’ Ednh Np 


= V(sfi) 


sinh (N — n)P 
sinh Np 


If the voltage applied to node 0 is a unit step function, ®(t,0) 
and Y (s,0) = 1/s. Then equation 121 becomes 

sinh {N — n)p .^(s) 


F(s,n) = 


Sfflnh2\^0 sBi(s) " 


1121 ] 
= tt (0 

[ 122 ] 


Preparatory to finding the inverse transform of Y (s,») this function 
will be expanded in partial fractions. The characteristic equation, 

anh Np = 0, 

is satisfied by 0j, = ±jkic/N, k = 0, 1, 2, • ■ The values of s corre- 
sponding to tiiese values of Ph can be found from the equation for 0, 

X — ootii 0 = 0 




cosh^^ = 0 
N 




[ 123 ] 
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The valuee of « aie 


1 — cos 




LY 


hr 

W 

kr 


= ±i«b 


[124] 


with Ifc = 0, 1, 2, • • •, N. Several points need comment: (1) The ± 
mgns in the argument for the cosine were dropped because the cosine is 
an even function. (2) The upper limit for kiaN because no new roots, 
beyond those already found, result from fc’s greater than N. (3) Since 
So « 0 is also a zero of A(s) in equation 122, the fraction A(s)/sBi(s) 
has only a first-order pole at the origin. 

The partial-fraction expansion of equation 122 can be written 


V(s,n) = 


A(0) 

Si(0) 

A(0) 

Bi(0) 


*-l S — jat, S -H juh 


n (Kk + Kk)8 -f jmjKit — Kh) 
t-i s® -f- «f 


[126] 


in which 0 ^ n ^ jV, and 

il(0) N — n » 

Bi(0) ~ N N’ 

A r (8-iafc)A(8n ^ r Ajt) i 

fsinh (N — n)g' 


1 JVs^codiiV/J 
L as 

02 1 .yZ 

Since 0 = ooeh“* X and X = -a • -s s®, 

^ ^ A 

<& dX is 

_ 1 (s* -b <y*)2s — 2s(s® + 7 ®)j 


2s 



2s 

• sinh/3 
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If s has the value st, then /3 has the value jS*. Consequently 


BL=- 


-2«f 


-5 — cosh 
T 


dzjkr 

N 




sinh 


ifcjfca- 

AT 


2wf 


»* 




ff* fcr 

±fcir 


j Sin- 


iV 


/ fcir\ 

2(1 ;5- 


COS 


feir 

F 


i~ 




j sin* 


dzfey 

iV 


In addition 

psinh (N — n)0^ 
co^NP 


L 


L 


sinh Nfit • cosh nfft — cosh Nfit • sinh nfit 
co^NPk 


. , ±j7ikx . . dbniir 

— anh — r; — = — ^ sm • 


N 


Then a typical coefficient is 

(-a 


j sm ■ 


dzkx 




N 


)(- 


N 


. ±nfcir\ 

sm I 

N / 




. rikir 
‘ sm-rz- 
N 


The do signs are dropped because the sine is an odd ftmetron, and the 
product of two odd fxmctions is ^ even function. 

Since Z* is a real number, Kk = Kk and equation 125 reduces to 






[ 126 ] 
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Finally, the £ 7 ^ tranrfonnation of equation 126 pves for 0 ^ i 
and Q ^ n ^ N, 


in which 



[127] 


No question about changing the order of inverse transformalion and 
summation arises because the number of terms in the sum is finite. 
The characteristic an gular frequendes as found in equation 124 are 


A 

6)4 = <r 


1 

l-cos- 

^ kr 


ifc = 0, 1, 2, • . N. 


Inequations 125 to 127 the term for fc = 0 is the constant term 1 — n/N, 
Equation 127 gives the voltage to ground at any node along the 
ladder-network representation (Fig. 942) of a winding having one end 
grounded and the other subjected to a unit step voltage, the winding 
being initially without currents or charges. Although the solution is 
good for any finite number of nodes N, its advantage over other lumped- 
eoQstant solutions for this ladder-type network is greatest if is large. 


PROBLEMS 

0*1. T£ a psrscmai loan dl 1300 is repaid by maldng 20 monthly payments of 
$19.65, what is the uniform rate of interest paid on the unpaid piincii)al? Answer 
this by first Bolving the diffaienoe equation for the problem. 

9*2. On die fizst of eadi month (30 days) a payment of c dollaxs is made into an 
annuity fuz&d whose interest k compounded daily at a dedmal rate r. Express this 
in a difia:enoe equatkm. From the solution of equation find the principal in the 
fund at the md of 6 montlffi if cm January 1 the principal including the January 1 
paym^t is ii ddlazs. 

9*3. (a) A mmlgage Is letixed by maldng uniform monthly payments consisting 
of interest and payments <m the unpaid pdndpal. If the original piindpal is jtt, 
the monthly dedmai interest rate m r, and the payment made the first ci each month 
is Cf find the amount of the unpaid piindpal after first d any month.. 

(5) If it is a 20-year mortage and the interest rate is 5 percent, what must be the 
uniform monthly payment per thousand ci original principal? 
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9*4. Over a period of 20 years a («rtam manufacturing company receives from sales 
an income per year that varies in accordance with the function A(<f — d*) in which 
Ais& constant, c and d are constants less than 1, and z is the number ci tibe year. 
If on each January 1 it adds to its surplus fund the fraction q of its income from sales 
the previous year, and the surplus fund draws interest at the decimal rate r, how 
much is there in the surplus fund at the end of 20 years? The initial azxmunt in the 
fund is jtc. 


9*6. A manufacturing company plans to place on the market a new device with a 
3-month guarantee of satisfactory service. When a defective unit is returned a 
replacement unit is to be shipped promptly, all replacement units to be guaranteed 
likewise for 3 months. The company estimates that of the total number of units 
shipped in any month 6 percent will be returned for replacement during the succeed- 
ing month, 3 percent during the second succeeding month, and 1 percent during the 
third succeeding month. If it maintains a selling schedule of a units per month, 
what will be the ratio of units sold to total units shipped during any month? 

9*6. If, in Prob. 9-5, the selling schedule should grow in accordance with the 
relation a(l — 0.9^) units per month, in which a is a constant and z is the number of 
months from the time the device is hist introduced, how must the production per 
month be built up to supply the shipments? 


9*7. Show that: 

(а) £l/c*sin/a»J 

(б) £lJc*ooe/ftt] 


(c sin jg)e*P(a) 

— c cos /?)* -1- (c sin iS)* ’ 
(e* ~ c ooB ^)a*P(s) 

(e* — c COB jS)* -t- (c sin ' 


9*8. Solve the foIlowiDg difference equations: 

(а) Jy(» + 1) - 2Sy(x) = 6jsin|» 

with y(0) — 3. 

(б) Ajy(z) = 10jr5(0,8)* 
withy(0) = —2. 

(c) Iy(x -i- 2) - SJy(x + 1) + 2jy(z) * IOJO.5* 
withy(0} = — 4andy(l) = --2. 



9*9. In the hguze is shown a posilive^d oscillator for produdng Qn^(^ily) 
oscillations of 1000 m^acydes per second. At this high frequ^cy the irandt Hzob 
of the dectrons in the intereleetrode sfpace is a controlling factmr. The extmnal 
circuit which is tuned to resonate with the electron oseilIati<»:B m a paraBd-wire 
txansmisskm line. 
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C<®8ider a group of electrons emitted by the cathode during a brief interval. 
This group is accelerated toward the grid because of the positive grid potentid. 
Some the electrons hit the grid and are lost. The remainder, because of their 
momentum, pass through the grid and proceed toward the plate but are slowed 
down by the retarding field. Of these, a few strike the plate and are lost; the 
remainder tsome to rest, reverse their direction, and are accelerated back toward the 
positive grid. Some again are lost by hitting the grid. Those that pass through 
are slowed down as they approach the cathode. This cycle may be repeated many 
ilmaa before all the electrons in the group are lost to the grid or the plate. 

While this has be^i taking place other groups have been supplied by the cathode. 
The resonant circuit permits a circulation of induced currents, and the voltage drop 
between grid and plate serves to synchronize the oscillations of the electrons. Those 
dectrona emitted in unfavorable phase relation with respect to this s3mchronizmg 
vcdtage do not contribute to the oscillations. As a result the useful electrons supplied 
by the cathode can be assumed to come In pulses, o electrons in each pulse, and 
<Hie pulse each cycle. 

In the build-up of the oscillations how does the number of electrons in the space 
betwe^ grid and plate vary from cycle to cyde? It may be assumed that in each 
passage of a group of electrons through the grid 50 percent are captured by the grid. 
The number lost to the plate may be n^lected. The number present in the grid- 
plate space before the oscillations are synchronized is b, 

9-10. In the network shown in the diagram, K 
is a switch which is closed for h seconds and then 
opened for tz — h seconds, this sequence being re- 
peated cyclically. When K closes in the -nth 
cycle, y(n) is the initial voltage across C and p(n) 
is the inirial current in Ir. (a) Show that these 
initiai values are related by a set of first-order 
difference equations of the form 

Fig. 9'PIO Srl^ -f 1) + aijy{n) + hij/>(n) = ci 

Jpfn -f 1) + (hIpW + = cz 

in which the a% b% and c’s are ccmstants which may be detennined from the solution 
of the diffa:ent3al equatioDs for the nth cycle. Assume that the cdrcuit is oscillatory 
with the switdi open or closed. (6) Solve for y(n) and 
p(n}, aaroning th^ y(0} and p(0} are zero. 

9*11. In reoordii^ hi^ surge voltages with a cathode- 
ray oscillogrs^ a resistance potential divide is frequmitly 
used. It consists of a high resistaDce connected at one end 
to the high-pot^tlai source and at the o^ier end to a short 
cable terminated at its far end in a resistanee to ground. 

The o^ogr^qjh U cmmeeted across the latt^ xes^tance. 

When properly adjusted for no xefiectkms, il» cahb and its 
termination may be zepres^ted by a re^tanoe Bz h) 
ground at the low-potentaal wd oi the divider. The 
potential across Rz is recorded by the osdilograph, but 
with a time delay caused by the caWe. 

When there are rapid change in the appEed surge 
voltage the voltage differences along the divider do not 
divide strictly proportional to the resistances becatsae q£ 
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distributed capacitance along the resistor elements and between these elements and 
ground. Using lumped constants, an equivalent RC network may be made of 
N sections of the form shown in the figure. 

If a step voltage of magnitude V is applied to the potential divider, find the 
voltage that appears across i? 2 - Consider only the first 5 microseconds. An approri- 
mate result may be obtained by n^ecting in the calculation of the current to 
ground at the low-potential end and then multiplying this current by R^. A result 
more nearly correct but more difficult to obtain can be found by including R^ in the 
calculation of this current. The constants are 

R/2 = 10® ohms, iZa = 40 ohms, 

Cl *= 40 X 10“”® microfarad, N - 10. 

Ca — 10 X 10“® microfarad, 




0 ^ 1 ^ 2 w-2^ w-l/ N 



mS 

mS 

■ 

|M 

WfS 

IS 

lH 

■ 

lH 

II 

(c) 


Fig. 9n2 


9*12. In comparing test and csdculated results in hi^vtdtage surge testkg it h 
necessary to examine the ^ect on calculated results ci the chmce oi equivatot ziet- 
woik for the voltage divider. In the figure are ^own three dffierent eqmvalent 
netw^Hks for a ceartain resist^oe divider, Ckdculate the node vdtage in one 
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or more of these networks when the input is a step voltage of magnitude V. Con- 
sider <mly the first half microsecond. The constants are 

R = 10^ ohms, L = 4 X 10“^ milliheniy, 

C » 8 X icr* microfarad, N = 10. 

Cl =* 30 X KT® microfarad, 

9*13. The characteristic equation of a system can be formed by equating to zero 
the determinant of the transform equations of this system. Consider a system 
composed of uniform sections so that its i^Tth-order determinant has the form 


= D(b^), 



2l 

0 

... 0 

0 

2l 

20 

21 

... 0 

0 

0 

21 

20 

... 0 

0 

0 

0 

0 

••• 20 

21 

0 

0 

0 

... 2i 

20 


in which zo — 2o(<) is the self-function for each of the uniform sections in the astern 
ami zi « zi(s) is the mutual function common to two adjacent uniform sections. By 
expanding this determinant in terms of its first minors it is seen that 

D(«,n 4- 2) == zoD(s,n -f 1) - 4^(s,n), 
with D(«,0) = 1 and />(«,!) = zq. 

(a) Solve this difference equation for D{s,n) and show that the characteristic 
equation of the system is satisfied if 


fc = 1, 2, • • iV^. 


Frew this set d equatioiiB the characteristic values can be found. 




(b) 

Fia 9 P13 


(b) Sy this method find the characteristie vahies of ilie systems shown in parts 
a md 6 of the figure. “Hie system shown in part b represents a maBalBKi elastic 
string bearing IV equally spaced equal masses whidi can vibrate latwally in a hori- 
aontal plane. For small dfeplacemeats the tensirai ITmaybeoonadetedcOTistaat. 
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9*14. The dynamical system shown in the figure represents a 6-cyImder Diesel 
engine driving a fljrwheel and generator. The rotors are the equivalents of the rotat- 
ing and reciprocating masses of the system^ and the flywheel and generator have been 
combined. 
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Fig. 9 P14 

(а) If an external sinusoidal torque r of angular frequency ai acts on rotor 1, find 
the ratio of the torque in the shaft connecting rotors 4 and 5 to the amplitude of r. 

(б) What is the characteristic equation of the system? 

(c) What are the characteristic values? 

The constants in a sin^e £fystem of units are 

/ = 5 X 10« iT =* 10^ = 70. 

Ja « 10« = 5 Xl(P 

As an aid in the solution ci this problem draw the medhaaical network diagram 
for the i^y^stem and from this form the analc^ous ebctric netwmrk with i ^ r. Divide 
this network into three parts: (1) a ladder-type network composed of identica! 
T sectioru^ (2) a voltage source and senes termination at end 1, and (3) a shunt 
termination at end 2. 
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SUMMARY OF THEOREMS AND TRANSFORM PAIRS 

A. BASICS-TRANSFORMATION THEOREafiS 

Definition. A reaP function f(t) which is defined and single valued 
almost emymhere /or 0 ^ t, wi& t a real varicdde, and is such that the 
improper Lebesgue integral 

r\m\e^*dt ^ lim r\m\e^*dl < « [1] 

•/O JP— >xt/« 

«*^0 

for mme real number o*, vnU be called £ transformable. 

With any specified J(t), the (greatest) lower bound of all the real 
numbers a which satisfy condition 1 is called the abscissa of absolute 
convergence corresponding to that f{t). It is denoted by 0 * 0 . 

Theorem 1, £ Transformation. If f(t) is £ traiisformable^ then the 
Laplace integral {improper Lebesgue integral) 

r rme-^^dt, 12] 

nio T— *««/« 

€-♦0 

with s a comples: variable o + l<a, converges absolutely for Ce,< o to a 
function F(s) which is analytic in the half’-plane Oa < <r. 

This functional transformation is written in abbreviated notation as 

mm - Fis), Oa < o. 

IterarmoN. The inverse Laplace tramformation Sr^ is defined 
impHeUly by the relation 

(=)/(o, o^t. [3] 

TTub can be written: If F(s) = 42j/(0], then for 0 g f, f(t) (=) 

The operation can be ^ven an explicit representation in terms of 
known mathematical operations, as is ^own by the following theorem. 

Thbokbm 2, TaANBPOEMATioN. If F(s) is the & iran^orm cf a 
funcHon f(t), then 

—J^__^Fis)e**dsi=)m, O^t, [4] 

in which <7^ < c. 

^ Complex functions of a leal varial^ can be treated by resolving tbAm into real 
and imaginary parts which are real, 

3a2 
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Thbobbm 3, Unicity of £ Transfobm. IJ f(t) is £ tran^omuMe 
and £[f (t)] = F(s), cr, < a, then its £ transform F(s) is unique. 

Thbobem 4, Lebesgue Unicity of Transfobm. If f(t) is an 
transform of F(s), then f(t) is Lebesgue unique, i.e., aU oOur 
transforms o/F(s) are equal to f (t) almost everywhere for 0 ^ t. 

In symbols this can be written: £"^IF(s)] (=’)f(t),0 ^ t. 

Theorems 5 to 21 expressed as operation-transform pairs are ^ven in 
the first part of the table that foUows. 
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C. FUNCnON-TRANSPORM PAIRS* 
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Si PUNCnON-TRANSPORM PAIRS*— o<m«na«l 









FUNCmON-TRANSPORM PAIBS 



I** + CU + X)*l[** + CS - X)*] 







0. MlNCSnON-TRANSFORM PAIRS* --•«>n«nii<dl 


appendix a 



S[(8 +«)*+/?*! 
















[(oo ~ a)* + /J®1^ e-*' dn OSt + lA) 



«(« + 7)[(« +«)“* + t«“"‘ I 
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C. PUNCTION-TRANSFOEM VAIBB* —continued 



(« + y)(s + «)' 












































C. FONOnON-TRANSFORM PAIRS*— conrinued 



2.^1 -j(oosh<B-l) 
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[(« + «e)® + /S*l8* \l/ ^2 tan~® • 
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6.02 (i-aMe-a) 


FUNCTION-TEAXSFORM PAIRS 
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. PUNCHON-TBANSFORM 1? Aim* continued 
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c is a real number. 




























C. FUNCnON-THANSFORM PAIBS*— conh'nwd 
Jump Ftootion PAina — continued 
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Appendix B 


COMPAEITON OP TBDB LAPLA.CB AND THE POURESMNTEGRAL 
TRANSFORMATION METHODS 

In Chapter 1, Art. 10, the usual Fourier-integral method was included 
in the brief comparison of methods for obtaining the complete iK>lution 
of linear constant-coefloicient integrodifferential equations. In Chapter 3 
important formal relations between the Laplace and the Fourier-integral 
transformations were developed in more detail. The purpose of this 
appendix is to round out the comparison of these two integral trans- 
formations. 

The principal point to be emphasized is that the usual Fourier integral 
in unilateral form is the form to which the type of Laplace integral used 
in the text reduces for <r = 0. The Laplace integral has been called a 
“ generalized ” or “ complex ” Fourier integral [BDi 1, Pa 1, Ti 3]. 
However, as indicated in Appendix C, this int^ral was called the 
Laplace integral many years before the Fourier int^ral was generalized 
frcm imaginary to cx>mplex kernel exponent. 

Of course, the unilateral form of the Fourier integral can be used in 
the same way as the Laplace to bring in initial conditions. Nevertheless, 
with a single recent exception [Ti 3], it is not so used. This use is not 
considered in the most important engineering contribution on Fourier 
integrals [Ca 2]. The current method for treating initial or boundary 
conditions by the Fourier integral (see for example [St 4]) is that intro- 
duced by Cauchy in 1823 [Ca llj. 

As shown in Chapter 3, the Laplace integral is the natural and con- 
venient generalization of an ordinary Fourier integral which makes 
posable the transformation of fimctions of growing exponential type that 
would otherwise be excluded. If a bilateral transformation is needed 
for treating such functions, then, as in [Ti 3], it can be (ximpo^ of two 
unilateral Laplace transformations with convergence factors directed 
towaucd — 00 and <» . 

Those acquainted with the inverse Laplace and the FourieiHnt^rai 
tranrfoimations will recognize that, in the language of the text, unless 
the path of integration is com|detely on the imaginary axib the inverse 
tranrfoimation is really of I^place type. Usually then, the widely 
used contour int^;Eals are Laplace int^rals such int^rals with 
modified paths of int^ratioiL 
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To summarize, that form of transformation should be used which 
conveniently handles the class of functions concerned and simplifies 
the solution of problems, whether the transformation is Fourier, Laplace, 
Hankel, Watson, or even a more general type. For the class of func- 
tions and type of problems treated in the text, the unilateral Laplace 
transformation fits better than the unilateral or bilateral Fourier^ 
integral tr^formation. Where the Laplace transformation reduces to 
the Fourier, this reduction is often of value, as in many network-synthe- 
tis problems. 



Appendix C 

HISTORICAL NOTES ON THE MATHEMATICAL THEORY 
A; GENERAL REMARKS 

The Laplace transformation and its applications are spread through 
so much of mathematics, mathematical physics, and mathematical 
engineering that a complete history of its evolution would require a 
separate volume. In general, such a history would cover functional 
transformations or operators and, in particular, such topics as the 
Dirichlet-series and Laplace-integral transformations, the Fourier-series 
and -integral transformations, and the Cauchy-Heaviside operational 
calculus. 

These notes are intended to indicate where important material for 
such a history can be found insofar as it concerns those aspects of the 
subject which are touched upon in this text, and to help clear away some 
of the historical errors found in the existing literature, possibly at the 
risk of introducing others. En^eering literature in this general field 
is full of historical inaccuracies. Mathematical literature, even that 
which technically measures up to the standards of rigor of its day, is 
punctuated with historical shortcomings. 

Another purpose of these notes is to supply newcomers in this field 
with historical perspective. The subject seems to give them two 
impressions, (1) that here is a “ powerful tool,” and (2) that it has been 
inadequately presented. The result often is a paper by another author 
who has not acquainted himself with a significant part of the literature, 
which is already enormous. 

B. BROAD REFERENCES 

General historical treatments have been given by Stephens [St 2] 
on operator theory up to 1900, Piacherle and Amaldi [Pi 5] on operator 
theory up to 1901, Pincherle [Pi 3] on functional operators and equations 
and the Laplace transformation up to 1902, Bateman [Ba 2] on integral 
equations up to 1910, and Doetsch pOo 5] on functional analysis up to 
1927. The following should be consulted for their bibliographies: 
Doetsch [Do 15], Titchmarsh [Ti 3], McLachlan [Me 2], and Widder 
[Wi3]. 
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C. THE LAPLACE TRANSFORMATION 

In effect, Laplace [La 2] introduced in 1779 the transformation which 
has received his name by showing the correspondence between the two 
fimctional domains which it relates (see Pincherle [Pi 2] and Bateman 
[Ba 2]). As Poole [Po 9, p. 137] has indicated, the Laplace trans- 
formation may be viewed as a limiting form of a transformation used by 
Euler. In tl^ sense the transformation is related to work which pre- 
ceded Laplace’s. The definite integral form of the direct Laplace trans- 
formation was applied b 5 ’ Laplace [La 3] to the solution of differential 
and difference equations in 1782. Laplace’s book [La 4], 1812, on the 
theory of probability illustrates the many uses to which he put the 
transformation. 

From the Laplace double integral Cauchy [Ca 15] first derived the 
Fourier double integral in exponential form. Many of the important 
formal properties of the Laplace transformation were discussed by Abel 
[Ab 1]. His contact with this subject is reflected by the fact that 
numerous writers have referred to the transformation by his name alone 
or jointly with Laplace’s. 

Notable contributions subsequently were made to the theory and 
applications of the Laplace transformation by Poincare [Po 1, 2], 
Kncherle [Pi 2], Mellin [Mb 1, 2, 3], and Lerch [Lb 2]. 

Extendons, refinements, and applications were later contributed by 
Horn [Ho 2o, 3], Borel [Bo 6, 6a], Pincherle [Pi 3a to 46], Pisati [Pi 10], 
XiSndau [La lo, 16], Bromwich [Bb 0], Mellin [Mb 4], Bateman [Ba 3, 4], 
and Kameda [Ea 1]. 

These were followed by Hardy [Bbi 4 to 8], Hamburger [Ha 3a], 
F. Bemstdn [Bb 4 to 8], Mellin [Mb 5, 6], Doetseh [Do 1 to 10], Horn 
[Ho 4], Pollairi [Po 8], von Stach6 [9r 1], Haar [Ha 1], Tamatkin [Ta 1], 
Hanchere! [Pl 1, 2], Widder [Wi 1], and Bochner [Bo 1]. 

Daring the past 10 years work not too distantly related to the material 
in this text was done by Hille and Tamarkin [Hi 0, Oa, 1], MSchler 
[Ma 1], Widder fWi 2, 2o, 3], Haviland [Ha 9o], Pdey and ’^ener [Pa 1], 
Doetseh [Do 15], IgnatovsMj [lo 1], litchmarsh ['ll 3], Levi [Lb 3], 
Churchill [Ch 1 to 4], Obrechkoff [Ob 1], Boas and Tedder (Bo 0], 
and H. PoBaid [Po 8a, 86]. 

D; TYPES OF LAPLACE TRANSFORMATION 

Besides the transformatioa with kernel of the form c”*‘, 

[La 2, p. 66; 3, p. 236; 4] used the alternative form with kernel of the 
form i*. The latter form was preferred by Mdlin, Hardy, and others. 
Hardy called it “ the Mellin transformation,” but owing to its close 
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connection with the base-e form and to its historical origin the name 
“ Laplace-Mellin transformation ” seems better. Of course, its relar 
tion to the base-e form corresponds to the relation of a power series to a 
Dirichlet series. 

In the Laplace type, the singly infinite range of integration (uni- 
lateral form) may be used as in this text, or the doubly infinite range 
(bilateral form) may be used for other purposes. The functions and 
their transforms may be real or complex functions of real or complex 
variables. The type of integral may be Riemann, Lebesgue, Young- 
Stieltjes, or others. Also the s-multiplied or other forms of summable 
integrals may be used. Nothing will be said about the histories of the 
various forms not used in this text, althou^ many of the recent mathe- 
matical developments have been concerned with these and other gener- 
alizations. The Lebesgue form of Laplace integral used here was used 
by Hardy [Ha 5], 1918, if not earlier, 

E. EELATIONS BETWEEN THE LAPLACE TRANSFORMATION AND 
THE CAUCHY-HEAVISIDE OPERATIONAL CALCULUS 

Those acquainted with both techniques are aware of the close corre- 
spondence between the Cauehy-HeavMde operational calculus and the 
Laplaoe^ransformation method. The use of the s^multiplied form of 
Laplace transformation (see for example [Ha 3a]) provides complete 
formal isomorphism, while the type of transformation used in the text 
gives an isomorphism to within a factor of s in the complex domain, or 
essentially a differentiation (or integration) in the real domain. 

The following remarks are intended to throw some light on the his- 
torical origm of the above-mentioned relation. Stephens [St 2] and 
others have observed that the Cauchy-Heaviside calculus has nximerous 
points in common with the earlier operational methods which originated 
with Leibnitz. About 1821, Cauchy [Ca 11, 16] developed an operas 
tional calculus which, no doubt, was inspired partly by the earlier 
methods. Cauchy^s operational calculus was based by him upon the 
Laplace and Fourier transformations, and is formally identical with parts 
of the operational calculus used more than 60 years later by Heaviside 
[He 1, 2]. In the years which followed, Boole [Bo 4, 6], W. R. Hamilton, 
and others continued to develop operational methods. During tins 
interval Cauchy [Ca 12 to 15, 17] continued to extend his method and 
connect it in more wajrs with his work on functions of a complex variable. 
Except for Hargreave [Ha 9] m<^ of the writers on operational methods 
in this period forgot or ignored the relations between ttese methods 
and the Laplace and Fourier transformations. This remark applies in 
the main to the work of Heaviride, who mentioned so infr^piently the 
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rdated work which preceded his that it can only be surmised how much 
he had learned from earlier writers, such as Boole, and how many known 
ideas he rediscovered. Heaviside certainly deserves credit for the ejcten- 
ave applications which he made of the Cauchy type of operational 
calculus to electrical problems. On this basis it is fitting to call this 
calculus and its extensions “ the Cauchy-HeavMde operational calcu- 
lus.” Mum^han [Mu 3j has used the double name for a relation in 
this calculus. Because Heaviside referred so rarely to the earlier 
literature on operators he has been credited by many writers with the 
invention of the operational calculus which he used. Also because he 
did not avail himself of the contemporary mathematical rigor he invited 
a host of later writers to supply rigorous foundations for the methods 
which he employed. It is now clear that Cauchy had not only supplied 
the original operational calculus of the type considered but had derived 
it by uring the Laplace transformation. He had thereby supplied a 
baris for its rigorous treatment. 

Among those who have attacked the problem of supplying rigorous 
foundations for all or parts of Heaviride’s method are the following; 
Giorg^ [Gi 2 to 5], Bromwich [Br 1], Wagner [Wa 4, 6], Plmjel and 
Liljeblad [Pu 2o], Carson [Ca 6, 8], Wiener [Wi 4], L6vy [L® 6], von 
Stach6 [St 1], Mumaghan [Mu 3], Jeffreys [Je 1, 2], Korn [Ko 3, 4, 5], 
Mardi [Ma 5], Plancherel [Pl 1, 2], Bush [Bu 1], Carslaw [Ca 4, 6c], 
Doetsch [Do 7, 10, 11], van der Pol Po 4 to 7], Terradas [Tb 1], Dalzell 
[Da 3], Schulz [Sc 4], von Koppenfels [Ko 2], Kryloff [Kb 1], Niessen 
[Po 66, 6, 71, Lowry [Lo 6], Machler [Ma 1], Vahloi [Va 1], Humbert 
[Hu 1, 2] Lowan [Lo 1], imgelini [An 1], Barnes [Es 1], Malti [Ma 
3], D^ [Da 1, 2], Poole [Po 9], VoUm [Vo 1], Blondel [Bu 2], 
and D^iffin [Bo 8, 9], l^elof [Ek 1], Kpes [Pi 6, 7, 9], 
Fujiwara [Pu 2], Mclacblan [Me 2], Carslaw and Ja^r [Ca 66, 6/|, 
Plessner [1^ 3], and Ja^r [Ja 2, 4]. 

As noted above, use of the Laplace transformation to supply a rigorous 
foundation for the C-E operational calculus was first made by Cauchy 
himself, l^e first contribution to appear after Heaviside’s early work 
is apparently that of Gioigj [Gi 2 to 6]. Following this, the ordinary 
and ^-multiplied forms of La^Jace transformation — at times only the 
inverse or only the direct — were apjriied by Heaviside pSte 2 vol. 3, pp. 
235-237], Bromwich [Br 1], Wagjmr [Wa 4], Carson [Ca 6, 8], von 
Stach6 [^ 1], Jeffreys [Je ij, Hancherel [Pl 1, 2], Bush [Bu 1], van der 
Pol [Po 4], Doetsch PDo 7, 10, 11], Terradas [Te 1], von Koppenfels 
[Ko 2], MSchler [Ma 1], Lowan [Lo 1 to 6a], Barnes [Bs 1] Bourgin anrl 
DuflSm [Bo 8, 9], Pipes [Pi 6 to 9a], Dioste [Dr 1 to 3], McLachlan 
[Mo 2], Carslaw and Jaepr [Ca 56 to 5J], and noany others. 
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The closely related Fourier transformation [Appen B] was used by 
both Cauchy [Ca 1 1] and Heaviside [He 2 , vol. 2, p. 32] in connection with 
their operational calculus. Later it was used to make formal work in 
this field rigorous, notably by Giorgi [Gi 2 to 5], Bromwich [Bb 1], 
Fry [Fb. 3], Wiener [Wi 4], Haar [Ha 1], Campbell and Foster [Ca 2], 
Bush [Bu 1], von Koppenfels [Ko 2], Bochner [Bo 1], Paley and Wiener 
[Pa 1], Hille and Tamarkin [Hi 0, la], and Titchmarsh [Ti 3]. 

F. NOTES ON THE THEOREMS OF THE TEXT 
1. Thboeem 2, Invbbse Laplace Tbansfobmation 

This theorem on the integral inversion of the Laplace transformation 
came from a formal relation given by Eiemann [Ri 1] in 1859. The 
history of this transformation was given by Mellin [Me 1], 1896; Bate- 
man [Ba 2], 1910; and Hamburger [Ha 3o], 1920. Unfortunately, in 
Hamburger’s account the fundamental work of Mellin is not men- 
tioned. These three histories cite the work of Cauchy, 1851; Petzval, 
1853; Eiemann [Ri 1], 1859; Phragm4n, 1891, 1892; Mellin [Me 1], 
1896; Hadamard, 1908; Perron, 1908; and Landau, 1909. To this 
list may be added Eronecker, Dirichlet (see Pincherle [Pi 3ft, 4a]), 
Mellin [Ms 4], Hardy [BLs. 5, 7, 8], Hamburger [Ha 3a], Pollard [Po 8], 
Izumi pz 1], and Bfeudy and Titchmarsh [Ha 8o]. 

The reference made by certain authors (Bromwich [Be 1], for example) 
to the derivation of the inversion fonnida given by Macdonald [Ma 0] 
in 1902 hardly seems warranted in view of the earlier formal derivation 
by Eiemann [Ri 1] and to the proof by Mellin [Mb 1], to mention only 
two of the papers which preceded Macdonald’s. 

Similarly, it is sometimes stated in a way which implies that the result 
was not known earlier that March [Ma 5], 1927, proved “ Bromwich’s 
contour integral ” to be the solution of “ Carson’s integral equation,” 
although the first is the integral inverse Laplace trmsformation and the 
second is the direct Laplace transformation. 

Because of Mellin’s work on the integral inverse Laplace transforma- 
tion this transformation has been called by Hardy “ the Mellin inver- 
sion formula.” Others have used the names of both Cdhen and Mellin. 

New methods for inverting the Laplace transformation were developed 
by Stieltjes, Widder [Wi2to3], Boas [Bo 0], Pollard [Po 8o, 8ft], and 
others. 

The linearity of the indicated inverse Laplace transfonnatiion comes 
from the work of Abel [Ab 1], who used a symbol to indicate the 
transformation. 
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2. ThE0B3ESMS 3 AND 4, Unicitt 

These theorems came from generalization of a theorem of Lerch [Lb 2]. 
The detailed history of this theorem was ^ven by Landau [La 16] 
and Bateman [Ba 2], where mention is made of the contributions of 
liouville, 1837; Lerch, 1892, 1893, 1903 [Le 2]; Stieltjes, 1893; Phrag- 
m^n [Ph 1], 1904; Landau, 1908; C. N. Moore, 1908; and W. H. Young, 
1910. Later a note by Hardy [Ha 4] on this theorem referred to the 
work of Lebesgue, 1909, and Hobson, 1912. 

3. Theorem 9, Complex Multipmcation or Real Convolution 

A real convolution integral probably appeared first in Euler's solution 
of a linear differential equation. In an algebmic form, the correspond- 
iiQg relation occurred in Cauchy’s work on the multiplication of power 
series. Botii convolution and the particular t 3 rpe of superposition 
using step functions, which is employed in the Cauchy-Heavitide calcu- 
lus, appeared in a paper presented in 1826 by Poisson [Po 3]. The 
treatment in this paper leads to the supposition that these ideas were 
already known. In 1833 Duhamel [Du 1, 2] used both the supeiposition 
(addition) of step fimctions and convolution integrals. Duhamel’s 
name is sometimes attached both to the superposition method and to 
convolution theorems, but this does not seem justified in either case. 
Muma^ian [Mu 3] and others associate this method of superposition 
with the names of Boltzmann [Bo 3] and Hopkinson [Ho 2], whose 
papers appear^ in 1874 and 1877, respectively. Tchebydieff made 
imphcit of convolution in an 1867 paper [To 1] and explicit use in an 
18W pcqier [Tc 2]. Sonine [So 1], in 1884, writing on the inversion of a 
defiiute integral of Abd, used ccmvoluticm. Attention should also be 
caUefd to the work of Pareto [Pa 2] in 1892. MeUin [Mb 2, 3], in 1896, 
used the relation between convolution and the Laplace transformation 
and proved convolution theorems for the cases of one and of several 
variaUes. He also used convolution in the solution of certain differen- 
tial equations. 

The real convolution theorem is usually named after Borel [Bo 6, 6a], 
1899. Even if we restrict ourselves to naming a theorem after the one 
who first supplied a rigorous proof it would seem that Borel’s 
name should not be attached to this theorem in view of the work of 
MeUin. CaiUer [Ca 0], 1899, used convolution in the same connection 
as Sonine and also in comMning the solutions of two Laplace differential 
equations. 

More general forms of the real ccmvolution theorem were later ^ven 
by Cun n ing h a m [Cu 0], Bromwidi [Br G], MeUin [Mb 4, 5], Horn [Ho 3], 



SOLUTION OP EQUATIONS 365 

Hardy [Ha 6, 7, 8], F. Bemstein [Be 4, 5 , 6], Doetsch [Do 1], von 
Koppenfels [Ko 2] and many later writers who used more general typ^ 
of integrals than are considered in this text. 

Generalizations of convolution in a somewhat different direction are 
due to Volterra. He calls the more general operation “ composition.” 
The history and uses of composition are discussed in Volterra’s book 
[Vo 2]. 

4, Thbobem 19, Real Multiplication oe Complex Convolution 

The earliest use of complex convolution is perhaps that made by 
Pincherle [Pi 4] in 1908. This was made in connection with the uni- 
lateral Laplace transformation. Mellin [Me 4] stated the theorem 
without proof for the alternative form of the bilateral transformation in 
1910. In 1922, Mellin [Me 5] proved his theorem imder fairly general 
conditions. 

The multiplication or convolution theorems in the Laplace-transfor- 
mation theory should be contrasted with, the corresponding theorems in 
the symmetrical Z® Fourier-transformation theory. In the former each 
theorem has a disiinct proof and history, while in the latter it would be 
difficult to think of one theorem without the other, and both follow 
simply from Parseval’s theorem for the Fourier int^ml [W^i 6, p. 70]. 

5. Impuibe Function 

Lewis [Lb 7] gave a history of the impulse function. This type of 
function has been used for well over a hundred years but, ignoring this 
history, recent works on atomic physics often refer to it as “ the Dirac S 
function.” (Compare Sehonbei^ [Sc 3].) 

G. SOLUTION OF DIFFEEENTIAL, DIFFERENCE, AND INTEGRAL 
EQUATIONS BY THE LAPLACE TRANSFORMATION 

Laplace [La 3], 1782, was the first to use his mt^al in the solution of 
linear differential and difference equations. Bateman [Ba 2] discussed 
Laplace’s method and referred to extendons by Heine, Pincherle, 
Jordan, Pochhammer, and Schliesinger. Caudiy [Ca 11, 12] and 
Abel [Ab 1] made dgnificant contributions to the solution of linear 
equations with constant coefficients. Papers in the more general field 
came from PoincarA [Po 1, 2], Pincherle [Pi 1, 2, 3], Mellin [Me 2], 
Horn [Ho 2a, 3, 4], Cailler [Ca 0], C unningha m [Cu 0], and Bateman 
[Ba 3, 4]. 

New life was given to the subject by a seri^ of papers by F. Bemstdn 
and Doetsch [Be 4 to 8, Do 1 to 7, 10, 11, 14, 15] who us^ the Laplace 
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transformation and its inverse in a straightforward way to solve linear 
integrodifferentiai equations of the convolution type, and linear partial 
differential equations arising in heat conduction and electric cable 
problems. 

Other papers which also made use of the Laplace transformation for 
the solution of differential and integral equations are those of von Stacho 
[St 1], Plancherel [Pl 1, 2], van der Pol and Niessen [Po 4 to 7], Dalzell 
[Da 3], Koizumi [Ko 1], von Koppenfels [Ko 2], Machler [Ma 1], Hum- 
bert [Hit 2], Lowan [Lo 1 to 5a], Bourgin and Duffin [Bo 8, 9], Pipes 
[Pi 6, 7, 9a], Droste [Dk 1 to 3], McLachlan [Me 2], Churchill [Ch 1 to 
4], Wagner [Wa 6, 7], Sohngen [So 2], and Carslaw and Jaeger [Ca 5a 
to of, Ja 2 to 5]. 

The solution of difference, differential, and integral equations by the 
Fourier transformation [Appen B] should be mentioned because of its 
close relation to the Laplace-transformation method. Cauchy [Ca 11], 
Gioi^ [Gi 2 to 5], Fry [Fr 3], Wiener [Wi 4], Campbell and Foster 
[Ca 2], von Koppenfels [Ko 2], Bochner [Bo 1, Chap. 5], and Titchmarsh 
[Ti 3] are among those who have used the Fourier transformation for 
this purpe^. 

H. INVERSE TRANSFORMATION OF A RATIONAL ALGEBRAIC 

FUNCTION 

As illustrated in the text, this topic arises in the solution of ordinary 
differential or i-d equations. The solution of the problem goes back 
to Cauchy [Ca 11, p. 583; Ca 16, pp. 217, 218; Ca 14, p. 228]. Later 
Heavimde [He 1, 2] also gave several derivations of the partial-fraction 
expanmon method for finding the inverse transform [Va 2]. The theorem 
is widely knownas^* the Heaviside partial-fraction^expansion theorem.” 
However, with Mum^^an [Mu 3], we prefer to call it the Cauchy- 
Heaviside partial-fraction expansion theorem.” Together with its 
generalizations this theorem has been discussed by a lai^e number of 
writers. Some of the papers are by Bromwich [Br 1], Wagner [Wa 4], 
Carson [Ca 8], Cohen [Co 1], Goto [Go IJ, Plancherel [Pl 1, 2], Berg 
[Be 3], Doetsdi [Do 8], and and Duffin [Bo 8]. 
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“ Almost everywhere,” 97 
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Anq>litude-modulating function, 248 
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conversion factor in electromechanical, 
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for an electromechanical system, 83 
formulation of electric, 60 
of differential-^ear-coupled system, 71 
of rigid bar, 79 
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between difference and derivative 
transforms, 291 
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Angolaivvelocity sources, 53 
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Automatic control, 191 
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spring-supported, 76 
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works, 36 

rotational-mechanical networks, 72 
translational-mechanical networks, 66 
Bases of anal 5 rsis, choice of, 30 
Beam calculations, use of impulses in, 
257 

Bessel functions, 317 
Boundary conditions, one-point, 210 
Boundary-value problems, two-point, 
308 

I Branch, network, 23 
I Budan’s theorem, 197 
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Capacitance, 22 

Cauchy-Heaviside method, 8, 9, 361 
Change of scale, 226 
Changes used as dependent varial^, 201 
Characteristic 
angular frequency, 171 
equation, 132, 171 
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time response, 233, 262 
values, 171 
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Obrii^ a switch, 202 
Co^iclent eoui^ng, mechanical, 80 
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coefficients, 98, 100, 104, 106 
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differentiation, 272 
integration, 273 
multiplication, 228, 364 
plane, 104, 108 
translation, 246 
variable, 104 
function of, 108 
Compliance, rotational, 64 
translational, 52 
Composition, 365 
int^;ral, 2^ 
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Conditions for stability, 197 
Conditions for undamped oscillations, 
197,200 
Conductance, 22 
Conjugate of a function, 111 
Continuous function, 110 
Contour int^raJs, 357 
Control, automatic, 191 
factor, 193 

Convergence, abscissa of absolute, 102 
factors, 101, 103, 357 
Convolutkm, complex, 275, 365 
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real, 228, 26% 364 
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device, bar as, 78 
diSerential gear as, 70 
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source, 21 
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D'Alembert’s prineq^ 55 
Damping constant, 171 
Damping, rotational-mechanical, 54 
translational-mechanical, 52 
Definition, extension of region 113 
Dependent vaiM>les^ number ne^ed, 29 


Derivative, 111 
left-hand, 128 
normalized inverse, 17 
right-hand, 128 
transformation of, 14, 127 
Determinant, transform-equation, 146 
elements of, 146 
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Difference equations, 286 
first-order, solution of, 305 
general forms of second-order, 288 
general procedure for solution of, 292 
second-order, solution of, 307 
Differences, 288 
transforms of, 291 

Diff^ential equations, use of, to derive 
pairs, 121 

Differential gear, 69 
Differentiation, respect to a, 272 
respect to second independent vari- 
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Dirichlet series, 359, 361 
Distortion correction, 177 
Division, fit) by 273 
Fis) by e* or 6* - 1, 304 
Fis) by a, 271 
Domain, real, 127 
complex, 127 
Driving functmns, 131 
physical, 6 

Driving transform, 131 
Dual networks, 46 
limitai^n on existence of, 49 
Duality in analogs, 62 

E 

Mastance, 22 

Mectric anal<^ f onnulation of, 60 
of r%id bar, 79 

Electrb zi^work equations, 2-loop, 34 
one4oqp LES, 134 
one-node-pair C(?r, 39 
^uee loqps with inductive couidii^ 33 
two k>op6 with RLM coupling, 30 
two loops with 8 a>uplmg, 27, 136 
two no(k^>ans w^ r coiq>liDg, 39 
Eb^ric netwmrki^ dual, 46 
loop and node Ibises compared, 36 
sdf-dual, 48 

Eectromechanieal eoupliDg ccmstant, 82 



INDEX 


385 


Electromechanical j^ystem, 81 
analogs for, 83 
Elements, active, 6, 21 
electric network, 21 
inactive or passive, 6, 21 
linear, 4 

mechanical network, 50 
Envelope function, 247 
Equals almost everywhere,” 97, 115, 
121, 123 

Equals " by definition,” 12 
Equatkn, first-order i-d, 133 
second-order differential, 131, 170 
solution by £ transfoimation, 365 
Essential singularity, 113 
Euler^s formula, 95, 98 
Exchange of sources, 43, 60, 61 
Excitation function, 132, 152 
for loop, 137 
formulatk>n of, 137, 140 
initial, 132 

Expansion in partial fractions, 154, 160 
using e* as variable, 300 
using function of a as variable, 166 
Expanskm in series, 317, 318 
nsing powers of 301 
Exponential functions, transformation of, 
116 

Exponential jump functions, 296 
Extension through preservation of form, 
113 


FactcsM-expcmential-productjiimpfunc- 

21S7 

Factcsiai jump function, 2^ • 

Faltung int^ral, 

Feedback, tran^^rt, in autmnc^ etm- 
trol, 191 

F3m head with mechanical filter, 187 

FSter, meehanical, 187 

Final valueB, 265 

First-order pdes, 112; 154 

Flux linkages, provlakm lor i n il kd , 145 

Force sources, 51 

Fouiiar series, by £ teani^oisnatlcm, 
243 

complex-esqKHmtiai form, 98 
tr^onometric fcnin, 97 


Fourier transformation, 100 
compared with £ transformation, 367 
complex, 103 
method, 8, 9 
unilateral direct, 102 
Fractions, first-order poles only, 154, 
156, 157, 164 
general rational, 152 
inverse transformation of, 366 
multiple-order poles, 159, 164 
Function, analytic, 111 
impedance, 137 
iterative, 313 
impulse, 255, 365 
irrational, 316 
jump, 287 

Lebesgue measurable, 7 
loop-excitation, 138 
nonperiodic, 95 
of a complex variable, 108 
of e*, 299 
periodic, 95 
propagation, 316 
reactance, 138 

short-circuit admittance, 139 
simplified by transformation, 13, 96, 98 
single-valuedness of, 7 
-transform pairs, 12, 14, 119, 120, 338- 
366 

with bounded variation, 7, 8 

G 

Gear, differential, 69 
Generator, sawtooth-voltage, 308 
Geometric pattern, preservation of, in 
analogs, 62 
Graeffe’s method, 165 

H 

Half-plane, 104 

Heav^e, Cauchy-, caletfiiss, 8, 9, 10, 
361 

Hisiorkal notes on mathematfcal ihemy, 
359 

I 

I-d equatkm, 20 
sam|^ sdiution of, 15 
1-d operators, self and mutuid, 35 
Ideal transformer, 212 
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lms^ary*part operatbn, 159 
cojDamutativity withS transfomiation, 
280 

Impedance function, iterative, 313 
mutual, 137 
seif-, 137 

Impul^ function, 255, 365 
in beam calculations, 257 
in real convolution, 262 
Increments as dependent variably 201 
Inductance, inverse, 23, 40 
mutual, 30 
self-,22 

Infinite bus, 207 
Initial conditions, 27 
current in inductance, 137, 139, 140, 

m 

diE|]lacement of mass, 143 
effect on transbnt, 173 
included in transforms, 131, 132 
velocity of mass, 143 
voltage across condenser, 135, 138, 142 
with Fourier int^ral, 357 
Inithd value, 267 
Int^iraJ, 14 
composition, 233 
equation, 235 
Faltung, 233 

£ transformation of, 14, 129 
Lebesgue, 114 
real convolution, 231 
Int^ration, with respect to s, 273 
wildi resp^t to second vadaye, 274 
Iht^n^elfition dl pc^t 
321 

Inverse 

inductance, 23; 40 
mass, 61 

mmnent of inerUa, 53 
rotational red^^ee, 54 
translational resastance, 53 
Inverter, parallei, 210 
Irrational functions, 316 
Iterative admittance i^metion, 313 
Iterative impedance funetkm, 313 

J 

Jump function, 287 
exponaitial, 296 
factorial, 2^ 


Jump functions, factorial-exponential- 
product, ^7 

interpolating point functions, 309, 312 

power, 294 

sinusoidal, 298 

transform of, 294 

translation of, 289 

K 

Key pairs, 254, 317, 318 
KirchhofPs laws, 25, 26, 38 


Ladder network, general, 310 
semi-infinite, 315 
transformer winding, 320 
Laplace transform, 105 
from differential equation, 121 
pairs, table of, 119, 338-356 
uniciiy of, 121, 123 
Laplace transformable function, 122 
Laplace transformation, 12, 104, 114, 122 
additional properties of, 225 
generalisation of Fourier transforma- 
tion, 103, 357 

inverse, 13, 105, 119, 122, 127, 363 
linearity of, 16, 127 
method, comparison with other meth- 
ods, 8, 9 
features of, 10 
fields of usefulness, 11 
notes on history of, 360 
solution of i-d equations, 15, 126, 365 
Lebe^e 

form of Laplace int^ai, 361 
int^ral, 122, 123 
int^ration, 114 
measurable functions, 7 
unbity of transform, 123 
rHoqntal’s rule, 254 
limit ptocesses, change in order of, 241, 
242, 253,276,301,317 

Linear 

bdiavior, de^nitkm of, 3 
dement, 4 
24 

syi^ems, 3, 5 
line, artificial, 311, 315 
Loop, 23, 25 
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Loop, basis, 29 

comparison with node basis, 36, 66, 
72 

cnirent, 27 

M 

Mass, 51 
mutual, 78, 79 
Mechanical 
filter, 187 

network diagrams, 57 
networks, 50 
^stem elements, 50 
See dko Translational-mechanical 
terns and Botational-mechanical 
systems. 

Mellin transformation, 360 
Meromorphic function, 241, 243 
Mittag-Lefiler theorem, 242 
Moment of inertia,’ 53 
coupling, 69 
mutual, 70 

Multi-dimensional problems, 19 
Multiple-order poles, 112, 159 
Multiplication, complex, 228, 364 
F(s)by«,270 
F{e) by €^, 236 
i?(«) bye* ore* -1,304 
S{t) by «, 272 
Sm by 245 
real, 275, 365 
Mutual 

i-d operator, 35 
impedance functions, 137 
inductance, 30 
inverse 41 
ma.ss, 78 

mon^t of inertia, 70 
N 

Network, 23 

diagrams for mechanical systems, 57 
distinguybed frmn fii^, 19 
geometry, 23, 24 
Z-loop, 144 

recovery volt«^ 207 
reference for variables, 25, 56 
Networks, analc^us or dual, 46 
Newton’s second law, 55 
Node, 23 


Node, basis, 38 

comparison with loop basis, 36, 66, 
72 

charge, net, 182 
pair, 24, 25 
voltage, 38 
reference, 24, 38 
Nonlinear systems, 5 
Nonperiodic functions, 95, 99 
Nonplanar networks, 49 
signs of mutual terms in, 35 
Normalized cofactor, 146 
Normalized inverse derivative, 14, 17 

0 

One-point boundary conditions, 210 
One-dimensional problem, 19 
Opening of a switch, 204 
Operational calculus, Cauchy-Heaviside 
type, 8, 9, 361 

Operations simplified by transformation, 
14 

Operation-transfoim pairs, 15, 334-337 
Operator, real-part, 13 
imaginaiy-part, 159 
Oscillations, conditions for, 197, 200 
damped, £ transformation of, 116 


Pairs, function-transform, 12, 119, 338- 
356 

operation-transform, 14, 334-337 
use of key-function, 293 
Parallel-axis theorem, 75, 78 
Parameter^ constant, 6 
Partial-fraction expansbn, 154, 160 
certain troublesome points in, 320 
of meromorphic function, 242 
nsnng elements of deteiminant, 166 
using e* as varial^ 300 
Parthd fransfc^, 290 
Passive dteients, 6, 21, 50 
Pmdulum, i^ymcal, mutual mass of, 79 
Pmtode, 183 
Permdic funciacm, 95 
Fourier series by transfonning, 243 
transform of sectioned, 238 
Phase function, 248 
Plane-vectors, rotating, 96, 174. 252 
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Point at infinity, 108 
Pole, 112 

at origin, special case of, 156 
removal of, 247 
Poles, detennination of, 164 
of F(s) associated form of f{i), 
152 

Positive ix>wers of f, 117 
Power functions, jump-type, 294 
Product, in complex domain, 228, 364 
in real domain, 275, 366 
of positive powers of i and exponential 
function, 118 
Propagation function, 316 
Pulse, angular velocity, 190 
approximation of impulse, 255 
289 

unit, 287 

Pulses, siausoidal, succession of, 239 
R 

Rational algebraic fraction, 152, 164, 
366 

Reaetkm force due to inertia^ 51 
Reaction torque due to moment of iner- 
tia, 63 

Real 

convolution, 228, 364 
int^cal, 231 , 238 
vm of impulses in, 262 
difij^:^tlatk>n, 127 
docaam, 127 
inteipatikm, 129 
special of oonvdutlon, 231 
multiplication, 276, 366 
tiansiiiticm, 2^ 

Real-part operator, 13 
commuta^vity irith £ tranri^^ 

2 ^ 

Recoveiy voltage, mskwosk, 207 
Reference, dectrib-network variates, 23^ 
38 

mechanicalrnetwork variables, 66 
Replacement problem, 236 
Resistance, 22 
rotational, 54 
inverse, 54 
translational, 62 
inverse, 53 


Re^nse, angle function of, 247 
envelope fimction of, 247 
function, 131 
transform, 131, 152 
Restoring-force elements, 62, 64 
Restriction to one independent variable, 
17 

Rigid bar with spring supports, 76 
electric analogs for, 79 
Roots of characteristic equation, 165 
for ladder network, 323 
Rotation, combined with tran^tion, 74, 
76 

Rotational 
compliance, 54 
coordinates, 50 
resistance, 54 
inverse, 54 
stiffness, 54 

Rotational-mechanical systems, 64 65, 
69 

exchange of sources in, 61 
Routh, 163, 197 

S 

Sawtooth-voltage generator, 308 
Scale change, 226 
Second independent variable, 262 
differentiation with respect to, 264 
integration with respect to, 274 
Second-order differential equation, 131 
Seismic instrument, 74 
Sdf i-d operator, 35 
Sdf-impedanoe functions, 137 
Self-inductance, 22 
inverse, 23 

with mutual present, 41 
Semi-infinite line, 315 
Separate part, 24 

S^es, expansion in powers of «*, 301 
expansion of F(s) in, 318 
ServD-mechanmm, 194 
Sin^valued functmn, 110 
Sii^ular function, doublet impulse, 
impulse, 255 
Smgular points, 112 
Simxsoidal fune^ns, 116 
jump-type, 298 

Solution of equatiom by transformation, 
126,365 
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Sources, electric-network, 21 
exchange of, 43, 60, 61 
mechanical-network, 51, 53 
Space impulses, 257 
Stability, conditions for, 197 
Steady state, 2, 173 
direct calculation of, 175 
Stiffness, rotational, 54 
translational, 52 

Superposition, principle of, 5, 201 
theorem, 234, 263 
using impulse functions, 262 
using step functions, 234, 364 
Suige-voltage generator, 177 
Switch, closing of, 202 
opening of, 204 

Switching, general treatment of, 6, 201 
Symbolic diagrams for mechanical sys- 
tems, 57 

^ 3 nnmetrical components, 168, 207 
^mthesis, network, 177, 358 
System function, 132, 152 
Systems, linear, time-invaiiant, 7 
of the closed cycle, 6 


Tdble of transform pairs, 12, 15, 119, 
334r^ 

fitting functions to, 133, 163 
Theorems, notes on the, 363 
operation-transform pairs, 334-337 
summary of basic, 332-333 
Th6venin's theorem, 205 
Time constant, 173 
Timednvariant systems, 7 
Topdbgical f<»m analogs, 62, 63 
T<»que sources, 53 
Torsional pendulum, 64 
Transform, 13 
digram, 138 
direct Laplace, 
dxivmg^lSl 
equation, 132, 176, 2^ 
equat^ns for 2-kx)p network, 145 
inTerse Laplace, 1(^ 
pairs, table, 12, 15, 119, 334r^ 
partial, 290 
xeisponse, 131 

Transformer, analog for mechanical 
coui^mg device, 80 


Transformer, winding, 320 
Transforms of differences, 291 
Transient, 173 
state, 2 

Translation, combined with rotation, 74, 
76 

complex, 245 
of jump functions, 289 
real, 2^ 

Translational 
compliance, 52 
coordinates, 50 
resistance, 52 
inverse, 53 
stiffness, 52 

Translational-mechanical systeros, 66, 58 
coefficient of coupling in, 80 
exchange of sources in, 60, 61 
Triode, 181 

U 

Unicity of Laplace transforms, 121, 123 
note on, 364 
Unit 

doublet impulse, 256 
impulse, 255 
pulse, 287, 289 
step function, 100, 115 
Units, 20, 82 


Vacuum tube, amplifier, 180 
equivalent network for, 181, 183 
Variable, second independent, 252, 310, 
311 

differentiation with respect to, 264 
int^ation with respect to, 274 
Variabks, dependent, number needed, 
29,45 

of increments as, 201 
Vectors. See Plane-vectors. 

Vdoeity source, 51 

Vffiratkms, sekmic mstnm^t fca* meas- 
uring, 74 

VdtagcBource, 21 

Z 

Zeros of a function, 112 







